MATH 111 - Integral Calculus
Second Semester - 1446 H
Solution of the Final Exam

Dr Tariq A. Alfadhel

Question (1): [7 marks]

1. Find the value of ¢ that satisfies the mean value theorem of the definite
integral for the function f(x) = v/ — 1 on the interval [1,9]. [3]

b
Solution : Using the formula (b —a) f(c) = / f(z) dz .
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The desired value is ¢ = 3
2. Find F'(z), if F(z) = V1I+e3de. [2]

cos T

Solution :

23'r
F’(x):%/ V1+t3dt
= /1 + (232)° (2%7(3) In2) — /1 + (cosz)’ (—sinz)

=3In2(2%)/1+42% +sinz V/1+ cos®z .

3. Find ¢/ if y = tanh (v/z) +sinh ™" (}) . 2]

T

Solution :

y' = sech® (V) ( ! )+

 sech? (/) 1
2V x3 (J1+ 4 .




Question (2): [14 marks]
Evaluate the following integrals :

1
L e

Solution : By completing the square.
—2? —2248=—(22+22)+8=—(2*+22+1)+8+1
=—(2+1)2+9=03)*—(z+1)2.

/\/mdx:/\/@)z_l(—x_'_lydx:sin_l<x—;l)+c.

2. /:c tanh™ 'z dz . [3]

Solution : Using integration by parts .

uw=tanh 'z dv =x dx
1 2

du = ——= dz v="1
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/x tanh~ 'z dz:% tanh ™' 2 — % 1.2 dzx
2 2 2 2
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— % tanh_l x+§/ |:]. — 1_1‘2:| dx = % tanh_lx—l—i (1' —tanh_ll')‘f'
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1
:% tanh71x+g—§ tanh™ 'z + ¢

3z +z+8
. ——dx . [3
3 / 3 + 4x z. 3]

Solution : Using the method of partial fractions.

3°+x+8 32°+x+8 A Bx+C
w3 +4r  x(x24+4) oz 2244

322 +2+8 A(a®+4) (Bz+C)x
v(z2+4) oz (22 +4) (22 +4) x

322 + 2 +8=A (2> +4)+ (Bx +C) 2 = Az® + 4A + B2 + Cx
322 +2+8=(A+ B)z? + Cx +4A



By comparing the coefficients of the two polynomials in each side :
A+B=3 — (1)
c=1 — (2)
4A =8 — (3)
. 8
From equation (3) : 44 =8 = A= - 2.

From Equation (1) : 2+ B=3 = B =1.
[t e [ () o
:/%dx—k/%“dx—i-/x;ﬁdx
:2/édx+%/%dx+/mdx

1 1
:21n\x|+§ln(m2+4)+§ tan (g) +c.
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Solution : Using trigonometric substitutions.

Put x = 3tanf — tanﬁzg .

dx = 3sec? 6 db .

3
2

(942 = (9+9tan®0)* = [9 (1 +tan®0)]* = [3* sec® 0]

3 3 3
2 2 2

3 3

=(3%)% (sec?6)? = 3% sec®f

/ 1 dx*/ 3sec? d d@*i/ 1 20
(9+$2)% ) 3 sec38 33 ) sech

1 1
:g/cosﬂdﬂzgsinﬁJrc

T 2
tan9:§. @

From the triangle :
x

V9 + 22 3

sinf =

1 1 T
——dr=- ——+c.
/(9+x2)3 9 VO +a?



1
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Solution : .

[rerm e s aeea
— dx = T .
4 (2-7) 420 20 [4 (2-2) + 29]
/ 2% 1 2% In2
= —dr=— | ————
4 4+ 22 2/ (2)2 + (2x)2
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Question (3): [19 marks]
1. Evaluate the limit lim —— < . 2]
z—oo T + 2z €*
Solution :
. x—x¢€" .oz (1—e®) : 1—e® —00
lim —— = lim ———* = lim ——— =
z—o0 x4 2x €% a—oox (142e%) aoo0 142

Using L'Hopital’s rule.

. r .o =1 1
lim = lim — = —=
r—o00 2 eT T —00 2
o 1
Therefore, lim r-re - .
z—o0 T + 21 e* 2

o0
1
2. Discus whether the improper integral /

— 00

P dx converges or di-
verges. [3]

Solution :

Sl | E > 1
—~  dr = —d — d
/_Oox2+4 * /_oox2+4 $+/0 24

im f —Y gt hm [ — L 4
= 1m —_— 1m —_—
=t f, @24 (22 ey @2

= lim 1 tan™! (f) 0—|— lim } tan™! (§> )
TS0 |2 2/],  smoo |2 2/,

li ! tan~! 0 ! tan~! !
= llm |- tan — ] — < tan =
t——o0 2 2 2 2

1 1 0
+ lm [2 tan! (5) -5 e (zﬂ



Hence, the improper integral converges.

. Sketch the region region bounded by the curves of y = 522 and y = 4+ 22,
and find its area. [3]

Solution :
y = ba? represents a parabola opens A 2
upwards, and its vertex is (0,0) . il -
y = x? + 4 represents a parabola
opens upwards, and its vertex is (0,4) .
Points of intersection of y = b5a?
and y = 22 + 4:
Srl =244 = 422 —4=0
= 22-1=0 y=5¢
= (z—-1)(z+1)=0
— rz=-1, z=1. = , : >
1 1
A= [(z* 4+ 4) — (52%)] dz = / (—42” 4 4) dx
-1 -1
3 1 3 3
1 -1
:{—4—1—44 :[—4()—&-4(1))—( 4( ) +4(-1)
1 3 3
4 4 4 4 8 16
——44—-|-—-4|=—4+4—=-+4=8—-=—
3 + (3 ) 3 + 3 + 3 3

. Sketch the region bounded bu the curves y = 2% and y = —x + 2, and
find the volume of the solid generated by revolving this region about the
x—axis. [3]

Solution :
y = x represents a parabola opens
upwards, and its vertex is (0,0) .
] y=x
y = —x + 2 represents a straight line y=—x+2
passing through (0,2) with slope —1.
Points of intersection of y = 22 and
y=—-x+2:
2= —x+2 T
= 22+2-2=0 /
= (z+2)(z—-1)=0 % : |

— r=-2,2x=1

Using Washer Method :



)
. . e’ +e* .
. Find the arc length of the function y = on the interval [0,1n 3].

3]

Solution :

y= c e _ coshz

2
y = sinhx .

In3 In3
L:/ \/14 (sinhz)? dx:/ V1 + sinh? z dz
0 0
In3 In3 In3
= Veosh? 2 dx = / |coshz| dx = / coshz dz
0 0 0

= [sinh]*® = sinh(In 3) — sinh(0)

_eln3_6—1n3 0_37%_é
N 2 2 37

1 sinf@+5cosf

. Convert the polar equation — = into a Cartesian equation.[1]
T

2
Solution :
1 inf + 5cosd
- = Sm—’—% = r(sinf + 5cosf) =2
7

= rsinf+5(rcosf) =2 = y+ir=2 = y=—-br+2.

. Sketch the region inside the graph of the polar equation » = 1+ cos 6 that
is in the second quadrant. Then compute its area. [4]

Solution :



r = 1 4 cosf represents a cardioid,
symmetric with respect to the polar
axis.

3

>
[

T ey

/ (1+cosh)® do
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1+ 2cos @ + cos? 9) db

(
1+ cos 260
1+ 2cosf+ —s do
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