MATH 111 - Integral Calculus
First Semester - 1447 H
Solution of the Second Exam
Dr Tariq A. Alfadhel

Question (1): [2 + 2 marks]

Find @ of the following :
dx

1. y = sinh ( 2+ 1) 4 cosh™! (&%) .

Solution :

%:cosh( g;2+1) (2\/jf+1> + \/(6;2_1 (")

z cosh ( 2 4 1) e”

+ .
Ny o1

2. y = sech (52%) + tanh™' (sinz) .

Solution :
dy_ —sech (52°) tanh (52%) (10z) + % (cosx)
dz 1 — (sinx)
— —10a sech (522) tanh (5a?) + ——— .
 sech (52%) tanh (52%) T

Question (2): 2+ 242+ 3+ 2+ 3+ 2+ 3 + 2 marks|
Evaluate the following integrals :

1. /x tanh(42? — 1) dx .
Solution :

1
/m tanh(4z? — 1) dz = 3 /tanh(4x2 —1) (8z) dx

= % In |[cosh(42® — 1)| + ¢

1
2. —dx
/ VhE 41

Solution :

/¥ dmz/; dx
Vot \(57)2 + (1)?



1 r ] 1
:ﬁ/ 5 no dmz—ﬁ CSCh_1 (5I)+C
B s [(5)7 + (1)? !

3. /sinzx cos® x dx

Solution :
Using the substitution v = sinz .
Hence du = cosz dx .

. . . 2
/31112 x cos® z dx = /51112 x cos*z cosz dr = /sm2 T (cos2 a:) cosx dx

:/sin2x (1—Sin2x)2 CcoS X alar::/u2 (1—u2)2 du

z/u2(1—2u2+u4) duz/(u2—2u4+u6) du

ud 5 7 sin® x sinz  sin’z

S R ~2 + e
T3 5 7 T3 5 7

1
4. / dx
(x = 3)VT7—a%+6x
Solution : By completing the square.
T—2?+6r="7- (x2—6x) =7- (x2—6x+9) +9

=16 — (2> =6z +9) = (4)*> — (z —3)>.

1 1
/(x3)\/7x2+6x dm:/(x—i’)) (4)? = (x — 3)? e

1 —
=7 sech™! (1‘,43) +c.

5. /sin_lx dr .

Solution : Using integration by parts.
u=sin"lz dv =dx
1
du= ——— dx v=21a

V1—22

1

-1 1

sinT"xdr=z sinx— | T —— dx
/ / V1— 22

=z sinla:—/a: (1—3:2)_% dx



1 _1
1 2 2
= -— [ a- —22) d
@ sin’z - — (1-2%) 2 (—22) dz
2\3
1 (1—=z
:xsinlx—ki( 1) +c=zxsinT z+V1—-2%2+c

N Rl
(9 +22)2

Solution : Using trigonometric substitutions.

Put z = 3tanf — tan@zg .

dx = 3sec? 0 db.

3 3 3
2 2 2

(94 2%)2 = (9+ 9tan® 9)% =[9(1+tan®6)]* = [(3)* sec®d]? = 3% sec” 0.
1 2 1 1
/ﬁdxz/maw:f/—da
9+ 22)2 33 sec3 6 32 ) sec
1 1
= 5/0089 df = §sin9+c
g2
tan = 3 J2+9
X
From the triangle :
sinf = ——— v
z2+9 3

/ 1 1 T
——dr == ——+c
(9+22)2 9 Va2 +9

. /x?’ In |2z| dx

Solution : Using integration by parts.

u = In|2z| dv = 3 dr

P 1 2
du—%d.ﬁ—gdl‘ V=T

4 4
1
/x3 In |2z| dx:% ln|2x|—/xI de
@ 1 3 a* 1 2t

—Zln|2x|—1/x dx—zln|2x|—ZI+c

/ 2z +1 e
“ ) 221+ 22)

Solution : Using the method of partial fractions.



2v+1 Ay Ay Bx+C

221+22) = 22 1+a2

20+1 Ay a(l42?)  Ay(1+427)  (Bx+C)a?
22(14+22)  22(1 + 22?) x2(1 + z2) x2(1 + x?)

20+ 1=A; (14 2%) + Ay(1 + 2%) + (Bzx + C)2?
20+ 1= A1z + A1z + Ay + Ay + Bx® + Ca?
20+ 1= (A1 + B)2® 4+ (A2 + C) 2* + A1z + Ay

By comparing the coefficients of the two polynomials in each side :

A1+B=0 — (1)
A+ C=0 — (2)

From equations (1) and (3) : 2+ B=0 = B=-2.

—  ~—

From equations (2) and (4) : 1+C =0 = C=-1.
/ 2 + 1 d_/ 2,1 21y
22(1 4 22?) T x  z? 1+ 22 *
2 1 —2x—1
z/fdx—i—/—dx—k/xidx
x x? 1+ 22
1 , 2z 1

~1
:21n\x|—|—%—ln(1+a:2)—tan71x—|—c.

1
/7@
Tr2 +x3

Solution :
Using the substitution = u%, then u = Tt .

dz = 6u® du .

1 6u® b
/ﬁdx:/%du:6/%du
xr2 +x3 (u6)§—|—(u6)§ u° +u

u® u?
6/u3(u—|—1) “ 6/u—|—1 “

Using long division of polynomials :

u? 1 u?
6 du=6 u—1l+—— ) du=6(——u+nju+1|)+c
u—+1 u+1 2

w%—i—l‘—i—c

:3u2—6u+6ln|u+1\+c:3x%_6x%+61n




