MATH 111 - Integral Calculus
First Semester - 1446 H
Solution of the Second Exam
Dr Tariq A. Alfadhel

Question (1): [4 marks]

Find @ of the following :
dx

1. y = csch <i) + tanh ™! (659”) . 2]

Solution :

dy 2 2\ (-2 1 s
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2. y =sinh™! (V@ ) + coth(4z?) . [2]

Solution :

@ = ! 1 —csch?(422) (8«
= ; — 8z csch?(4a?

= NET: 8 h=(4z7) .

Question (2): [21 marks]
Evaluate the following integrals :

1./%6&).[2}

Solution :

2(,.—2
/M dx = /sech2(m_2) 3 da

3

1
= sech®(z7?%) (—227°) dz = —5 tanh(z~2) + ¢

2. /# dz . (3]
Va2 +6x — 16

Solution : By completing the square.

22 4+ 62— 16 = (22 + 62 +9) — 16 — 9 = (v + 3)* — (5) .



/; dr = 3/ ! dx
Va2 4 6z — 16 (x+3)%2 — (5)2
= 3cosh™! (T) +c

3. /ez cosh 2z dx . [2]

Solution :

2z —2z 3z —x
/ez cosh 2z dxz/e”” (e +2€ ) dx— < te ) dx
e3T T 11

4. /(Sx —2) sinhz dz . [2]
Solution : Using integration by parts.

u=3xr—2 dv = sinh z dx
du = 3 dx v = coshzx

/(3x—2) sinhz dz = (3z — 2) coshx—/?)coshx dx

= (3z — 2) cosh:c73/coshx dx = (3x — 2) coshz — 3sinhx + ¢ .

5. /xfz Inz dz . [2]

Solution : Using integration by parts.

u=Inx dv=x"2dz
-1 N
duzld;ﬂ v:x—:—l
x -1 T

/ 21nmdac——lnx—/_—11dac

—lnm / —Inz 1
— dx = ——+4c.
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6. /sin4x cos® z dz . [2]

Solution :
Using the substitution v =sinz .

Hence du = cosz dx .

. . . 2
/51114 x cos®z dr = /51114 x cos*z cosz dr = /sm4 T (0052 x) cosx dx

:/sin4a: (1—sin2x)2cosx dx:/u4 (1—u2)2 duz/u4 (1—2u2+u4) du

5 7 9
z/(u4—2u6+u8) duz%—2u7+%+c
_ sin® sin7w+sin9x n
-5 7 9 €

vz -9
7./:”7@:.[3}

Solution : Using trigonometric substitutions.
x 3
Put x = 3sec = secl = 3 = cosf = o
dxr = 3sech tanf db .
Va2 —9=1/9sec20 —9 = /9 (sec?f — 1) = V9tan? 0 = 3tanf

_/\/x2—9 dm_/(?)tanﬁ) (3secH tan®)
N x N 3sech

d9:3/tan29 do

:3/(se029—1) df =3 (tanf —0) + c=3tanf — 30 + ¢

3
cosf = — .
* +
From the triangle : Vx? -9
Va2 -9
tanf = ———— 0
2 3

6 =sec™! (g)
/% dr =3 <30239) — 3sec™! (g) +c

=x2 -9 —3sec”! (£> +c.

3



502 +x 48 .
[

Solution : Using the method of partial fractions.

5x2+x+8_5x2+x+8_é+3x+0
w3+4r  x(x?4+4) 2244

50 +x+8  A@?+4)  a(Bx+C)
v(z2 +4)  x(x?+4) z(z? 4+ 4)

522 + 2+ 8= A(z? +4) + 2(Bx + O)
52° + 2+ 8 = Ax? + 4A+ Ba? + Cx = (A + B)z? + Oz + 4A

By comparing the coefficients of the two polynomials in each side :

A+B=5 — (1)
C= — (2)
4A =38 — (3)
From equation (3) : 4A=8 = A= Z =2.

From equation (1) : 2+ B=0 = B=3.
/5x2+x+8dx_/ 2, Bedly o
3 + 4x N z 2244
2 3x 1
1 3 2x 1
=2 ~de+=- | ——d ——d
/:)3 x+2/x2+4 x+/x2+(2)2 v

3 1
:2ln\x|+§ln(x2+4)—|—§tan71 (g) +c.
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Solution'/ dv / LI,
) VetV R

Using the substitution = u*, then u = Ti

dr = 4u® du .

/ dx / 43 / 4u?
T - = - - du = 5 du
ri 4+ x2 (u4)1 + (u4)§ U+ u

3 2
:/Lduzél/ Y du
u(l + u) u+1




Using long division of polynomials :

2
4/ Y du:4/ uflJrL du
u+1 u+1

2
:4<u—u+ln|u+l>+c:2u2—4u+4ln|u—1|+c

2

d 2
/%ZQ(QU%) —4m%+4ln‘x%+1‘+c
Tr1 4+ x2

=927 —4xi +41n

xi—I—l‘—i—c.



