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e 6.3 Gram Schmidt Process

Orthogonal and
Orthonormal Sets

DEFINITION 1 A set of two or more vectors in a real inner product space is said to be
orthogonal 1f all pairs of distinct vectors in the set are orthogonal. An orthogonal set
in which each vector has norm 1 is said to be orthonormal.

» EXAMPLE 1 An Orthogonal Set in R3

Let
vi=1(0,1,0), vo=(1,0,1), vi=1(1,0,-1)

and assume that R® has the Euclidean inner product. It follows that the set of vectors
S = {vy, v2, v3} is orthogonal since (v;, v2) = (v{,v3) = (v2,v3) = 0. 4



It frequently happens that one has found a set of orthogonal vectors in an inner
product space but what is actually needed is a set of orthonormal vectors. A simple way
to convert an orthogonal set of nonzero vectors into an orthonormal set 1s to multiply
each vector v in the orthogonal set by the reciprocal of its length to create a vector of
norm 1 (called a unit vector). To see why this works, suppose that v is a nonzero vector

in an inner product space, and let

|
u= —yv (1)

vl

Then it follows from Theorem 6.1.1(h) with k = ||v|| that

] “1 “ ‘I‘III l|||| I
nm| = —_—Y = | — Vil = —|I¥]|| =
vl v vl

This process of multiplying a vector v by the reciprocal of its length is called normalizing v.
We leave it as an exercise to show that normalizing the vectors in an orthogonal set of
nonzero vectors preserves the orthogonality of the vectors and produces an orthonormal

set.




» EXAMPLE 2 Constructing an Orthonormal Set =

Let

vi=(0,1,0)0, v»w=(1.0,1), vy =1(1,0, —
The Euclidean norms of the vectors in Example 1 are
il =1 vl =v2 |vl=+v2
Consequently, normalizing u;, u,, and u; yields
" _(0,1,0) e ( : : )
u = — = y L , Wy =
vl V2|l NG
Y3 ( | | )
u = ——
I\EY V2 V2

We leave it for you to verify that the set § — {u}, uz, u3} is orthonormal by showing that

(uj, up) = (up,u3) = (w,u3) =0 and |u| = |uzf = |uff=1 <




THEOREM 6.3.1 If § = {v|,Va, ..., V,} is an orthogonal set of nonzero vectors in an
inner product space, then S is linearly independent.

In an inner product space, a basis consisting of orthonormal vectors 1s called an

orthonormal basis, and a basis consisting of orthogonal vectors is called an erthogonal
basis. A familiar example of an orthonormal basis 1s the standard basis for R" with the

Euclidean inner product:

e, =(1,0,0,....0), e=1(0,1,0,....0),.... e, =(0,00,...,1

TU



» EXAMPLE 3 An Orthonormal Basis for P, TC

Recall from Example 7 of Section 6.1 that the standard inner product of the polynomials
p=a+ax+---+ax" and q=by+b1x +---+ bx"
1S
(p, @) = aohy + a1by + - - - + a, b,
and the norm of p relative to this inner product is
Ipll = v{p. 0 = /a5 +ai +---+a?

You should be able to see from these formulas that the standard basis

is orthonormal with respect to this inner product.




» EXAMPLE 4 An Orthonormal Basis

In Example 2 we showed that the vectors

| 1 1 1
— D:l:-[]: 2 = _:u}_ s d = —,,[],——
u = ( ), m (ﬁ ﬁ) and u; (ﬁ ﬁ)

form an orthonormal set with respect to the Euclidean inner product on R*. By Theorem
6.3.1, these vectors form a linearly independent set, and since R” is three-dimensional,
it follows from Theorem 4.5.4 that § = {u;, u», u3} is an orthonormal basis for R°.

THEOREM 6.3.5 Every nonzero finite-dimensional inner product space has an ortho-
normal basis.




The Gram—Schmidt Process .

To convert a basis {u;, uz, ..., u,} into an orthogonal basis {vy, v2, ..., ¥, |, perform TU
the following computations:
Step 1. vi = uy
(w2, vy}
Step 2. v2 = u; — ¥
vy I
(w3, vy} (u3, v2)
Step 3. vi=uz — V] — Y2
g TAE TAE
(g, vy) (g, ¥a) (g, ¥3)
Stﬂ'p#. Y4 = Wy — Y| — ¥V — Y1
[v1])* v ||* [vs]]?

(continue for r steps)

Optional Step. To convert the orthogonal basis into an orthonormal basis
{q,.93. ..., q,}, normalize the orthogonal basis vectors.




» EXAMPLE 8 Using the Gram-Schmidt Process

Assume that the vector space R® has the Euclidean inner product. Apply the Gram—
Schmidt process to transform the basis vectors

=11, w=@0O1LI0D, w=(001)

into an orthogonal basis {v;, v2, v3}, and then normalize the orthogonal basis vectors to
obtain an orthonormal basis {q,, q,, q;}.

Solution (u,, v)=0+1+1=2
Stepl. vi =u; = (1,1, 1) v, I1=v3
Step 2 (ua, vp) 0.1. 1) 2“ L) 21 1
[ . ¥ = U — Y1 = . — , . p— —_—— —
Pev=" v 3’3’3
(a3, v;) (u3, va) (13, 01)=0+0+1=1 _f f
MBI = = R T g w003

= (0,0, 1 —111 Bz ll (ﬂ—l—)
OO0 D=3 LD=33 7333 2'2




Thus,

vi=(1,1,1), "2=(

form an orthogonal basis for R°.

Vil =3, v =

so an orthonormal basis for R is

_vl_(l 1 l)
R TR WAV AVEY A

V3 ([}
GB= 7= \Y~
IAEY




Coordinates Relative to  One way to express a vector u as a linear combination of basis vectors

Orthonormal Bases
S={vi,va, ..., v}

1s to convert the vector equation
Uu=-civi+cav2+ -+ CyVy

to a linear system and solve for the coefficients ¢y, ¢5, ..., ¢,. However, if the basis
happens to be orthogonal or orthonormal, then the following theorem shows that the
coefficients can be obtained more simply by computing appropriate inner products.

THEOREM 6.3.2

(a) If S = {v1,va, ..., V,} is an orthogonal basis for an inner product space V, and if
u is any vector in 'V, then
(u, vi) (u, v2) (u, vy )
u=-——"yv Va4,
Vi V2| [[Va
(by If S ={vy,va,...,V,} is an orthonormal basis for an inner product space V, and
if uis any vector in 'V, then

3)

u= (u, v)vy + (u, v2)va + - - - + (u, v,) v, (4)




Using the terminology and notation from Definition 2 of Section 4.4, 1t follows from .
Theorem 6.3.2 that the coordinate vector of a vector u in V relative to an orthogonal
bﬁSiSS={V1,V2,...,VH}iS 7_E

(w, vi) (u,vy) (u, v,)
(u)g:( 2? 2‘!"'5 nz (6)
Ivill= vl 1, |l
and relative to an orthonormal basis § = {v{,va, ..., Vv,}1s
(W = ((u, vi), (u, v2), ..., (u,v,)) (7)
» EXAMPLE 5 A Coordinate Vector Relative to an Orthonormal Basis
Let
vi=(0,1,0, v»=(-%,0,3), vs=(3032)

It is easy to check that § = {v;, v,, v3} is an orthonormal basis for R* with the Euclidean
inner product. Express the vectoru = (1, 1, 1) as a linear combination of the vectors in
S, and find the coordinate vector (u)g.




Solution We leave it for you to verify that
(wv))=1, (uv)=-—1, and (uv;) =1
Therefore, by Theorem 6.3.2 we have
U=V — V2 + £V3

that 1s,
(L1 =(0,1,00 = 5(=35,0, 5) + £(5, 0. 5)

Thus, the coordinate vector of u relative to S 1s

(W)s = ({u, v), (U, v2), (u, v3)) = (1" _%"' %)

» EXAMPLE 6 An Orthonormal Basis from an Orthogonal Basis
(a) Show that the vectors

wi=1(0,2,0), w2=(,0,3), w3=(—-4,0,4)

form an orthogonal basis for R® with the Euclidean inner product, and use that
basis to find an orthonormal basis by normalizing each vector.

(b) Express the vector u = (1, 2, 4) as a linear combination of the orthonormal basis
vectors obtained in part (a).




Solution (a) The given vectors form an orthogonal set since .
(Wi, w2) =0, (wi,w3) =0, (w2,w3) =0

[t follows from Theorem 6.3.1 that these vectors are linearly independent and hence form
a basis for R® by Theorem 4.5.4. We leave it for you to calculate the norms of wy, wa,
and w; and then obtain the orthonormal basis
Wi W»> 1 |
V1 — :(01 13 O)a "2: — (—1'03 —)a
w1l w2l V22

W3 ( | 0 | )
V3 = — = =
7wl NG




Solution (b) It follows from Formula (4) that
u= (u, vy)vy + (u, v2)v2 + (u, v3)v3
We leave it for you to confirm that

(u,vi) =1(1,2,4)-(0,1,0) =2

(u,vo) = (1,2, 4) (101)—5
A WV ARG A

(u,v3) = (1,2,4) - (—

Sl -
s
N
S—
[

and hence that

5 |
1,2,4)=2(0,1,0 , 0, — —
(5% = ”ﬁ(ﬁ ﬁ)+ﬁ(




TU

« Reread Section 1.8 before the next lecture. |
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