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Chapter 1

DEFINITE INTEGRAL

1.1 Summation and its properties

n
The summation of the real numbers a1, as, - ,a, is denoted by Z a-

k=1
n

Therefore, Z ar = a1+ as + -+ a,.
k=1

Properties of Summation:
If ag, by € R for every 1 < k <mn and m € R then :

k=1 6

n + 1) 2
3 st _ {n(n }

k=1 2
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Example: Simplify the summation Z (k—1)2
k=1
Sr?lution:




1.1.

SUMMATION AND ITS PROPERTIES

EXERCISES (1.1)

. Calculate the following summations:

20

(i) > (3k+2)

0
(i) Y (k+1)°
k=1

(i) » (k> + k> — k)

k=1

w
(<=}

. Evaluate the following limits:

n

N 1
(i) lim — > 2k -5)
k=1
.. . 4 2
(i%) nh—>ngo 3 Z(k‘ kE+1)
k=1
. 3
(4i7) nl;rlgoﬁ Z(Qk +4)
k=1

1 n

(1v) nh_)rgoﬁ I;(ak—kb) a,b € R*

n

> (ak® +bk) a,beR*
k=1

() Jim 7

. Find the value of a that satisfies the following equations:

10
(i) > (ak —10) = 120
k=1
5
(i) (ak? +2) =120
k=1
15

(i) S (ak +5) = 275
k=

ot
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1.2 Definite Integral

Uniform partition of an interval:
To divide a closed interval [a, b] into n sub-intervals all having the same length
b—a
A, =—— putzg=a,r1=a+ A, 2 =a+ kA, and x, =a+n A, =0.
n
The set P = {xg =a,x1, - , Tk, - , 2z, = b} is called the uniform partition of
the interval [a, b] into n sub-intervals.

Example (1): Divide the interval [1, 3] into 5 uniform sub-intervals.
1 2

3 _
Solution: A, = 5 T§= 0.4

2o=1, 21 =1+04=14, z5=1+2(04) =1.8

23=143(04)=22, 24 =1+4+4(04)=26, x5 =1+5(04) =3

The set P = {1,1.4,1.8,2.2,2.6,3} is the required uniform partition of the
interval [1, 3].

Riemann Sum:

If f is a continuous function on the interval 7
[a,b] and P = {xg =a,z1, - ,z, = b} is a

uniform partition of [a, b], then the Riemann 7
sum of the function f on the interval [a, b] with 7
respect to t}lle uniform partition P is defined 7

as : Rn = Zf(xk)Aau
k=1
b—a

where A, =
n

h—
andxk—a—&—kAac—a—Fk( a).
n

Xo X1 Xn-1 Xn

Definite integral: The definite integral of the continuous function f on the

b
interval [a, b] is denoted by / f(x) dz, and it is defined as :

n—oo

b n
/ f(z) de = lim R, = nangto(xk) Ay
a k=1

b

So / f(x) dx represents the area of the plane
f(x)

regi(?n bounded by the graph of the function
f, x-axis and the two straight lines x = a and
x=b.
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2
Example (2): Use Riemann sum to evaluate the definite integral / (6x — 5) dz.
1

Solution: f(z) =6z —5 and [a,b] = [1,2].
A 21

1
-

k
xk:a—i—kA 1+k —1—1—7

e - ( ) R

1
n

- - - 6k: 1 L6k =1

Bo=> f( Z( )n:Z( ) nz+2g

=1 k=1 k=1 k=1

1 6 n(n+1) n+1
k+ — l=— ——F+— =3 1.
f +n1; n2 +n(n) n +

n? 2

k=

2 1
/ (6z — 5) dv = lim R, = lim (3”+ +1):3(1)+1=4.
1

n—o00 n—00 n

2
Example (3): Use Riemann sum to evaluate the definite integral / 2? dx.

0
Solution: f(r) = 22 and [a,b] = [0, 2].
2-0 2
A, = =—.
n n

2k 2k
rr=a+kA; =0+ —=—.

2k gk 2" 4k2
f(xk) _f<n) = <n) = Y

" 4K\ 2 N8k? 8
R,L:Zf(xk)Aw:Z<n2>n:Zn3_n32k2

k=1

1 k=
_ 8 n(n+1)(2n+1) 8 n(n+1)(2n+1) _4 (n+1)(2n+1)
_2n3 6 6 n3 3 n2
4 1) 2 1)
/J; dx—lsz = lim ( (n—|— (2n+ )
0 n—oo \ 3



10 CHAPTER 1. DEFINITE INTEGRAL

EXERCISES (1.2)

Use Riemann sum to evaluate the following definite integrals:

1. /02(33:—2) dz

2. /13(5x—6) dz

@

/4 2z +1) dz

-1

=~

/04(x2+1) dx

/24(962—95) dz

6. /03(m3—1)dx

/14(x3+:r) dx

ot

~
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1.3 Properties of definite integral

If f and g are two continuous functions on the interval [a,b] and k € R, then:

1. /ab [f(z) + g()] dm/abf(z) dx:l:/abg(x) dz .

[N)

./abkf(x)d:c:k /abf(x)d:c.

3. If a < ¢ < b then:

/:f(;c) dx/:f(x) das+/cbf(z) do

./aaf(:v) dr=0.

./abf(:c)da::—/baf(:c)da:.

b
6. If f(x) > 0 for every x € [a, ] then: / f(z) dz>0.

W~

ot

b b
7. If f(z) > g(x) for every z € [a,b] then: / f(z) dz > / g(z) dz .
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EXERCISES (1.3)
7 7 4
1. If/ f(z) de =10 and / 2f(z) dz = 6, calculate / f(z) dz.
0 4 0

b

b b
2. If/ f(z) de =3 and / g(x) dx = 2, calculate / [5f(z) — 3g(x)] du.

a

3. Prove that :
L
(7) / ——— dr <2
o T + 1

4 4
(#4) / BL dx < / x dx.
o T +2 0

(iii dr < 1.

b
[ fa)ds
5. Use quesion (4) to prove that :

2
/ cosz? dx
0
b
/ sinz dx
a

b
4. Prove that S/ |f(x)| dx.

(4)

< 2.

(if) < (b—a).




Chapter 2

INDEFINITE INTEGRAL

2.1 Anti-derivative of a function
Definition of an anti-derivative of a function:
The function G is called an anti-derivative of the function f on the interval [a, b]

if G'(z) = f(x) for every z € [a, b].

Example: Find the anti-derivative function of each of the following functions:

1. f(z) =2z
2. f(z) = cosz
3. f(z) =sec?x
4. f(z) = secxtana

Where ¢ is a constant.

Remark: If G; and G> are two different ant-derivatives of the function f on
[a,b], then G1(z) — Ga(z) = ¢ for every = € [a,b] , where ¢ is a constant.

13



14 CHAPTER 2. INDEFINITE INTEGRAL

EXERCISES (2.1)

1. Find the ant-derivative function of each of the following functions:

(i) f(z) =32
(i1) f(z) =728
(#i1) f(x) = 2cos2zx
(iv) f(z) = 5sec? 5z
(v) f(x) =3sin3z
(vi) f(z) = 4secdz tandx
(vii) f(x) = —6cscbax cot 6z
(viii) f(z) = 2csc? 2z
(i2) f(2) = 5

T

xn-&-l
2. Show that G(z) = ]

n # —1 and c is a constant.

+ c is the ant-derivative of f(x) = z™ where

3. Show that G(z) = sin(az)

where a # 0 and ¢ is a constant.

+ c is the anti-derivative of f(z) = cos(ax)
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2.2 The Fundamental Theorem of Calculus

The mean value theorem for definite integrals:
If f is a continuous function on [a, b], then there exists ¢ € (a,b) such that

b
¢) :/ f(z) dz
Proof: ‘

Since the function f is continuous on the closed and bounded interval [a, b],
then it attains its maximum and minimum values on [a, b], hence there exist
21,2 € [a,b] such f(z1) < f(x) < f (x2) for every = € [a,b] .

/abf(:vl) dx</abf(9c)dx</abf(x2) dx
b

<wwwuns/ﬂmmsw—@ﬂm

b
/ f(z) dx
x1) < abfa < f(w2)

From the intermediate value theorem of continuous functions there exists c
between a:1 and xo (Hence ¢ € (a,b)) such that

/f o b—@ﬂozlﬂme

b—a

Example (1): Find the value of ¢ that satisfies the mean value theorem for
definite integrals for the function f(z) = 22 on the interval [0, 2].
Solution:

2
First: calculating the definite integral / z? dx.
0

8
This definite integral was calculated using Riemann sum and it is equal 3 (see

Example (2) in section 1.2).

Second: Finding the value of ¢, from the relation (b — / f(z
2 8
2-0) f(c) = /x dr — 202 _§
N . é = c= 1
6 3 f
Note that ¢ = — € (0,2), while c = —— ¢ (0, 2).

\/ﬁ \/3

Therefore, The required value is ¢ = —.

V3

The Fundamental Theorem of Calculus:
Let f : [a,b] = R be a continuous function on [a, b],

1. If the function G : [a,b] — R is defined as follows:

T
G(z) = / f(t) dt, for every = € [a,b], then G is an anti-derivative of f

on [a,b].
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d xr
Therefore, %/ f@t) dt = f(z) for every x € [a,b].

b
2. If F' is an anti-derivative of f, then: / f(z) dz = [F(2)]” = F(b)— F(a).

Proof: G n G
(1) To prove that }lLim (z+h) = Glx) = f(x).
—0 h

Note that G(z + h) — G(x) = /ZHL f(t) dt — /x f(t) dt = /Hh () dt.

a a x
For every h > 0 and for every = € [a,b] , Applying the mean value theorem for
definite integrals on f on the interval [x,x + h].
There exists ¢, € (x, + h) such that

z+h

z+h / f(t) dt
[t a=nse) ==~ f(e)
ancex<ch < x + h, then ¢, — = when h — 0.

x+h
d

h) = G(@) lim/‘” " t*limf(c)*f(
h T hs0 h oo n) = f(@).

f(z), since the function f is continuous on [a,b] and

Therefore, lir% Gla+
Note that hm f (cn)
cp — T.

d
Therefore, %/ f(t) dt = G'(x) = f(x) for every = € [a, b).
(2) Let F be an anti-derivative of f on [a,b], then
G(z) — F(x) = ¢, for every x € [a,b] where ¢ is a constant.

a

When a = a, then G(a) = / f@®)dt=0,
Therefore, G(a) — F'(a )—ca:>c——F( )-
Hence G(z) — F(z) = —F(a) for every = € [a,]] .

F(a
When 2 = b, then G(b / f@) dt,

Therefore, / flx =F()— F(a) = [F(w)]Z

Example (2): Evaluate the following:

d * 1
1. — —— dt.
dm 1 1 +t2

x

2. i sint dt.
dz Jq

Solution:

d [* 1 1
Lo dt = .
dr J; 1+1t2 1+ 22

x

d
2. — sint dt = sinx .
dm 0
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Example (3): Calculate the following:

2
1./2xdx.
1
z
2./ cosx dr .
0

Solution:

? (212 (2)2 (12 =4 _1 =
1./12xdx—[ 1=0@°-(1)P=4-1=3

Note that F(x) = 22 is an anti-derivative of f(x) = 2x.

2 z
2. / cosz dr = [sinz]¢ =sin (g) —sin(0)=1-0=1
0

Note that F'(z) = sinz is an anti-derivative of f(z) = cosz.

Theorem (1): If f is a continuous function on [a,b] and g is differentiable and
its range is contained in [a, b] then:

d 9@
f(t) dt = f(g9(x)) g'(2).

dz J,

Example (4): Evaluate the following:
Y A
Tdr f, 1482

d 322
2. d—/ sint dt.
T J-1

dt.

Solution:
LAY R S S B S B
dr J, 1+1t2 1+ (Vz)’ 2V 1+2 2z
d 322
i sint dt = sin(3z?) (62).

Theorem (2): If f is a continuous function on [a,b], and g, h are two differen-
tiable function and their ranges are contained in [a, b] then:

d h(z)
i f@) dt = f (h(x)) W (z) = f(9(x)) ¢'(x)

Example (5): Evaluate the following:

d (21—
1. 7/ Ehl
da: Ccos T 1 +t4
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d [
2. d—/ V144 dt.
X J1

Solution:
d 2I21_t2 1_222 1— . 2
1. — — dt = 7( x )4 (4x) — 1= (cosz)” (—sinz).
dr Jepsy 1+ 14 14 (2x2) 1+ (cosz)*

2. iﬁmzmdt:\/l+(x2)4 (2z) — /1 + (i)4 (—9312)
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EXERCISES (2.2)

1. Find F'(z) of the following:

(i) F(z) = /—i V2+sint dt

(ii) F(z) :/;\/11?2 dt
N
(ii1) F(z) = /0 L

e
(iv) F(z) = / L
)y 1+t

z? 3
(v) F(x):/ V3 + cost dt—l—/ V3 +cost dt
—1 x2

(vi) F(x)z/: L

inx 2+t2

r2+1 t2
ii) F(x) = dt
(U”) (.1?) /\/5 1+ 12

3741y
2. If F(z) = — dt, calculate F’(0) .
(z) /3@ 142 @ caleulate (0)

sin x

1
3. If F(I) = \/ﬁ dt y calculate F, (g) .

COosS T

19
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2.3 Indefinite Integral

Definition: The indefinite integral of the function f is denoted by / f(x) dx

and it is defined as /f(x) dx = G(z) + ¢, where G is the anti-derivative of f

and c is a constant.

Basic rules of integration:

1. /1dm=m+c.

anrl
2. /x" dr = —_ + ¢, where n # —1.

3. /cosx dx =sinz + c.

4. /sinx dr = —cosx + c.
5. /seczsc dr =tanzx + c.

6. /csczxdx:—cotx—i—c.
7. /secxtanx dxr = secx + c.

8. /cscxcot:c dx = —cscx + c.

Properties of indefinite integral:
1. /m f(z) das:m/f(:v) dx, where m € R
2. [ 1#@) £ 9(a)) do = [ (@) dot [ gla) do

Example: Evaluate the following indefinite integrals:

1. /(7x2+5\/5) de.

5 2
2. _—— .
/<x4 ﬁ) o
3. /(—4cosw—|—85e02x) dr.

4. /(3+4secxtanx) dz.
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Solution:

1. /(7x2+5\/§) dx:/m? dx+/5\/5dx

3 3
27/$2d$+5/1}% dx:7%+5§+c.
2

ICEEAPSErS
-3

2 1 1
%dx:E)/defQ x—%dac
2

3. /(74COS$+886C2$) d:c:/félcosx dx+/85e02:1: dx
:—4/cosx dw+8/se02x dr = —4sinz + 8tanz + c.
4. /(3+4secxtanx) dxz/S dx+/4secxtanx dx

:3/1 dx+4/secxtanx dr = 3x +4secx + c.
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EXERCISES (2.3)

Evaluate the following integrals:

N
\
7 N
-

_|_
§\m‘ =
N——

U

8

3. /(7cosa:+231na:) dx.

n / <4seczx_88mtanx) .
3
csc x
5. 3 +3cscxcotx | dx.
2 -1
6. 7z dz.
22 4+x—2
7. 7% dx.
1 2
xr3
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2.4 Integration by substitution

Theorem: If g is a differentiable function on [a,b], f is a continuous function
on an interval J that contains the range of g and F' is an anti-derivative of f on

J, then: /f (9(z)) ¢'(z) dv = F (g(z)) + ¢, for everyz € [a, b)].

Example (1): Evaluate the integral/ (2 + 1)z da.

1
First solution: Put v = 22 + 1, then du = 2z do = 3 du = x dx.

1 1
/(m2+1)11xdx:/u11 §du:§/un du

1 u'? 1 (2% 41)"
212 Ty 1z ¢
[f )"

Second solution: Using the formula / [f(x)]" f(x) do = TJrc, where
n

n# —1.

1 1 2 1 12
/(m2 + D) de = 5/(:52 + D) (22) dr = 3 % +c.

Generalization of basic rules of integration:

m.n-ﬁ-l
1. /x" dr = i} + ¢, where n # —1.

[f (@)
n+1

=
5
=
3
=
—
E
.
g
I

+ ¢, where n # —1.

cosx dr = sinx + c.

cos (f(x)) f(x) dz = sin (f(x)) +c.

sinz dx = —cosz + c.

(f(x)) f'(z) doz = —cos(f(z))+c.

sec2z dx = tanz + c.

sec? (f(2)) f'(a) do = tan (f(x)) + c.

csc2z dr = —cotx +c.

ese® (f(2)) /() do = —cot (f(x)) +c.

secxtanx dr = secz + c.

\\\\\T\\\\
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[ see ) an () 1) de = see ) + e
7. /cscxcotx dxr = —cscx + c.
[ esctt@)eot (f(@) f(a) de =~ ese (f(a)) + c.
Example (2): Evaluate the following integrals:
L. / V2 + 2z(z + 1) da.
Solution: /m (€ +1) de = / (a? +22) % ( + 1) do

:%/(1‘2—{—21‘)% 2(z + 1)] dm:%/($2+2x)%(2x+2) o

1 (22 +22)2

== "= i
3
2 3
3
o [ T ET
Vat+222+3
3 3
Solution: # dr = /Lxl dz
xt 4+ 222 43 (x% + 222 4 3)3

_1 1 _1
:/(Jc4+2x2+3) 5 (2% + 1) dx:Z/(a:4+2x2+3) S (423 + 4x) dx

1 (Jc4+2x2+3)%

3

+c.

3. /cos(5x +7) dx.
. 1
Solution: /cos(5x +7) dx = £ /cos(5x +7)5dx
1.
=% sin(bx + 7) + ¢.
4. /xsecz(x2 +2) dux.
1
Solution: /xsecz(x2 +2)dx = 5/S6C2(:C2 +2) (2z) dx
1 2
=3 tan(z° 4+ 2) +c.

5. /sec(Gx —2) tan(6x — 2) dz.
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1
Solution: /sec(Gx —2) tan(6x — 2) dx = 6 / sec(6z — 2) tan(6x — 2) (6) dz

1
= 6sec(6m -2)+c

Example (3): Find the value of ¢ that satisﬁes the mean value theorem for
definite integrals for the function f(z ) =1+ 22 on the interval [1,2].

Solution: Using the relation (b — a) / f(z) dx.
Where f(z) =1+ 22 and [a,b] = [-1

(2-(-1) (1 +c)—[1(1+$)dx: [JH_Srl

3(1+c2):(2+§)—(—1—;> 3

3+3c2:2+§+1+§:6

3?=3 = =1 = c=+1

Note that ¢ =1 € (—1,2) is the required value.

While ¢ = —1 ¢ (—1,2), hence ¢ = —1 does not satisfy the mean value theorem

for definite integrals.

Example (4): Find the value of ¢ that satisfies the mean value theorem for
definite integrals for the function f(z) = \/m on the interval [—1, 8].
Solution: Using the relation (b —a)f(c) = / f(z) dx.

Where f(z) = \/ﬂm:md [a,b] = [—1, ]

(8 (~1)) \/CT—/ \/ﬁdx—/ (w+1)F do

= % [(w—i— 1)%}

3
2 -1

9@:%[(8“)%—(—1“)%} :% [27 — 0] = 18

NWe+l1=18 = Ve+1=2 = ¢c+1=4 = ¢c=3¢€(-1,8).
¢ = 3 is the required value.
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EXERCISES 2.4

(1) Evaluate the following integrals:

1. /3x(x2 +1)° da.
2. /(x?’ + 32)" (2% 4+ 1) da.

. /x?’\/x4—|—1 dx.
L /379” dz.
(1+ )8

5/3x5dx

w

6. /cos(5ac —2) dx.
7. /wsin(x2 +1) dz.
8. /x2 sec?(z® — 2) du.
9. /W dx.
x
o [,
11. /csc(?)ac + 1) cot(3z + 1) dz.
12. /(x2 +2tanx)5 (:L'Jrsec2 x) dx.

: 4
13, / (2+sinz)®

secx

(2) Find the value of ¢ that satisfies the mean value theorem for definite integrals
for the following functions on the given intervals:

()

(z) = ¥z + 1 on the interval [-1,7] .
(z) = 22 on the interval [~2,0] .

(z) = 4z — 2 on the interval [0,3] .

()

= cos z on the interval [0, 27] .



Chapter 3

LOGARITHMIC AND
EXPONENTIAL
FUNCTIONS

3.1 Natural Logarithmic function

Definition: The natural logarithmic function is denoted by In(z) and it is

defined as In(z) = / % dt for every = € (0,00).
1

Remarks (1):
1. The domain of the natural logarithmic function is (0, c0).
2. In(1)=0
3. In(z) > 0 for every z > 1.

4. In(x) < 0 for every 0 < x < 1.

d d [*1 1
=1 =— | —dt=~- fi .
5 o n(z) d:r/l , dt - > 0 for every x € (0, 00)

Therefore, the natural logarithmic function is increasing on its domain.

27
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Sketching the graph of the natural logarithmic function:

Injx|

Remarks (2):

1. zlﬁ)rgc In(z) = oo

2. lim ln(z) = —oc0
z—0+t

Some properties of the natural logarithmic function:
If z,y > 0 and r € Q then:

1. In(zy) = In(x) + In(y)

2. In <z) = In(z) — In(y)

3. In(2") = rln(z)
Proof:
(1) In(zy) — lnx = — dt — —dt= — dt.
1t 1t x U

t
Putu=—-—=— t=2xu
T
dt = x du.
Whent=2 — u=1.
Whent=2y = u=y

Y1 Y1
ln(azy)—lnx:/ —dt = —sc du-/ — du=lIny.
u
In(zy) =lnz + Iny.

(2) In(z) = In (y ;) =1In(y) + In (;”)
In <Z) = In(z) — In(y).

The derivative of the natural logarithmic function:

d 1
T /@)
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Example (1): Find the derivative of the following;:
1. y=+z In|z|.

d 1 !
Solution: % bW Infz| + vz z
2 (@) =Inja® + 32 1.
2 3
Solution: f'(z) = #E«q '
3. f(z) =In|sinz + 5.
_cosx
sinx +5
(a2 + 1)°(z — 8)°

(z3 —1)3 .

Solution: f'(z) =

4 f(2) =

(22 + 1)3(x — 8)°

Solution: In|f(x)| =1In
/(@) T

3
2

= In|(@® + 1)°(x — 8% —1n‘(x3 ~1)

—ln|(2® + 1)°| + In|(z — 8)?| —ln‘(xg — 1)t

3
:51n|a:2—|—1|+31n\a:—8|—§1n|a:3—1|.

Differentiating both sides:

f’(;c):5 20 . 1 3 322
f(z) z2 41 x—8 2 a3-1

P = ) [+ - 2]

224+1 -8 2 z23-1

f,(m)_((x2+1)5(x—8)3> {1050 3 3 322

(23 —1)2 211 7.8 2.1
5. f(x) = (sinz)”.
Solution: In|f(z)| = In|(sinz)*| =z In|sinz|.
Differentiating both sides:

fl) _ n|sinz| +z =
f(x)i(l)l |sin x| +

() = f(x) {1n|sinm| +x

sinx

cos w}
sinx

f(x) = (sinx)” {ln|sinx| +x COSJZ}

sinzl’

29
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Important integral:

1
— dz =1In|z|+c
x

f/(w) = In X C
[ 55 ae=mif@) v

Example (2): Evaluate the following integrals:

2+ 1
Lo =2 g
/x3+3w+8 v

Solution:

241 1 32243 1
/Ld :g/de=§1n|x3+3x+8|+c.

2,/de
2 4+ 2sinx
Solution:
T +cosx 1 [2x+2cosz 1 ) .
/x2+2sinx o 2/3;24_281113; =3 n|z® + 2sinz| + ¢
2
1
3./%%
x
Solution:
2 1 5 )
/de:/<x+w+> i
X T T T

1 x?
= x4+ 1+ — dm:?+x+ln|x|+c.
x

1
4. / dr.
zvInz

Solution:

1 1
——dr = | ——— dx
/x\/lnx dx /x (lnx)%

:/(lnx)_% é 4o — (2)°

1
5. / dz.
zlnzx

Solution:

1 1
/ dm:/ L dr=1In|lnz|+ec.
zlnx Inz
T
. dx.
6 /x—|—1 T
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Solution:

/ z dx:/wdx:/ x—l—l_ 1 dx
z+1 r+1 r+1 x+1

1
:/<1— )dx:a:—ln|x+1|—|—c.

r+1

Integrals involving trigonometric functions:

1. /tanx dx =1In|secz|+ c.
[ran (@) (@) de = nfsec (£(a)] + c.
2. /cotx dx =1In|sinz| + c.

cot (f(x)) f(x) dz = In fsin (f(x))| +c.

3. /secw dz =1In|secz + tanx| + c.
/SGC (f(x)) ['(x) dv =Inlsec(f(2)) + tan (f(x))| +c.
4. /cscx dx =1In|cscx — cotz| + c.

/csc (f(z)) f'(z) dz =1Inlesc (f(x)) — cot (f(z))] + c.

Example (3): Evaluate the following integrals:

1. /tan(?)x) dx.

Solution:

/tan(3m) dx = %/tan(?)x) (3) dz = é In |sec(3z)| + c.

2. /a:sec(x2 —3) dx.
Solution:

/zsec(z2 —3)dr = %/sec(x2 —3) (2z) dz

1
=3 In |sec(x2 —3) + tan(z? — 3)| + e
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EXERCISES (3.1)

1. Find the derivatives of the following functions:

(1) f(z) =In|2* + 2% + 1]

(3) f(z) =sinz In|5x]

(5) f(x) = [3z + In|sinz|)®

() flay = BEE° e Z D

V2 +2

2. Evaluate the following integralb
(1) / Ry |
x* + 222 + 4x

2 _
(3) /M de

X

(5) /(8+;I;\xl) da

1
(M) /23: In |23 de
9) /12 tan (%) da

\\\

(2) f(z) =In|z* + cos 21"
(4) 7(x) = tan (in |32])

VaZ +1 sin’x
(6) f(=) =1H‘M

8) f(z) = (2”
(10) f(z) =

+1)*

(cos :L’)""/’3 -1

—sinz

3+ SCosx
cos 1n|ac|

x \3/111 |x|

xT
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3.2 The Natural Exponential function
Definition: The natural exponential function is the inverse function of the

natural logarithmic function, and it is denoted by e¢”, where e is an irrational
number.

Remarks:
1. The domain of the natural exponential function is R.
2. The range of the natural exponential function is (0, c0).
Note that e” is always positive on its domain.
3. =1 and e ~ 2.718128.
4. In(e®) = z for every x € R, therefore, In(e) = 1.
e™(®) = g for every z € (0, 00).

5. Sketching the graph of the natural exponential function:

6. lim e* =oco0 and lim e® =0.
xTr—r00 r—r—00

Some properties of the natural exponential function:
If z,y € R, then :

1. e*eY =¢
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Example(1): Find the value of  that satisfies the equation e*~' = 3.
Solution: e*' =3 = 1In(e""') =1In(3)
=z —-1=In3) = z=1+1n(3).

Example(2): Find the value of x that satisfies the equation In(xz + 2) = 5.
Solution: In(x 4+ 2) =5 = eln(@+2) — o5
—=r+2=e"=ax=0¢"-2.

The derivative of the natural exponential function:

a4
dz
a4
dx
Example(3): Find the derivatives of the following:
1. f(x) = em Tt
Solution: f'(z) = e” **(2x 4 1).
. 1
2. f(l‘) — eSine 4 —
e
Solution: f(x) = ¢S 472
f!(x) = ™% cosx + e %(—1).
3. f(z) = (" + x2)3.
Solution: f/(z) =3 (e’ + x2)2 (e>*(5) + 2x).
4. f(z)=1In ‘et"m‘r + 4333’.

et T goc? x4 1222
etanz + 4:13‘3

Solution: f/(z) =

The integral of the natural exponential function:

/ez dr =¢e* +c.

/ef("”)f'(x) de = ef@ 4.

Example(4): Evaluate the following integrals:

1. /67$+1 dzx.

Solution: /67I+1 dr = et 4 ¢,

/e7w+1(7) do —

=
=
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THE NATURAL EXPONENTIAL FUNCTION

2
./xemfg’dx.

1 1
Solution: /a: e =3 dr = 3 /696273(23:) dzx = 5 "3t

eV® J
% XT.

Ve 1
Solution: /e— dr = /e\/‘;— dzx
Vv VT

1
= /eﬁﬁ dm:2eﬁ+c.

sin x
(&
. dx.
SeC T

sin x

€ dx = eSi‘”Ei dx
sec T sec T

= /esmzcosz der = e +c.

Solution: /

6tan x
. 5— dx.
COS“ X

etan x 1
Solution: 57— dr = et‘mIT dx
cos2 x cos? x

= /etanx sec’ x dx = "% + ¢.

In(5)
/ e” dx.
0

In(5)
Solution:/ e’ dr = [e‘/”]gl(s) =em®) 0 =5 -1=4.
0

. /em cos (e¥) dux.

Solution: /el' cos (e*) dx = /cos (%) ¥ dx =sin (e”) 4 c.

e5r
. — dx.
/€5Z+4 *

b5x 1 b5x 1
Solution: /€5i 1 dr = 5/ 2590 5_531 dx = E In |65"” +4| +c.

/ Y
(e3¢ +4)°

65:v

Solution: /73 de = / (65z —|—4)_3 e dx
(e +4)

35
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-2
1 - 1 (e5®+4
:g /(65$+4) 3 5 (5) dng %4—6.
e5lnm
10. / o dx
Solution:

65 Inz eln z° !E5 5 .’1,‘3
/ 3 dm:/ = dx:/?dx:/x dxzj—&-c
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EXERCISES (3.2)

1. Find the value of x that satisfies the following:
1) e =5 (2" t=1
(3) mfz—1/=7 (4) Inf2®-1|=0

2. Find the derivatives of t he following:
37(13 1 COS 2T
(1) f(z) = e” —F2 (2) f(z) = 7 +e”
(3) f(x) = (In|3z| + e41+2)8 (4) f(x) =In |e2ta” + sec 3|
(5) f(z) =¢” In |2 —1] (6) f(z) = tan (6”2“)

3. Evaluate the following integrals:

(1) /568’”+1 dx (2) /75(}2 e 4 dx
1 V=
ew e
(3) o) dx 4) — dz
ecos3z eCOtQ.L
d 6 d
®) /cgc?)x (©) /sin22x v
(7) /12 3e” dx (8) /eh ese® (2+€™) da
2 63:8 e3x
- T 10 dx
( ) /65“7+2 ( ) (e3$+2)5
x 671n|m+1| dx

37
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3.3 The general logarithmic and exponential func-
tions

The general exponential function:
If @ > 0 is a real number, then the general exponent function of base a is denoted
by a?, and it is defined as a® = e*'"¢,

Remarks (1):
1. The domain of the general exponential function is R.
2. The range of the general exponential function is (0, 00).

3. lim a® = oo, where a > 1.
r—r 00

4. lim a® =0, where a > 1.
Tr—r—00

Some properties of the general exponential function:
If x,y € R, then:

1. a®a¥ = a® 1.
xT
a _
2. — =a" Y.
a¥

3. (a®)¥ = a™.

The derivative of the general exponential function:

xT xT
— a” =a"Ina.
dzx

d
- af @ — af(””)f’(x) Ina.

Example (1): Find the derivatives of the following;:
1. f(z) =37t
Solution: f/(z) = 3”2“"(233 +1) In(3).

2. flz) =5v7.

Solution: f/(z) =5V () In(5).

8=

3. f(z)=m=.
Solution: f/(z) == (;;) In(7).

1. f(z) = g+,
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Solution: f'(z) = gtan(@®+1) sec’(z? +1) (27) In3.

6

5. fla) = (47" 4 7o)

Solution: f(z) = 6 (4“ + 73”1)5 (4902 (22) In(4) + 73+1(3) ln(7)).

6. f(z) =In

5”24—963‘.

57° (22) In(5) + 322
57 + 3 '

Solution: f'(z) =

The integration of the general exponential function:

/az dx:a—+c.
Ina

/af(”“') f(z) de =

ol @

Ina te

Example (2): Evaluate the following integrals:

1. /z26w372 dx.
1 6z3—2

1
Solution:/acQGIS_2 de = §/6w3_2(3x2) dz = 3 o6
3cotz
2. / —— dux.
sin” x

3cotw 1
Solution: / —— dr = /3“’”7 dxr = /3C°”csc2x dx
sin sin®
3c0tac

= —/300”(—030230) dx = +c.

~ In3
3 / 5% + 1 dx
. 5 .
1
Solution: /<5“"+ 2L> dr = / (51 +2*‘”) dr = /59” dz+/271 dz

:/5xda?+— 2_9”(—1)dac:5— +ec.

+c.

-1 In5 In?2

4. /(7$+4)1° 7% da.

1
Solution: / (7% +4)"° 7% da = — / (7* +4)"° (7" In7) dx
n
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1 T 411
R G s R

“In7 11
2$

. dz.

) /21+1 T

) 2¢ 1 271n 2 1 -
Solutlon: /m dfr = E m dx = mhl‘2 -+ ].| + c.

6. /3"” (14 cos (3%)) dx.
Solution: /3z (1 + cos (3%)) dx :/[37” + cos (3%) 3] dx

. 1
:/3”” dw+/cos(3x)3“ da::/?)’” dw+ﬁ/cos(3x)(3xln3) dx
n

AR (3%) +
"3 3™ “

7. / 47 5% dx.
1 5%

. . x =4 - 4 z = T T
Solution: /4 5% dx = I /5 (4°In4) dx Tl 5 +ec

The general logarithmic function:
The general logarithmic function of base a is denoted by log, x, and it is the
inverse function of the exponential function a®, where a > 0 is real number.

Remarks (2):

1. logz =log;yz and Inx = log, =.

1
2. log, z = =
Ina
3. log,a=1.

4. log,z =y <= z=a".

Some properties of the general logarithmic function:
If x,y > 0 and r € Q, then:

1. log,(zy) = log, = + log, y.

2. log, <x) =log, z —log, v.
Y

3. log, 2" =rlog, x.
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Example (3): Find the value of = that satisfies the equation log(z + 1) = 2.
Solution: log(z + 1) =2 = 108+ = 102
= 2+1=100 = 2 =100—-1=99.

Example (4): Find the value of z that satisfies the equation 3! = 7.
Solution: 3** ' =7 = logy3** ' =log, 7

1+ logs 7
= 2x—1=logy7 = 2xr=1+4+logy 7T = xz%.

The derivative of the general logarithmic function:

d 111

dx Oga‘xl_mg_xlna'

d 1 e @)
% 1Oga‘f(x)|_m f(il’) - f(l’) lna’

Example (5): Find the derivatives of the following:

1. f(z) =logs |x3 + sin 5.

. 1 322+ cosbz (5)
SOlutlon: f/(.r) - R m.

2. f(z) = [logg|z* — 1| + e‘%]g.

Solution: f'(z) = 8 [logs |[2* — 1| + 631}7 <1nl3 xfi . + 63‘"”(3)).
3. f(z) = sin (log; |2z + 3]).
Solution: f’(x) = cos (log; |2z + 3|) <1 2)_
In7 243
4. f(z) = sin(z?) log; |22 + 3.
1 2

Solution: f’(z) = cos(x?) (2z) logy |22 + 3| + sin(x?) 7 i3
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EXERCISES (3.3)

1. Find the value of x that satisfies the following:
(1) 5%+ = 30 (2) 27" 5746 = 1
(3) logs(x +4) =2 (4) log(2z —2) =0

2. Find the derivatives of the following:
(1) f(z) = 5*n2e ()f()
(3) f(z) =1In |3°°” +e>| 4) f(z) =
(5) f(x) = logs |+ — csc 6| ( ) f(x)
(7) f(z) =V logg|2 + cotz| (8) f(x)

X

(*

tan
(secx + 2zl 5
S
(

in (logd |w — 1|)
log, [3z — 2| + \f)

X

3. Evaluate the following integrals:

(1) 5\/5 p / sin 3z
T
x sec3x
(3) /\?{;H cos (312+1) d /sm:z: 7COSI
X X
7CObI 4+ 3

(5)/(637563:2)961:5 /27052 dz
(7) /x 47 (1 + sec (4I2>) dx /
o 5

(9) /cos (12(;g 3x) dx

(4+1
+ ngl" do

x logs x
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3.4 Inverse trigonometric functions

The derivatives of the inverse trigonometric functions:

1
1. —sin"tz =

dz Vi—z2

|z < 1.

Example (1): Find the derivatives of the following:
1. f(z) =sin"" (Va).
1 1 1

Ji—(yap ° NGV

2. f(zx) = tan"'(22% + 3).

Solution: f/(z) =

1 4z

Solution: (x) = 1 Gerrap ) = Ty rap
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3. f(x) = sec™!(3 +sin 3x).

1
Solution: f/(z) = (cos 3z) (3).
(3+sin3z) /(3 +sin3x)? — 1

1. flz) = e @),

-1

Solution: f/(z) = ecos (1) m (4).
5. f(z) =In|e® 4 sec " (32)].
e5m (5) T 31\/(;1)271 (3)
Solution: f'(z) = o5 T sec~1(3) .
6. f(z) = (5" +tan"'(2z + 1))5.
. / x -1 4 T 1
Solution: f'(z) =5 (5% + tan™'(2z + 1)) (5 In5+ [ENCIESIE] (2)>
Integrals of specific quadratic forms:
1. /\/% dr = sin~* (z) +c¢ , |z|<a.
a?—x
/L dz = sin”! (f(x)) te ) If@)<a.
a® ~ [f(2))’ !
2 /a241rx2 der = —tan™* (f) +c
[0 o L (12
a® + [f ()] a a
1
3 m dw = asec_l (%) +c 3 |x| > a.
/ f'(z) dr = = sec™! <f($)) +c¢ , |f(z)>a
f@) @) —a2 ¢ ‘

Example (2): Evaluate the following integrals:

2
T
1. — dx.
/9+x6 o
. 1'2 (E2
Solution: /m dx:/m dx

1/ 322 d 11 tan—1 a3 "
=— | ————dr=- - tan — c.
3] 324 (23)2 33 3
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x
2. — dux.
/ V16 — x4

Solution:

| = e

—1/27$dac—lsin_1 ’ +c
9 /12— (22)? 9 4 ’

T
3. /7 dx.
V16 — z2
T 1
Solution: /7 dx:/ 16 —2%)" 2% z dx
V16 — 2 ( )
1
1 _1 1 (16 —22%)2
2
4 / .
") o2y/1— (2?2
Solution: T

8
/wl—la—wd“/md

1
= sin~* <nla:> +c=sin"!(Inz) +c

6255
5. ——d
/ 25 + ete 7
2x 2x
Solution: /67 dm:/ei2 dx
25 + etz 52 1 (62””)

1 e (2) 11 L (e
=— | ——* < dr=- - tan "~ [ — .
2/52_’_(6%)2 T 5% an 5 +c

sinx

6. —— duz.
V25 — cos? x
sin x sin x
Solution: ———dr = | ——= dx
V25 — cos? x /52 — (cos z)?
:i —sinx do — — sin— (cosm)
-1/ /52 — (cosx)? 5

1
7. —_—d
/a:2—|—6x+25 v

1 1
Solution: | ————— du = d
ermion /12+6x+25 ! /(x2+6x+9)+16 !

B 1 d 711:& 1 ({xT+3 +
) w3y T 4 “
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8.

10.

11.

12.

CHAPTER 3. LOGARITHMIC AND EXPONENTIAL FUNCTIONS

/ ! dx
(x —DVa?2 —2x -3 '
1
Solution:/ dm:/ dzx
(r —1)Va2 -2z -3 (z—1)/(@2 =22 +1)—4

/ 1 1 1(:5—1)
= dr = = sec — | +ec
(x—1)y/(z—1)%2—22 2 2
z+1

dx.

/a:2—|—1 v
. rz+1 T 1

Solutlon:/xz_’_ldmz/mdx—i—/mdx

1 2z 1 1 2 -1
:i/mder/mdx:ﬁ In(z*+ 1) +tan™ = +c.

_rx+2
V16 —a22
. T+ 2 / €T / 2
Solution: ——dr = | ——=dx+ | —— dx
V16 — 22 V16 — 22 V16 — x2
1 oy —1 1
1

1 (16— 2%)? |z

== T + 2sin (Z)—i—c

. z+tan"lz x tan~1z
Solution: /T—f—l dr = /m dx + / T—i—l dx
1 [ 2z a1

(taun_1 x)2

5 +c.

1
=3 In(z? + 1) +

1
— dux.
/ ve2r — 36

Solution:

1 1
/”7 d;v:/id:c
—/e—mdaﬁ—1 sec ! (@F) +c

e/ (e7)? — 62 6 6
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EXERCISES (3.4)

1. Find the derivatives of the following:
(1) f(z) = vz sin~!(5z) (2) f(z) =In|3z — 1| cos™" (v/z)
(3) f(x) =In|z® + tan™'(22)| (4) f(z) = cot™" (e**) + 5V

_1 1 !
(5) f(z) = e () (6) f(z) = (csc1 <x) +x4>
2. Evaluate the following integrals:

W [ ® [

—— dx ——— dx

V25 1 9x4 x0 + 3%
(3) /7 dx (4) /—z dx

x Vad — 16 Va4 — (22 +1)2

coszT 7

5 —d 6 ——d
()/1—|—sin2x v ()/25+(1:E1)2 *
7 ———dx 8 dx
()/\/64-7”—216 ()/x m3§36

——d 1
®) /\/—x2+2x+8 ! (10) 2?2 +4x +13
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Chapter 4

HYPERBOLIC
FUNCTIONS AND THEIR
INVERSES

4.1 Hyperbolic functions

1. Hyperbolic sine function:
e’ —e

2

—x

It is denoted by sinh x, and it is defined as sinhx =

Remarks(1):

e The domain of the hyperbolic sine function is R, and its range is R.

e it is an odd function (symmetric with respect to the origin), and
sinh(0) = 0.
e Sketching the graph of the hyperbolic sine function:

49



50 CHAPTER 4. HYPERBOLIC FUNCTIONS AND THEIR INVERSES

2. Hyperbolic cosine function:

et +e "

It is denoted by cosh x, and it is defined as coshz = 7

Remarks(2):
e The domain of the hyperbolic cosine function is R, and its range is
[1,00).
e it is an even function (symmetric with respect to the y-axis), and
cosh(0) = 1.

e Sketching the graph of the hyperbolic cosine function:

The rest of the hyperbolic functions are defined as:

3. Hyperbolic tangent function:

sinhx €% —e 7
tanhx = = , for every x € R.
coshz e*+e®

4. Hyperbolic cotangent function:

1 coshxr e*+e®
cothz = = = for every z € R — {0}.
tanhz  sinhz  e* —e @’ very {0}

5. Hyperbolic secant function:

1 2
sechr = = , for every x € R.
coshz e*+e®

6. Hyperbolic cosecant function:

1 2
hr = = , fi e R—{0}.
esche = ——— = ———, forevery x {0}
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Important Identities:
1. cosh®z — sinh®z = 1, for every z € R.
2. 1 —tanh?z = sech?z , fro every = € R.

3. coth?z — 1 = esch?z, for every z € R — {0}.

The derivatives of the hyperbolic functions:

L Sinh (7 (2)) = cosh (/@) f'(2).
2. % cosh z = sinh x.
L cosh (f(x)) = sinh (/(@) f'(x).
3. % tanh x = sech’z.
Lt (£(2)) = sech? (f(x)) ().
4. % cothz = —csch?z.
L coth (/@) = —eseh?® (/@) f'(x).
5. % sechx = —sechx tanh x.
L sech ((2)) = ~sech (f(2)) tanh /() '(2).
6. % cschx = —eschx cothx.
2 esch (F(r)) = —esch (f(x)) coth (f(x)) f'(x).
Proof:. d (e —e ™\ T —eT(—1) eT4e®
0 dwsmhx:dm( ' ); B

Example (1): Find the derivatives of the following:
1. f(z) = sech (14 Vz).

Solution: f/(z) = —sech (1++/z) tanh (1+ /z) (2\1/§>
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9. f(a:) _ esinh4w'

Solution: f'(z) = ™14 coshdz (4).

3. f(z) =In|cosh(1 — 2?)|.

sinh(1 — 2?) (—2z)
cosh(1 — z2)

Solution: f'(z) =

4. f(z) = tanh (5%).

Solution: f’(z) = sech? (5%) 5% In5.

5. f(x) = (coth(3z) + ¢%%)",

Solution: f'(z) =4 (coth(3z) + 665”)3 (—csch?(3x) (3) + €5 (6)).

6. f(x) = acsche,
Solution: In|f(z)| =In |9:CSC}””| = cschx In|z|.

Differentiating both sides

f'(x) 1

cschx cothz) In|z| + cschx —
(- ) Inal :
f'(z) = f(z) [(—escha cothz) In|z| + cscha L]
f(z) = ze*h® [(—cschx cothz) In|z| + cscha 1].

Integrals of hyperbolic functions:

1. /coshx dr = sinhz + c.
/cosh(f(x)) f'(x) dx = sinh (f(x)) + c.
2.

sinh x dx = coshz + c.

3.

/
/smh f(x) dox = cosh (f(x)) + c.
/

sech’z dx = tanhz + c.
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/sech2 (f(z)) f'(z) do = tanh (f(z)) +c.

esch’x dx = — cothz + c.
csch? (f(x)) f'(z) dz = —coth (f(z)) + c.

sechx tanh x dx = —sechx + c.

(f(x)) tanh (f(z)) f'(x) dz = —sech(f(x)) +c.

®
2
Q
>

cschx cothx dr = —cschx + c.

esch (f(x)) coth(f(x)) f'(x) dz = —csch(f(x)) + c.

tanhx dz = In|coshz| + c.
tanh (f(z)) f'(z) dz =1n|cosh (f(z)) |+ c.
cothx dz =1In|sinhz| + c.

coth (f(z)) f'(z) dx = In|sinh (f(z))| + c.

— S S S S S S S

Example (2): Evaluate the following integrals:
1. /x2 cosh(z?) du.

1 1
Solution: /1’2 cosh(z?) dx = 3 /cosh(x?’) (32?) da = 3 sinh(z?) + c.

2. /ewtanh(ew) dz.
Solution: /em tanh (e®) dx = /tanh (e®) e® dax =In|cosh ()| + c.
2
g sech? (1/x) p
Ve

2
Solution: /M dx = /866h2 (V) = dx
T \/5

X.

1

— 2/sech2 (V) ONG dx = 2tanh (V) + c.
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X.
22

h(L th (L
Solution: /CSC (x) 200 (I) da::/csch (1> coth (1> (12> dx
x x x x
= /—csch (1) coth (1) (_21> dx = csch (1) +c
x x x x

5. /eta“hm sech’x dzx.

n /csch (%) coth (%) d

Solution: /etanhz sech® dx = '™ 4 ¢,

sinh x
6. /1+coshx du

inh
Solution: / _SY = Tn |1 + coshz| + c.
14 coshz

inh
7. /Lﬂ dz.
1+ cosh”

sinh x sinh x
Solution: " dr= [ ————— dx =tan *(coshz) + c.
/ 1+ cosh? z / 1+ (coshx)? ( )

1
8. / dz.
sechz\/4 — sinh? x
coshx

1
dz
/ secha\/4 — sinh® \/W
.1 (sinha:)
= sin 5 + c.

cothx

m
cothx coshx

Solution: dx

\/SlnhT sinhzy/(sinh z)2 — (2)2

1 _1 (sinhz n
= —sec c
2 2

Solution:




4.1. HYPERBOLIC FUNCTIONS 55

EXERCISES (4.1)

1. Find the derivatives of the following:

(1) f(x) = sinh (e**) (2) f(x) = cosh (In |x])
(3) f(x) = tanh (sin"' z) (4) f(x) = sech 1
(5) f(z) = csch (2*) cos3z  (6) f(z) = (tanh \f + coth f)
(7) f(x) =1In|cosh (z*) —4%| (8) f(x) = esinh® @
2. Evaluate the following integrals:
(1) /64$ sinh (5 —e**) dz  (2) / w dx
3) / sech;( 5) i ) sech\f tanh\f
coth (sin x) ecosh 3“’
(5) / s}?cx du / csch3a:
53¢ ginh x sechdx tanhd4z
(7) / (;()sh2 T dz / 2+ sech4m

h2
9) / _ER T e / dz
4 + coth” cschz — cosh2
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4.2 The inverse hyperbolic functions

1.

The inverse hyperbolic sine function:
It is denoted by sinh ™! z, and it is defined as:
sinh™" : R— R

sinhy =2 <= y=sinh 'z.

. The inverse hyperbolic cosine function:

It is denoted by cosh™ z, and it is defined as:
cosh™ : [1,00) — [0, 00)

coshy =z <= y=cosh 'z.

The inverse hyperbolic tangent function:
It is denoted by tanh™' z, and it is defined as:
tanh™' : (=1,1) — R

tanhy =2 <= y=tanh '=z.

The inverse hyperbolic cotangent function:
It is denoted by coth™ z, and it is defined as:
coth™ : R—[-1,1] — R — {0}

cothy =2 <= y=coth 'z.

The inverse hyperbolic secant function:
It is denoted by sech ™'z, and it is defined as:
sech™ : (0,1] — [0, 00)

sechy = x <= y = sech™'x.

The inverse hyperbolic cosecant function:
It is denoted by csch™ 'z, and it is defined as:
esch™t : R—{0} — R — {0}

cschy = x <= y = csch™'x.
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Logarithmic forms of the inverse hyperbolic functions:

1. sinh 'z =1In (9: + Va2 + 1), for every z € R.

2. cosh™ 'z =1In (z + Va2 — 1), for every z € [1, 00).

1 1
3. tanh™ 'z = 3 In ’H , for every x € (—1,1).
1 z+1

4. coth ™'z =>1n
2

1++v1—22
5. sech ™'z =In <H>, for every z € (0, 1].
x

1 1
6. csch™ 'z =1n < +4/1+ 2), for every x € R*.
x T

Proof: Only (1) will be proved, the rest can be proved in a similar way.

1‘, for every x € R — [—1,1].

Y _ oY
1. y=sinh 'z = x:sinhy:%
ey —2x—e¥Y=0
e —2ze? —1=0

(") =2z (e¥)—1=0

22+ /(20)2 —4(1)(-1) 2z +V4z? +4
N 2 B 2

222741
e LA

Note that v/z2 + 1 > =z, therefore, z — v/x2+1 < 0, and since ¢ > 0
always, then: e =z + Va2 +1 = y= ln‘x—i— Vaz+ 1‘

sinh ™'z = ln|x—|— vz + 1|

eY

rEVr2+1

The derivatives of the inverse hyperbolic functions:

d . —1 o ].

1. e sinh™ "z = 7\/@
d . . (=)
e sinh™ (f(x)) =
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2. % cosh™' z = \/%1, for every = € (1,00).
2 —
di cosh™ (f(z)) = f(z) , for every f(x) € (1,00).
i @) -1
3. % tanh ™'z = ﬁ, for every z € (—1,1).
% tanh ™' (f(z)) = %, for every f(z) € (—1,1).
d » 1
4. . coth™ z = T2 for every z € R — [—1,1].
% coth™ (f(x)) = %, for every f(z) € R —[-1,1].
5. e sech™lz = fﬁ, for every z € (0,1).
di sech™ (f(x)) = — f() , for every f(z) € (0,1).
! f@)y/1=[f @)
d 1
6. s csch™ ' = fm, for every z € R — {0}.
di csch™ (f(z)) = — f(=) , for every f(xz) € R — {0}.
! @)1+ [f (@)
Proof:

1. y=sinh 'z = sinhy = .
Using Implicit differentiation

1

1

coshyy =1 = o =

(2) y =cosh™'2 = coshy = .

Using Implicit differentiation

1
sinhyy =1 = ¢ =

coshy \/1 + sinh? y a

VI+az?

sinhy \/cosh2 y—1

Example (1): Find the derivatives of the following:

1. f(z) =sinh ™ (52 — 1).

1
Solution: f'(z) = = (5).

1+ (bx—1)

Ve -1
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2. f(z) =tanh™" (V).

ion: fl(z)— — L
Solution: f'(z) = - (\/5)2 NG
3. f(z) = esch™! (e*7)
Solution: f'(z) = — ! (e** (3)) = — 5 .
1+ () Videt
4. f(l‘) _ 6005}171(27;).
s _ cosh™1(2z) 1
Solution: f/(x) =6 27 1 (2) Iné6.
5. f(x) = In|z* + coth™!(2x)|.
Solution: f/(z) = 2926—'_1—(21)2(2)
22 + coth™ (2x)
6. f(z) = [sech ' (3z) + 7“’]5.
. / - 214 -1 .
Solution: f'(z) =5 [sech™"(3z) + 7] W (3)+7InT7|.
7. f(z) = x sinh™!(5z).
Solution: f'(z) = 2\1/5 sinh™*(52) + V& 1;(5)2 (5).
8. f(z) = cosh™ (22)
. —

L (2z) &% — cosh™!(22) €3* (3)
Solution: f’(z) = ~ it )
e X

Integrals of specific quadratic forms:

dx = sinh™! (2) +c.

A

1
1. —_—
/ Va? + 2

[ e

dx = cosh™! (f) + ¢, where = > a.
a

2’/ﬁ

[ e

da = cosh™ (f( )) + ¢, where f(z) >



60 CHAPTER 4. HYPERBOLIC FUNCTIONS AND THEIR INVERSES
1 1
3. /ﬁ dz = = tanh™* <E> + ¢, where |z] < a.
a’?—z a a

/(M de — étanh71 (f(a””)> + ¢, where |f(2)] < a.

1 1
4. /7 dz = = coth™* (E) + ¢, where |z| > a.
a a

/(ﬁfl[(% dr = écoth71 (f(j)) + ¢, where | f(z)| > a.

1 L |>
5. _— dac:—f sech + ¢, where || < a.
/x\/aQ—xQ a ( =1

(@) dzx = 1 sech™! 1f@)] + ¢, where |f(z)| < a.
/f(w) a? — [f ()" ¢ ( ¢ )

1 |z |>
6. ——dr = —— csch + ¢, where |z| # 0.
[ s o=y s o] #

/ ') dx = 1 csch™! (|f(x)|) + ¢, where |f(z)| # 0.
fanfa + [f@) ‘ ’

Example (2): Evaluate the following integrals:

x
1. —
/\/x4—16 v

Solution:

/Ld_l/id_l h—! 2_|_
mx—2 \/mx—Qcos 1 c.

eI
2. —— dx.
/ 25— 20
. e® e’ 1 _1[€"
Solution: 55 dv = | ————— dz = _ tanh — | +c
25 — e2¢ 52 — (e?) 5 5

where |e”] < 5.

1
———dx
/ Vidaz? +25

Solution:

/ 1 d 1 / 2 d
—  dox = — — dx
VAz? + 25 2] \/(22)2+5°

1 2
= gsinh_1 (596) +ec.

4./\/E\}mdm
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Solution:

/ﬁfmd“?/mdl‘

= 2sinh ™! (?) + c.

" 1
. —_— dx.
/ V16 — 24

Solution:

1 T
——dr = | —————=dz
/ zV16 — 24 x24/42 — (22)2

1 2 1 -1 2
= x —— sech™! (33) +c.

- dr==
2) 2B (@2 2 4 1
. —F aXx.

V1+e2®

Solution: = —csch™' (%) +c.

1 e’
[t [ ——
V14 e ery/12 + (e7)?

1
. /7@
Va2 + 2z —8

dx

. 1 1
Solution: /7 d:r:/
Va?42x—8 V(@2 +2r+1) -9

1
x = cosh ™! (x—;)— > +c.

1
| e

/ 1
. dex.
(x—1) vV—22+2zx+3

Solution: / ! dr = / ! dxr
(x—=1)V—224+2x+3 (x—1) /3 — (22 —22)

1 1
:/(x—n Vi (2 221 1) d‘r:/(x—n e

1 -1
=3 sech™! (CBQ) +c.
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EXERCISES (4.2)

1. Find the derivatives of the following:
(1) f(z) = sinh™* (3%) V& (2) f(z) =cosh™" (V) In|z®—1]
(3) f(z) = (e** + tanh™" 3m)5 (4) f(z) =In ’cothf1 22 + sinh 2z |

(5) f(z) = sech™* (;) +ehT () f(x) = esch™(cosz) + In | sinh z|

2. Evaluate the following integrals:

1 [ @ [ =

V9 + 162° \/25x§+ 16
® [ 5gm e
5)/ 5z d ()/ sinh z d
( 22 /4 — 9% 4 — 25cosh? z

2 (8) / vl o,
()/\/25+1z2 16— 22

5 1

W [ ) [ e
13) /L do (14) /# do
( Va2 + 6z ) W
(15) /(33—1—3) vx2+6x+25d (16) /(x—|—1) V3 —x2 -2z da



Chapter 5

TECHNIQUES OF
INTEGRATION

5.1 Integration by Parts

Theorem:If u = f(x), v = g(x), and f’, ¢’ are both continuous functions then:
/udv:uvf/vdu

Example: Evaluate the following integrals:

1. /xcosm dx.
Solution:
U= dv = cosz dx
du = dx v =sinx
/a:cosm dr = rsinx — /sinx dx
=zsine — (—cosz) +c=zsinx 4 cosz + c.
2. /:vz e” dx.
Solution:
u=z? dv =€ dx
du = 2z dx v=e"

/a:2emdm:xQer—/Zﬂcemdx:xQez—Z/mezdx

Using integration by parts again:

63
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u=2x dv = e* dx
du = dx v=c¢e"

/mzefdx:xQer—Q[xez—/em dm]

:av2e”':—295e;’”—i—Z/e“c de = z%e” — 2z ¢ +¢* = (22 — 2z +2)e” +c.

3. /x2 In|z| dz.

Solution:
u=In|z| v=2%dx
1 3
du = — dx v="
x 3
31
/:c2 In|z|de =— In|z| - [ — — dz
3 1 3 1 3
::% ln|x|—§/x2dx:% ln|x|—§ ?4_6
4. /1n(1+x2) dx.
Solution:
u = 1In(1 + 2?) dv = dzx
2z
duzmdfﬂ V=X
/1n(1—|—x2) dm:xln(1+m2)—/x 2 dx
14 a2

222

:zln(1+z2)7/1+ 5 dm::z:ln(lerQ)—/
x

2
:xln(l—kx%—/% dx+/

(222 +2) — 2

522 dx

1+ 22 dr

1
:a:ln(1—|—x2)—/2 dx—2/72 dr = rIn(1+2?)—2r+2tan"tz+c.

1+
5. /tan_lx dx.

Solution:
u=tan 'z dv = dx
1
du = T v=21

1
tan 'z dz =z tan 'z — x dx
1+ 22
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1 2z 1
_ O A -1, _ L 2
=ztan 2/1+x2 dr =xtan™ " x 21n(1+x ) +c.

. /x sec 'z du.

Solution:
u=-sec 'z dv = dzx
1 2
du = dx V= r
zvx? —1 2

2 1 1
z%sec_lx—g/(ﬁ—l) 2 xdx
2 11 _1
:3sec_1x—§ 5/(302—1) > (2z) dx
1
2 1 (x2—1)2 2
:Esec_1$_1( T ) +c:%sec_1x—§ 22 —-1+4c¢

. /e”” cosz dx.

Solution:
U = COS X dv = e® dx
du = —sinz dx v=c¢e"

/e“ cos T dx:e”cosx—/—sinx e’ dx:excosx—i—/sinac e’ dz

Using integration by parts again:

u =sinx dv = e” dx
du = cosx dz v=e"

/ex CcoS T dx:e””cosx—I—/sinx e’ dr
/e:” Ccos T d:c:excos:rJre””sinxf/excosx dx
2/6” cosx dx = e* cosx + e” sinx

1
/e“" cosx dx = 3 [e® cosz + €® sinz] + c.
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EXERCISES (5.1)

Evaluate the following integrals:

(3) /x3 e’ dx

(5) / 2| dz

(7) /x_4 In |z| dzx
(9) /secflx dx

2z

(2 — 1) sin2z dx
4) [ (x+1) sec’z da
25 In|z| do
sin~'a da

(8)
(10)

— e —

x esch™ 'z dx

e cos 2z dx

—~
—_
[\

~

e” coshbzx dz

(16) [ (In|z|)? dz

27 Vat +2 dx

—~
—_
[0.¢]

Nl

=
— e —
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5.2 Trigonometric Integrals

First- Integrals of the form /sin" z dx and /cos" x dx.

1. If n is an odd number,then the integral can be solved by substitution.

2 2

e Use the identity sin“ x = 1 — cos® x and the substitution u = cos x to solve

the integral / sin” x dx.

e Use the identity cos? z = 1 —sin® z and the substitution v = sin z to solve

the integral /cos” x dx.

2. If n is an even number:

1 — cos2x

e Use the identity sin? z = 5

to solve the integral / sin” z dx.

1+ cos2zx
e Use the identity cos® z = % to solve the integral / cos"  dx.

Example (1): Evaluate the following integrals:

1. /cos?’a: dx.

Solution:

/cosgx dwz/cost Ccos T dmz/(l—sian) cosx dx

Using the substitution u = sin x.

du = cosx dzx.

/cos?’x dx:/(l—sin2x) cos T da:z/(l—uQ) du

ud . sin® z
zu—§+c=s1nx—

2. /sin5x dz.

Solution:

/sin5x dr = /sin4x sinz dx = / (sin2 x)2 sinz dx
9 \2 .

= (1 — cos Jc) sinzx dx

Using the substitution v = cos x.

du=—sinz dr — — du =sinz dx.
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/sin5x d:rz/(lfcost)2 sin x dac:f/(lqu)2 du

3 5
:7/(172u2+u4) du—<u2 1;+u5)+c

COS3 T COS5 €T

3 )

= —cosx + 2

3. /cos4 2x dx.

Solution: Using the identity cos® z = 2

1+ cos2x

2
1 4
/00542x dac:/(cos2 2:10)2 dx—/(W) dz

1
:/1[1+2cos4x+00824x} dx
1 1
:/1 [1+2cos4x+2(1+0058x)} dx

1 1 1 1
:/[4-1— cos4x++80088$} dx

2 8
3 1 1
:/[8—1—2 cos4x+8c058x] dx

3 1 1
:/§ dx+§/cos4xdx+§/c058xdx

3 11 11
= [ = = - 4z (4 = =
/de+24/cosx()daﬁ—&—gg/COSSl‘(S)dl‘
3

1 1
:§x—|—§ sin4x—|—6—4 sin 8x + c.

Second- Integrals of the form /Sin" x cos™ x dx.

1. If n is an odd number, use the identity sin?z = 1 — cos

tution u = cosx to solve the integral.

2. If m is an odd number, use the identity cos?x = 1 — sin

stitution u = sinx to solve the integral.

3. If n and m are both even numbers:

1 —cos2x 9 1+ cos2x

Use sin? z = — and cos®z =

2 ¢ and the substi-

2 2 and the sub-

to solve the integral.
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Example (2): Evaluate the following integrals:
1. /sin5a: cos? x dz.
Solution:

/sin5 x cosz dr = /sin4 x cosz sinz dz
.2 \2 2 . 2 \2 2 .
= (sm m) cos“x sinx dr = (1 — cos x) cos“x sinzx dx

Using the substitution v = cos x.

du=—sinz dr — — du =sinz dx.
/(l—cosza:)2 cos®x sinzx dxz—/(l—u2)2 u? du
:—/(172u2+u4) u? du:—/(u272u4+u6) du

<u3 u® u7) N cos® z cos®x  cos’x
= — c= —

Z 9 42 —
3 5+7 3+ S 7

2. /\/sinx cos® x dx
Solution:
/\/sinx cos® x da::/\/sinx cos? z cosx dx
= /\/sinx (1 — sin? x) cosx dx

Using the substitution v = sin z.

du = cosx dzx.

/\/Sm(lfsin2:1:) cos T dx:/\/ﬂ(lfzf) du

/u% (1 —u?) du:/(u%—u%) du

7
uz2 2 3
2

7

2

3. /sin5x cos’ x dx
Solution:

/sin5 x cos’ z dr = /sin4 x cos’ z sinz dz
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. 2 . 2 .
= / (sm2 ) cos” z sinx dr = / (1- cos? ) cos” z sinz dx
Using the substitution v = cos z.

du = —sinz dr — — du =sinzx dz.
/(1—(:os2x)2 cos” z sinz dx:—/(l—u2)2 u’ du
:7/(172u2+u4) u’ du:f/(u772u9+uu) du

u® ulo i u12 . cos® x Lo cos'®z  cos'?z L
N2+ = - - c.
8 10 12

. /sinzx cos* x dx

Solution:

1-— 2
/sian costx dx = / ((;osx) (COS2 :E)2 dz

1 —0082x> <1+cos?x>2
dx

2

/ 1 —cos?2x) (1 + cos2zx) dx
/sm 2x (1 + cos2x) dx

sin? 2z dx + - /sin2 2x cos2x dx

ool — OOM—A OOM—‘ OOM—'

1— 4 11
/((:z()sm) dz + 8 5/81112 2z cos2x (2) dx

11 1
=— [1lde—-— f/cos4ac (4) dx+1—6/sin22x cos2x (2) dx

Third- Integrals of the form /tanmx sec” x dx.

1. If m = 0 and n is an odd number, then use integration by parts to solve

the integral / sec” x dzx.

2. If n =0 and m > 2, then:

/tanm x sec" x dr = /tanm x dr = /tanm_2 x (sec?x — 1) dx
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. If m is an odd number and n > 1, use the identity tan? z = sec
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= /tanmfzx sec2z dx — /tanmﬁx dx

1
= 1 tan™ g — /tanmﬁx dx.
m—

. If n > 2 is an even number, use the identity sec?z = 1 + tan® z and the

substitution u = tan x to solve the integral.

2z—1and

the substitution u = secx to solve the integral.

. If n is an odd number and m is an even number, use the identity tan® z =

sec?x — 1, to transform the integral as a power of secz, then use (1).

Example (3): Evaluate the following integrals:

1. /sec3x dx.

Solution: Using integration by parts.

/sec3x dr = /secx sec z dz

U = secx dv = sec?® z dx
du = secx tanz dx v =tanx

/secgm dr = secx tanx—/taan secx dx
_ 2

=secx tanx—/(sec x—l) secx dx

_ 3

=secx tanx—/(sec x—secx) dx
=secx tanxf/sec:zx d:c+/sec:n dz
2/sec3:c dr = secx tanx+/secas dx

1
/sec3x dx = 3 (secx tanz + In|secz + tanz|) + ¢ .

. /tan4x dr.

Solution:

/tan4x dr = /taan tan?z dx = /taan (sech — 1) dz

:/tan2x sec? z dx—/taan dx
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:/(tanfc)zseczx dxf/(seCQxfl) dx

tan3
:/(tanx)zseczxd:ﬂf/sec?xdx+/1d;v: ar; m—tanquerc.

. /tanzx sec® z du.

Solution:

/tan2 x sec x dx = /tan2 x sectx sec® x dx

2 2
= /tan2 z (sec®z)” sec’z dv = /tan2 z (1+tan’z)” sec’z do
Using the substitution v = tanx.

du = sec? z dzx.

/taan (1+tan2x)2 sec?z dx = /u2 (1—|—u2)2 du

:/u2 (1+2u2+u4) du:/(u2+2u4+u6) du

ud P ub n u’ " tand x " tan® x n tan’ x
= — _— _— CcC =
3 5 7 3 5 7

. /tanSx sec® z dx

Solution:

/tan5x sec® z dx = /tan4x sec?z secx tanz dz
2 \2 2
= [ (tan*z)” sec’z secx tanz dx

2
= / (SeC2 T — 1) sec2 r secx tanz dx

Using the substitution u = sec x.

du = secxr tanx dx.

/(sech — 1)2 sec’r secr tanz dr = /(u2 —1)% 4% du

z/(u4—2u2+1) u? du:/(u6—2u4+u2) du

u’ 5 3 sec” x sec®r  secdx

:—72u—+u—+c: -2 + +c.

7 ) 3 7 5 3
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Fourth- Integrals of the form /cotm x csc” x dx.

1. If m = 0 and n is an odd number, then use integration by parts to solve
the integral / csc” x dx.

2. If n =0 and m > 2, then:

/cotmx csc” x dx = /cotm x dx = /cotm*Q x (csc?x — 1) dr

= /cotm_2 x csc?x dx — /cotm_2 T dx

1
= — cot™ gy — /cotm*2 z dz.
m—1

3. If n > 2 is an even number, use the identity csc2z = 1 + cot? z and the
substitution u = cot x to solve the integral.

4. If m is an odd number and n > 1, use the identity cot?x = csc?2z — 1 and
the substitution u = cscx to solve the integral.

5. If n is an odd number and m is an even number, use the identity cot? x =

esc?z — 1, to transform the integral as a power of cscz, then use (1).

Example (4): Evaluate the following integrals:
1. /cot4m csctz dx.

Solution:

/cot4 z esclx dr = /cot"‘x cscz esc? x dx

= /cot4 T (1 + cot? :c) esc?x dx
Using the substitution u = cot z.

du = —cs®z dv = — du = csc® x dx.

/cot4x (14 cot®z) csc®x dm:—/u4 (1+u?) du

5 7 t5 +7
z—/(u4+u6) duz—(u+u>—|—c=—co5x—co7x+c.

2. /cot5m csc® z du.

Solution:

/cot5a: csc® z dr = /cot4x csctz cscx cotz dx
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= / (cot2 x)2 csc*z cscx cotz dx

2
= / (CSC2 T — 1) CSC4$ cscx cotx dx

Using the substitution u = cscz.

du = —cscx cotx dr — — du = cscx cotx dz.

/(csc2x— 1)2 esclx cscx cotx dr = —/(u2 —1)? vt du

:—/(u4—2u2—|—1)u4du:—/(u8—2u6—|—u4) du

u? 9 u’ n u? n csc? 49 csc’x  cscdx n
— - - R C = — — C.
9 7 ) 9 7 5
Fifth- Integrals of the form
sinmx cosnx dx , sinma sinnzx dx cosmz cosnz dx.

Use the following identities to solve these type of integrals:
1
sinmz cosnz = B (sin[(m — n)z] + sin[(m + n)x]).

. : 1
sinmz sinnz = o (cos[(m — n)x] — cos[(m + n)z]).

COSTMEL COSNT = 5 (cos[(m — n)x] 4 cos[(m + n)x]).

Example (5): Evaluate the following integrals:
1. /sin Tz cosbx dx.

Solution:

/sin Tx cosbr dr = / % (sin[(7 — 5)x] + sin[(7 + 5)z]) dx

1 1
= g/sinlv dx+§/sin12x dz

11 11

1
= 1 cos2x — ﬁcosux—i—c.
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2. /sin4x sin 3z dx.
Solution:

/sin 4z sin3z dx = /% (cos[(4 — 3)x] — cos[(4 + 3)]x) dx

1 1
zi/cosx dx—i/cosh‘ dx

1 11 1 1
:i/cosx de — - f/cos7x (7) de = —sinz — — sin 7Tz + c.

27 2 14

75
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EXERCISES (5.2)

Evaluate the following integrals:

(1) /sin3x costz dr  (2) [ sin®z cos®z da
(3) /sinSx cos® x dx /
(5) [ Vtanz sec*z dr (6) /tan x sec® x dx

cosz sin’®z dx

tan® z sect z dx cot’z cscl x dx

(7)

—_——

9) [ cot®z csc®x dx /sm 3x cosbz dx
(11) /sian sin6x dx  (12) /cos4x cos Tz dx
(13) /Sian dx (14) /COSQ.T dx
(15) /sec5x dx /tanﬁx dz
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5.3 Trigonometric Substitutions

Trigonometric substitutions are used to solve integrals involving Va2 — 22, Va2 + z2
and Va2 — a?, where a > 0.

These substitutions transform these type of integrals into integrals involving
powers of trigonometric functions.

More specific:

1. Use x = asinf, where 6 € [—

T
-, 5} to transform /a2 — z2 into:

2

Va2 — 22 = Va2 — a2sin? 0 = a2(1 — sin? @) = Va2 cos2 § = acos¥.
2. Use x = atan, where 0 € (—g, g) to transform v/a? + x? into:
Va2 + 22 = Va2 + a2tan?f = \/a2(1 +tan? 0) = Va2sec2 0 = asec.

3
3. Use & = asecf, where 0 € [O, g) U [w, ;) to transform v/x? — a? into:

Va2 —a? = vVaZsec? 0 — a? = \/a®(sec? 6 — 1) = Va2 tan2 0 = atanf .

Example: Evaluate the following integrals:

1
—— dx
224/16 — 22

Solution:

1 1
—_—dr = | ——— dzx
224/16 — 22 224/42 — 22

Using the substitution © = 4sinf — sinf = %
dx = 4cosf df.
\/16—332 V16 — 165in% 0 = (1—Sin29):\/16c052 = 4cosf.

/ 1 / 4 cos 6 ”
224/16 — 22 16sin” 6 4 cos 0

1 1 1
—/m df = 16 CbC 0 do = —T6C0t9+c

sinf =

RS
x

From the triangle:
V16 — 22
cotf = V16 =27 . 0
x

16— x?



78

CHAPTER 5. TECHNIQUES OF INTEGRATION

1 1 V16 — a2
—dr=—— —— +c
224/16 — 2 16 T

1
2. — dx
/ Vaz+9

Solution:

1 1
———dr = / ——— dx
/\/x2+9 Va2 4 32
Using the substitution x = 3tanf — tanf = %

dz = 3sec? 6 db.

Va?+9=V9tan® 0 +9 = 9(t3n20+1):m:386c9.
1 29
/\/m d:c:/% d@:/sec9d921n|secg+tan9‘+c

tanf = = . x?+9
From the triangle:

2
secl = yzi+9 . 0

3 3

2 +9

w
WK

1
— dx =
/\/x2+9

va? —25
. T dx

Solution:

Using the substitution z = 5secd =—> secl = %

dr = 5sech tanf df.

Va2 — 25 = \/25sec26 — 25 = \/25 (sec2 6 — 1) = /25 tan2 6 = 5 tan 6.
/\/ 75

52sech tan? 6
5S€C9 tan@ dGZ/W d9

5 tan@
4sect 0

2 .2 3
:/ tan® 6 d0 — 1 _i/sm@cos&da
52 sec3 0 25 ec 9 25 cos2 6

2
dr =
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1 1 (sinf)3 1

=2 (sin6)* cos 0 df = % (bH; ) +ec= 7 (sinf)® + ¢
T
ocl = —
sec . X W2
From the triangle:
. - A x2 — 25 9
sinf = —— .
r 5
3
Va2 —25 1 (Va2 —-25
— dr= — ] +e
T 75 T
1
4 /— dr.

(22 + 8z +25)2
Solution:
e Kl s

——dx = x

(22 + 8z + 25) (22 + 8z +16) +9)*

1
:/—3 dz
((x+4)2+32)2
z+4

Using the substitution x +4 = 3tan = tanf = 3

dx = 3sec? 0 de.
3 3
2 2

((z+4)*+3%)2 = (9tan® 6 + 9)

(M)

= [9 (tan?6 + 1)]

Nlw

= [3%sec]? = (3?)
2
/%dz:/m i
((z +4)2 +32)* 33 sec3 0
1 1 1 L.
_ﬁ/@de_gfcosﬁtw—gsm@—l-c

r+4 Vx2+8x +25

(Sec2 9) H = 33 sec? 0.

tanf =

X+4
From the triangle:
4
sing=——21°% 0
Va2 +8x + 25 3

1 1 x+4
(22 + 8z 4 25)2 Va? +8x 425
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1
5. — dux.
/ NI
Solution:
[E
——dr = | —— dzx
4 — 22 22 — g2
Using the substitution z = 2sinf = sinf = g

dx = 2cosf df.
VA — a2 = /4 —4sin®0 = /4 (1 — sin®6) = VAcos? 0 = 2 cos 0.

2cosf

1
T de= [ 22T
/\/4—x2 * /20056

Note that sinf = g = 0 =sin"! (g)

d9:/1 40 =0+ ¢ = sin~! (%)H.
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EXERCISES (5.3)

Evaluate the following integrals:
V4 —2?
(1) / Q7 dx (2)
1
3 ——— dz 4 _—
S By A epaers:

(5) /7”9“@;_1 dx (6) /\/de
1

1
———— dx
sz </19+1.2
dx

(7)/de (8)/(

(9) /(195:;) da (10) ?33;29 dz

o [ g

81
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5.4 Integrals of Rational Functions
(The method of partial fractions)

Linear factor: It is a polynomial of degree one, and it has the form pz + ¢,
where p,q € R and p # 0.

Example (1): 2z,  — 3 and 4« + 1 are all linear factors.

Irreducible quadratic factor: It is a polynomial of degree two, and it has
the form ax? 4 bx + ¢, where a,b,c € R, a # 0 and b — 4ac < 0.

Example (2): 2%+1, 22 +9 and 22+ 2+ 1 are all irreducible quadratics factors.
While the quadratic factor x? — 4 is reducible, because 2% — 4 = (z — 2)(x + 2).

The method of partial fractions is used to solve integrals of rational functions,
a rational function is a quotient of two different polynomials.

f(z)

Guidelines for finding partial fraction decomposition of —:

g(z)

1. Degree of f(x) must be strictly less than degree of g(z), if degree of f(x)
is greater than or equal to degree of g(x), use long division of polynomials
to obtain the proper form.

2. Write g(z) as a product of linear factors pz + ¢ or irreducible quadratic
factors az? + bz + ¢, with repeated factors as:

g(x) = (pr +¢)™ (ax® + bz + ¢)", where m,n € N.

3. The partial fraction decomposition of (px + ¢)™ contains a sum of partial
Ay Ay Am

fraction of the form s+t
pr+q (pr+q) (px +q)™

4. The partial fraction decomposition of (az? + bz + ¢)™ contains a sum of
Bix + C4 Bh,x+ C,

partial fraction Of the form m e m

Example (3): Write the partial fraction decomposition of the following:

2 —1
a2 —-22 -3
Solution:
2 —1 o 20— 1 o A1 n A2
2-2x -3 (z+1)(x—-3) =x+1 x-3
T +4

T3 4 4x? + 42
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Solution:
x + 4 x + 4 - A1 AQ A3

w3 4+4a2 44 z(x+2)?2 2 x+2+(x+2)2'

241
(x —1)(22—1)"
Solution:

2241 2241 22 +1

(z—D2-1) (@—-DE-D+1) (x+1)(z—1)2
A Ay Az
x+1+x—1+(x—1)2'

r—2
xd 4+ 422°

Solution:
T —2 xr — 2 A1 A2 Bz + C

ot 4x? T 22(a2+4) oz 2 2244
z+1
TR 0

Solution:

l’+1 7le+01 BQI’+CQ Bng+03

(22 +1)% (22+9) z2 49 241 (22 +1)%°

rt 42

3+

Solution: Using long division of polynomials,
at4+2 —22 42 A Bx+c

x3+x_x+x(z2+1):x+x+ 241"

Example (4): Evaluate the following integrals:

1. /idaj
22+x—6

Solution: Using the method of partial fractions.

x—7 x =7 Ay Az
= e +
224+xz-6 (z—2)(z+3) x—-2 =xz+3
x =1 Ai(z+3) As(z —2)

24+2-6 (-2)(z+3) (z+3)(z—2)
x—T=A1(x+3)+ As(z — 2)
Put x = 2, then:

2_7:A1(2+3) — —5=54; —= A, =-1.
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Put x = —3, then:
—3—7:142(—3—2) — —10:—5142 — A2:2

x—17 -1 n 2
(x—2)(z+3) x-2 x+3

z—7 -1 2
/x2+x—6dx_/<m—2+x+3> da
= %2I+/7d$ /7dz+2/7dx

=—Injz —2|+2In|z+3|+c.

3+ 222 + o

/7x2+11z+5

Solution: Using the method of partial fractions.

71:2—|—11x—|—5_ 722 + 11z +5 _7x2+11m+5
w3422+ w(x2+2r+1) x(r+1)2
A1 AQ A3

x +x+1+(9:+1)2

Te?+ 11z +5  Ay(z+1)? Ay x(z+1) As x
4+222 4+ zz+1)2  (z+Dz(x+1)  z(z+1)2

T2+ 1l +5=A1(z+1)2 + Ay x(z+1) + Az =

T2+ 11z +5 = A1 (22 + 20 + 1) + Asx? + Asw + Azx
Te? + 11z +5 = A12?2 + 2412 + Ay + Asx? + Asx + Aszx
T2? +11lx+5 = (A; + As) 2® + (241 + Ay + Az)z + Ay

By comparing the coefficients of the two polynomials in each side:

A1 + AQ =7 — (1)
2A1 +A2+A3 =11 — (2)
From equation (1): Ap=7—-A; =7—-5=2.

):
From equation (2): 10+2+4+ A3 =11 = A3=11-12=—-1.

7x2+11x+5_5 2 -1

3+ 222+ _:E+£B+1+(£L‘+1)2
/7x2+11x+5dx/ 5,2 -1 "
34222 + B z x+1 (r+1)2

1 1
:5/fdx+2 7dx—/(x+1)_2dx
T r+1
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1—1
:51n|x|+21n\x+1|—u+c.

-1
-2
/I3 dx.
x° 4+ x

Solution: Using the method of partial fractions.

Tz —2 r—2 A Bx+C

4z z(@z+1) x+x2+1
r—2 A(x*+1) (Bz+O)z

B4z z@24+1)  z(@24+1)

x—2=A@?+1)+ (Br+ C)r = Az®> + A+ Bx? + Cz
r—2=(A+B)2*+Czx+ A

By comparing the coefficients of the two polynomials in each side:

A+B=0 — (1)
Cc=1 — (2)
A=-2 — (3)

From equation (1): -2+ B=0 = B =2.
x—2 -2 241

x3+x7?+x2+1

-2 -2 2 1
/dez/ — + s dz
3+ T 2 +1

85

-2 2z +1 1 2x 1
= [ —d ———dr=-2[ —d — d — d
/x :c+/x2+1x /x x+/x2+1 x+/x2+1x

= 2In|z|+In(z? +1) +tan 'z + ¢

3

Solution: Using the method of partial fractions.

3 B Bix+ C4 Box + Cs
(x2 4+1)(22 +4) 22 +1 x2+4

3  (Biz+Cy)(a?+4)  (Box+Cy) (2* +1)
(x2+1)(22+4) (22 +1)(a2+4) (2 +4)(z2+1)

3= Bl.’E3 + 4Bl.’E + 011'2 + 401 + 321'3 + BQ.’ﬂ + 021'2 + CQ
3= (Bl + BQ) .’EB + (Cl + CQ) 1'2 + (431 + BQ) x + (461 + CQ)
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By comparing the coefficients of the two polynomials in each side:

B1+ By =0
Ci+Cy=0
4Bl+32:0
4C1+Cy =3

(N

Subtracting equation (1) from equation (3): 3By =0 = B; =0.
From equation (1): By = 0.
Subtracting equation (2) from equation (4): 3C; =3 = Cy = 1.
From equation (1): Cy = —1.

3 1 -1

(2 4+ 1) (22 +4) m2—|—1+x2+4

/Mdh/@fﬂ—m o

B 1 1 IS
—/x2+1da: /x2+4dx—tan T 2taun (2)—1—0.
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Evaluate the following integrals:

8r + 2
1 _erTe
()/x22+2x—8dx
dx® + 2x + 12
B e N
(3) w3+4x m

( =) x2 )dsc
x3

;_A

2

_|_

dx

\\ \\

/—\

x+1) x—l)
cosx

\

sinx + 5sinz + 6

EXERCISES (5.4)

2
-2
(2) /M da

x3 + 222

5
N [ — 2y
()/x4+13x2+36 v
—243 + 522 — 20 + 3
(6)/ 3 + 52 T+ o

zd 4 22
2
- +1
(8) o — dx

422 — 132+ 6
) [ A 18e+6
(10) /(a:+2) o2z &
ea:'
12 _—
( )/6%—4—26"’”—3@7
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5.5 Miscellaneous Substitutions
First- Integrals involving fractional powers:
If the ilntegral contains a fractional powers for the variable x, use the substitution

u = xn, where n is the least common multiple (lcm) of the denominators of these
fraction powers.

Example (1): Evaluate the following integrals:
1 / dz
B RV
Solution:
/ dx / 1
— = - - dx
\/5 + \J/E r2 +x3
6

Using the substitution v = zv = x=u’.

dz = 6u® du.

1 5
[ o= [ s
T2z +x3 u3+u2

6u® 6u’
/ w?(u+1) " / ur1

Using long division of polynomials.

6u’ 6
/ Y du:/ 6u? —6u+6— —— | du
u+1 u+1

3 2

%—6%+6u—61n|u+1|+c:2u3—3u2+6u—6ln|u+1\+c

=6
1\3 12 1 1

:2(:(:6) —3(:1:6) +69r:6—61n‘x6 +1‘+c
1 1 1 1

= 2x2 — 33 +6x6—61n‘x6 —|—1‘+c.

/ dx

) Vr+

Solution:

/ dx _/ 1 dx

Using the substitution u = «

ol
8

I
<

dz = 6u® du.

1 6u®
r2 +x6 u° +u
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6ub 6ut
_/7u(u2+1) du_/iuz—l—l du

Using long division of polynomials.

6ut 9 6

3
:6%*6u+6tan*1u+c:2u3—6u+6tan’1u+c

1\3 1 1/ 1 1 1 1/ 1
=2(m6) — 6x% + 6tan ($6)+c:2x2—616+6tan (xﬁ)—i—c.

Second - Integrals involving T{/g(?) :

n n

If the integral contains {/g(x), use the substitution u =

g(x).

Example (2): Evaluate the following integrals:

1. /\/1+\/de.

Solution: Using the substitution

u=1\/14vV2 = 1+V2=1u*> = Ve=u’'-1 = z=(u’>—-1)2
dr = 2(u? — 1)(2u) du = (4u® — 4u) du

/\/1+\/§dx:/u(4u3—4u) du:/(4u4—4u2) du
3

V(R A (i) e

[
— dx.
e +1
Solution: Using the substitution
u=vVer+1 = " +1=u?> = " =u’ -1 = z=Imnu? 1|

2u
u? —1

/dixdx_/lidu_/idu
Vver +1 T ouu2—1 T ow2—1

Using the method of partial fractions.

dr =

2 2 A n Ay
w2—1 (u—-Du+1) wu—1 u+l
2 . A1(’LL+1) Ag(u—l)

w2—1 (u—Dw+1)  (u+1)(u—1)
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2= Ai(u+1)+ As(u—1)
Putu:12:A1(1+1) — 2A1:2 — A1:1
Put u=—1:2=Asy(—1—1) = —24,=2 =5 Ay =—1.

2 1 -1
du = d
/uQ—l u /(u—lJru—&—l) “
=Inju—1—-Injlu+1]+¢

d./E T — — xr
/\/mdx—ln‘\/e +1-1]-In|Ver+1+1|+c
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EXERCISES (5.5)

Evaluate the following integrals:

/ﬁix% W [3rvaa

) ey fe
+T

/14_%(1% (8)/md:¢

91
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Chapter 6

INDETERMINATE
FORMS AND IMPROPER
INTEGRALS

6.1 Indeterminate forms

First - Indeterminate form <O) or (S)
0 00

Theorem (L’Hépital’s rule):

Let f,g be both differentiable on an interval I that contains ¢ (except possibly
f(x)
9(x)

exists or equals oo or —oo then:

has the indeterminate

at ¢ itself), if ¢’(z) # 0 for every x € I — {c} and if

!
form v or @7 and if lim f/(:x)
00 ve g'(x)

f@) . f @)

I .
whe g(z) ~ ave g'(a)

Example (1): Evaluate the following limits:

1
1 lim ———.
x—1 —1

Solution:

. Inx (O)
lim —
z—1 732 —1 0

Using L’Hopital’s rule:

G 1 1
lim ~%£ = lim — = = -
z—1 21 z—1 212 2(1)2 2

. Inx . (%) 1
Honce, iy 725 = iy ) = 5
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. x—sinx
2. lim —————.
x—0 3(£2

Solution:

I xr —sinx 9
250 322 0

Using L’Hopital’s rule:

. 1 —cosx 9

Using L’Hopital’s rule again:

sinx 0
im =-=0.
z—0 6 6
. xT—sinz 1—cosx . sinzx
Hence, lim ——— = lim ———— = lim = 0.
x—0 3.’£2 z—0 6(E x—0 6
. T
3. lim —
z—oo Inx
Solution:
. X o0
lim — —
z—oo lnx o0

Using L’Hopital’s rule:

. 1 .
lim =~ = lim z = co.
. 1
Hence, lim — = lim — = o

lim Z—I (f)

x—o0 e* o0

Using L’Hopital’s rule again:

lim — =0
r—o00 €T
2
. . 2z . 2
Hence, lim — = lim — = lim — =0.
r—o00 et r—o00 et r—o0 T

Note that e* — co , when z — co.
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Second - Indeterminate form (0.00) :

This form can be transformed into (g) or <§)7 then use L’Hopital’s rule.
00

Example (2): Evaluate the following limits:

: 2 _ —x
1. xhﬁrg() (z*=1)e ™.

Solution:

lim (2 — 1)e_x2 (00.0)

Tr—r00

. 2 o221 o0
lim (2% —1)e™® = lim 5 <—>

T—r00 rz—oo et

Using L'Hopital’s rule:

lim = lim — =0
r—o00 21 e® r—00 T
2
.ooxt =1 . 1
Hence, lim — = lim — =0.
r—oo et x—o0 el

Note that e — 0o , when = — oo.

2. lim z° Inz.
rz—0t

Solution:

lim 22 Inz (0. — 00)

z—0t
1 _

lim 22 Inz = lim nimz (OO>
r—0Tt rz—0t+t T oo
Using L’Hopital’s rule:

1 3 2
TR ¢ I R
=0+ =273 g0+ —2T 20+ —2

1 1

Hence, lim nr_ lim M =0

2

z—0+ T z—0+ —2x73

Third - Indeterminate form (oo — c0):

0
This form can be transformed into <0> , then use L’Hopital’s rule.

Example (3): Evaluate the following limits:

1. lim 1 —i .
z—1+ \x—1 Inzx
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Solution:
1 1
li - — -
et <x—1 ln:v> (00 = o0)
lim LI = lim 7lnac—(x—1)
s—1+\z—1 Inz a=1+ (x—1)Inz

. Inzx—z+1 0
= lim —— —
a—1+ (x —1)Inz 0
Using L'Hopital’s rule:
(z—1)
a1t (z—1) L+ nz

1-z _
o ) lmw (%

z—1t (W) 1t x—14+zlnz

Using L’Hopital’s rule again:
-1 -1 1

z—=1+ 1+ 1+1nx 1+1+0 2
lnx—x+1_ . (1—1)

x

H lim ——— = lim ——2 —+——
e I (r—1)Inz o1 (z—1) L +Inz

-1 1

lm —— = .
z—=1+ 1+ 1+1nx 2

2. lim 17 1 .
z—0t \x e¥ —1

Solution:

hm(l— 1) (00 - o0)

r er—1

. 1 1 . e! —1—=x 0
lim (= — = lim | —— =
e—0+ \x ¥ —1 z—0+ \ z(e® — 1) 0

Using L’Hopital’s rule:

b (— b Y oo (2 0
a0+ \ (e2 — 1) +xer )] 250+ \(z+1)er —1 0

Using L’Hopital’s rule again:

e’ e
im (———— )= lm (——————
s 0+ (ew Y@+ 1)ew) T 0+ <ez 1+ (x+ 1)))

I 1 1
= 1am = —.
z—0t 24+ 2

. er—1—=x . e’ —1
Hence, lm ([ ——— | = lim | ————
a—0+ \ z(e® — 1) z—0+ \ (e — 1) + ze®
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_ oy e’ 1
T ator \em + (x+1)ez) 27

Fourth - Indeterminate form (1) , (ooo) , (00) :
Using logarithmic function, all these forms can be transformed into (0.00).

Example (4): Evaluate the following limits:

1. lim z*.
x—0t

Solution:

lim z* (00)

z—0t
Put y = 2.

In|y| =In|z*| = z1n|z|

lim 1 = i 1 0. — o0
Jim Inly| = lim zlnjz] )
. . In|z| —00
lim zln|z| = lim S —

z—0t z—0t T~ o0

Using L’Hopital’s rule:

Wi ()

Hence, lim I

rz—=0t T
Therefore, lim z° =€’ = 1.

z—0+t

2. lim (1+¢*) :

Tr—r00

Solution:
. 2w\ 7 0
Jim (1+e)7 (o)

1
z

Put y = (1+€2$) .

_ 2x % _1 2| __ 1H’1+62x’
1n|y|—ln‘(1—|—e ) —xln|1—|—e |_7x
2x
lim In|y| = lim M (f)
T —00 T—00 T o0

Using L’Hopital’s rule:

lim @ _ lim 27 (2)

T—00 z—o0 1 + 2%
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Using L'Hopital’s rule:

mh—>ngo 22 T—00
In |1+ e (12492;) 4e2®
Hence, im ————— = lim ——* = lim —— = 2.
z—00 €T T—00 1 z—00 2027
1
Therefore, lim (1 + 62“") v = e2,
Tr—r00
3. lim <1+3> .
T—00 €T
Solution:
. 3\" 00
s (1) 0
3 xr
Put y = <1 + ) .
T
3\" 3
In|y] =1n (1+) =zln|l+—
T T
. . 3
lim In|y| = lim zln|1+ — (00.0)
T—00 T—00 x
3 In|l+3 0
lim zln|l1+ —| = lim | T z} ()
T— 00 T T—00 (;) 0
Using L’Hopital’s rule:
( -3
-z
1+.‘3) 3 3
lim —— = lim T=——==-=3
—3
2
o Infl4 2 <1+3>
Hence, lim = lim —_1— =3
woe (3) w0 ()

Therefore, lim (1 + ) =3
T—00 T
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EXERCISES (6.1)

Evaluate the following limits:

r+1—¢e"

72
et +e % —2cosx

(1) lim

22 +sinx
1422 + €2
im ——
z—o0 24 x + 37

x? x?
li -
(7 Jlim (CL‘—l x+1>

Tr—r 00
9) lim 2® 577
r—r o0

11) lim (22)7°

(

( z—0t

(13) lim (1+ V)
(15) wg%h (1 +x)cotx

1
z

/ sin(t?) dt
0 J0
(2) lim 7
. r+Inx
(@) Bim — 5 —
1 1
(6) lim (— - )
=0t \z sinz
. 1
® Jim (v e o)
1
(10) lim 2?2 [1 — cos ()}
xT—r00 €T
12) i T 1)
(12) lim (e )3
(14) mh_)rgo (e 1—}— x)®
(16) lim =1
r—1—
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6.2 Improper Integrals

First - The case of unbounded interval:

1. If f is a continuous function on [a, 00), then the improper integral / f(z) dx
o t N
is defined as / flz) de = tlim f(x) de.
a o0 a

If the limit exists then the improper integral is convergent, but if the limit
does not exist or equals +o0o then the improper integral is divergent.

b
2. If f is a continuous function on (—oo, b], then the improper integral / f(x) dz
—0o0
t——o0

b b
is defined as /_ f(z) de = lim /t f(z) du.

If the limit exists then the improper integral is convergent, but if the limit
does not exist or equals +o0o then the improper integral is divergent.

3. The improper integral / f(x) dz is defined as:

/_o;f(x) dx:/_;f(x) da?—s—/amf(x) da

The improper integral is convergent when both integrals in the right hand
side are convergent, but if one of the integrals in the right hand side is
divergent then the improper integral is also divergent.

Example (1): Discuss the convergence of the following improper integrals:

o0 1
1. ——d
/2 @—12 "

Solution:
o0 1 L |

—  _dzx=1i — d
/2 @-02 T A%, @02

— lim t(x_l)_2daj=1im {(m_i)_llzlim[ -1 ]t

t—oo g t—o0 — t—>o0 (m—l) 5
-1 -1
=l —— — —— | =(0+4+1) =1.
t:%z[t_l 2_1} (0+1)

The improper integral is convergent.
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1
/ dx.
5 x—1

Solution:

(o] 1 . t 1 . :
dz = lim dr = lim [In|z — 1|5
2 z—1 t—o00 2 T — 1 t—o00

= lim [In|t — 1| — In(1)] = lim In|t — 1| = cc.
t—o0 t—o0

The improper integral is divergent.

0
. / €% dz.
— 00

Solution:

0 0 1 /0
/ e* dr = lim e* dr = lim 5/ e** (2) dx
t

— 00 t——o0 t t——o0
1 0 0 2t 1 1
= lim [=€®**| = lim £ _c =—-——0=-—.
t——o0 | 2 t t——o0 2 2 2 2

The improper integral is convergent.

& 1
. — dx.
/_Oox2+9 “

Solution:

> E | > 1
—— dx = —d —— d
me2+9 * Lw$2+9 x+/0 219"

° 1 o
= hm A mdﬁﬁ"‘}i}l{}o Omdﬂj

- [ [
~n [y (] [y G,
= i[5 (3) - dent ()]

+tli>rgo [;1; tan™" (;) - %tan*1 <g>]

s (e ) =553

The improper integral is convergent.
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Second - The case of unbounded function:

1. If f is continuous function on the interval [a,b) and 1i1£1 f(z) = +oo,
T—0"

b
then the improper integral / f(x) dz is defined as

b
/a flz) dx = tlirgl* /atf(:r) dx

If the limit exists then the improper integral is convergent, but if the limit
does not exist or equals +0o then the improper integral is divergent.

2. If f is continuous function on the interval (a,b] and lim+ flx) = £oo,
r—a

b
then the improper integral / f(z) dzx is defined as
a

b b
/ f(z) de = lim (x) dx

t—at Jy

If the limit exists then the improper integral is convergent, but if the limit
does not exist or equals +o0o then the improper integral is divergent.

3. If f is continuous function on the interval [a,b] except at ¢ € (a,b) and

b
limi f(x) = o0, then the improper integral / f(z) dx is defined as

r—c

/abf(x) d:c:/acf(a:) dm—f—/cbf(:c) dx

The improper integral is convergent when both integrals in the right hand
side are convergent, but if one of the integrals in the right hand side is
divergent then the improper integral is also divergent.

Example (2): Discuss the convergence of the following improper integrals:

|
1. —— dx.
/0 V2—1x v

Solution: Note that lim # = 00.

T—2— \/2 — T

/2 ! dr = lim /tldm
0o V2—=x e 0 V2—x

- lim </Ot @)t (1) do) = i (- [m—?lt

= 1im (—2[@-0} - @2-0)}]) =-20-v2) =2v2

t—2—

The improper integral is convergent.
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4
1
/ dx.
3 $—3

Solution: Note that lim
t—3+ T — 3

= Q.

! ! 4
/ dr = lim dr = lim [In|z — 3[],
3

z—3 t—3+ ), *—3 t—3+
= lim [In(1) —=In|t —3|] = lim [0 —In|t = 3|] = —(—00) = 0.
Jim [In(1) —Inft =3[ = lim [0 —In|t - 3]} = —(~00) = o0

The improper integral is divergent.

301
/ L
0 \3/.13—1

1 1
Solution: Note that Jigh Ji 1 = o0 and Tlifﬁ Ji 1 = —00.
/3 ! d /1 ! dz + /3 ! dx
= dr= _— dx -
0 \3/.I—1 0 \3/I—1 1 \3/17—1
| 5o
= i —d li —d
t—lglf/o vVr—1 x+s_1>r{1+/s Vo —1 v
t 1 3 1
= lim (x—1)73% de + lim (r—1)"3 dax
t—=1- Jo s—=1t [
27" 3 21°
= lim {(x— 1)3} + lim {(a:— 1)3]
t—1— 0 s—1 2 s
3 2 3 2 2 3 2
= i —(t—-1)8 —=(0-1)3 li -B3-1)3 ——-(t—-1)3
i (360 -30-2% ]+ 1 [Jo-n?-Fe -
3 3 3 3 3 3 3
= | = —_ = 1 - —_ = = — —_ =
Fo-so|+];vi-Fo|-5vi-]
The improper integral is convergent.
o 1
. —— du.
/0 Ve (z+1)
1
Solution: Note that lim ——— = oco.

z—0t \/5(1‘ + 1)

[ meme [ wem e[ wem e

= lim dx + lim dzr

i [ o [ e
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(o ) e (o ()
N R B W R W

= lim (2 [tan_l(\/ﬂz)]D + lim (2 [tan_l(ﬁ)]i)

t—0t s—00

= lim (2 [tanfl(\fl) - tanfl(‘/i)D

t—0+

+ lim (2 [tan_l(\/g) - tan_l(ﬁ)D

S5— 00

oo s[f-5)=2G) 5 () -+ § e

The improper integral is convergent.



6.2. IMPROPER INTEGRALS 105

EXERCISES (6.2)

Discuss whether the following improper integrals converge or diverge? Evaluate
the convergent improper integral:

(7) ) 3 12295 dx (8) . @ dx
(9) L 1o a8 dx (10) /0 i dx
(11) /0 ; _x 7 dr  (12) /O Inz dz
1 S|
(13) dx (14) dx
[ty
(15) /0 > dz (16) /0 7z dx
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Chapter 7

APPLICATIONS OF

DEFINITE INTEGRALS

7.1 Area of a plane region

If f is a positive continuous function on the
interval [a,b], then the area of the region
bounded by the graphs of f, the z-axis, the
line x = a and the line x = b is

A:/abf(x) dz.

If the two functions f and ¢ intersect at
x = aand z = b, and if f(z) > g(x) for
every x € (a,b), then the area of the region
bounded by the graphs of f and g is

A= [ U - gl s

107

f(x)
X=b
X=a
b
f(x)
a(x)
a b
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Example :

1. Find the area of the region bounded by the graphs of y = 22 +2, z = —1,
r=2and y=0.

Solution:

y = x? 4+ 2 represents a parabola opens
upwards, with vertex (0, 2).

x = —1 represents a straight line parallel
to the y-axis, and passes through the point
(—1,0).

x = 2 represents a straight line parallel to the
y-axis, and passes through the point (2,0).

y = 0 represents the x-axis.

2 23 2
A= (x2+2)dm:{3+2x}
-1
23 (__1)3
3

|
R

+2(-1)

X=-1 X=2

2. Find the area of the region bounded by the graphs of y = 4 — 22 and
y=x+2.

Solution:

y=x+2
y = 4 — 22 represents a parabola opens
downwards, with vertex (0,4).

y = x + 2 represents a straight line passes
through (0, 2), with slope equals 1.

Points of intersection of y = 4 — z? and
y=x+2:

r+2=4-22 = 22+2-2=0
= (z+2)(z—1)=0

—= rz=-2, =1

1

A:/l [(4—2%) — (z+2)] dx:/ (—2® —x+2) dz

-2
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1 8 1 1 1 9
= —— — = — = 2 = — el —_—_—= -,
373 2+ +6 3+38 3 5 5= 5

. Find the area of the region bounded by the graphs of y = 2 — 22 and

y = z2

Solution:

y = 2 — 22 represents a parabola opens
downwards, with vertex (0, 2).
y = x? represents a parabola opens upwards,

with vertex (0,0).

Points of intersection of y = 2 — 2
and y = 22 :

22=2-22 = 202 -2=0 = 22-1=0
= (z-1)z+1)=0 = z=—-1,z=1.

. Find the area of the region bounded by the graphs of y = 2 and y = \/z.

Solution:

y = x? represents a parabola opens upwards, A
with vertex (0, 0).
y = +/x represents the upper-half of the y=Vx
parabola z = y? which opens to the right, with
vertex (0, 0).

Points of intersection of y = 22 and y = /7 :
=z = at=2 = 2t-2=0

y=x

=22 -1)=0 = =0, z2=1. 1

A = 01 [\/E—xQ] dﬂc:/o1 [m%—xﬂ dac:{
2

(-9 -eo] 533
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EXERCISES (7.1)

Find the area of the region bounded by the graphs of the follwing functions:

lLy=241,y=0,2=-2,2=3
2.y=€e*,y=0,2=0, =5
.y=lzx,y=0, z=4

4. y=4—2?,y=0

5. y=a+1,y=2
y:6—x2,y:2

y:x2+3, y=1,2=0,x=4

y:l—x ’y:4’x:—17.’13:1

© »® N>

10, y=2?+1, y=1—2
1. y=2?44, y=4—2,r=4
12 y=a?4+1, y=1—2
13. y=22-3,y=5—=x
4. y=22+1, y=2>+5
15, y=a?, y=2>—4dx+4, y=0

16. y=vr—-14+2,y=2,y=3, =0
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7.2 Solid of Revolution

First - Disk Method:

If f is a positive continuous function defined
on the interval [a,b], and if R is the region
bounded by the graph of f, the z-axis, the two
lines x = a and = = b, then the volume V of
the solid of revolution generated by revolving

R about the z-axis is V = 7r/ [f(2))? dz.

a

fx)

111

|

b

Remark (1): The disk method is used when the region R touches entirely the

axis of revolution.

Example (1):

1. Find the volume of the solid of revolution generated by revolving the region
bounded by the graphs of y = 22 + 1, x = 1, = 2 and y = 0, about the

T-axis.

solution:

y = x2 + 1 represents a parabola opens up-

wards, with vertex (0, 1).

x = 1 represents a straight line parallel to the

y-axis and passes through (1,0).

x = 2 represents a straight line parallel to the

y-axis and passes through (2,0).
y = 0 represents the y-axis.

Using Disk method:

2 2
V:ﬂ'/ (a:2+1)2 da:zﬂ'/ (z* + 222 + 1) dz
1 1

[x5 3 r {(32 16
=m|—+2—+4+z| =7||—+ =+
L 5 3

N

x=1

y=x2+1

\

12
S 41
+3+)

|
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R =R N I T L RS U
s 57373 A

93470415\ 178
15 T T

Find the volume of the solid of revolution generated by revolving the region
bounded by the graphs of y = /z, x =4 and y = 0, about the z-axis.

solution:

y = +/x represents the upper-half of the
parabola z = y?, which opens to the right, of —
with vertex (0,0). oV
x = 4 represents a straight line parallel to the
y-axis and passes through (4, 0). x=4

y = 0 represents the y-axis.

P

Using Disk method:
4 4 274
1
V:TF/ (\/5)2 dI—ﬂ'/IdSC—TF[x] —7T<60)—87T
0 0 2 1, 2 2

Find the volume of the solid of revolution generated by revolving the region
bounded by the graphs of y = 4 — 2 and y = 0, about the z-axis.

solution:

y =y = 4 — x° represents a parabola opens
downwards, with vertex (4,0).
y = 0 represents the y-axis.

Points of intersection of y = 4 — z2
and y =0:
4-22=0 = 2°=4 = z=-2, =2

Using Disk method:

2 2
V:w/ (4—x2)2dm:7r/ (16 — 822 + z*) dx
-2 —2

8 2572 64 3 64 32
=7 |16z — 2>+ = | = 32— — 4+ =2 ) - (-324+ = -2
rhor G ] =n (T ) (25 F))
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64 32 64 32 128 64 512

. Find the volume of the solid of revolution generated by revolving the region

bounded by the graphs of y = v/1 — z? and y = 0, about the z-axis.

solution:

y = v/ 1 — 22 represents the upper half of the
circle 2 4+ y* = 1 of center (0,0) and radius

1.
y = 0 represents the z-axis.

Points of intersection of y = /1 — z2

y=y1-x2

and y =0 : -
1—22=0 = 1-22=0 = 2°=1
— r=-1,z=1

Using Disk method:

V:w/l (M)Q deW/

-1 -1

-0 (e Y (a2

1 (1—x2)dx=w{m—3]ll
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Second - Washer Method:

If f, g are two positive continuous functions on
[a,b], and if f(z) > g(x) for every z € [a,b],
and R is the region bounded by the graphs of
f, g, then the volume V of the solid of revolu-
tion generated by revolving R about the x-axis

sV = 77/ (@) - [9(@)]?) da.

f(x)

9x)

/

b

Remark (2) : The washer method is used when the region R does not touch

entirely the axis of revolution.

Example (2):

1. Find the volume of the solid of revolution generated by revolving the region

bounded by the graphs of y = 2% and y = 2z, about the z-axis.

solution:

y = 22 represents a parabola opens upwards,
with vertex (0,0).

y = 2x represents a straight line passes
through (0,0), with slope 2.

Points of intersection of y = 22 and y = 2z :

=2z = 22-22=0 = z(z—2)=0
— =0, x=2.

y=2x

y=x?

\

Using Washer method :

[ =[G %) - (o)
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. Find the volume of the solid of revolution generated by revolving the region

bounded by the graphs of y = 224+ 1, y = —x 4+ 1 and = = 1, about the
T-axis.

solution:

y = 2 + 1 represents a parabola opens
upwards, with vertex (0, 1).

y = —x + 1 represents a straight line passes
through (0,1), with slope -1.

x = 1 represents a straight line parallel to the
y-axis and passes through (1,0).

y=x2+1
Points of intersection of y = 22 + 1 and k o

y=—xz+1:
P?4+l=—2a+1 = 2242=0

:}I(I+1):O:}x:—17zzo y=-x+1

Point of intersection of y = —z + 1 and
z=1is (1,0).

& | T

Using Washer method :

1 1
V:w/ [(z* +1)° = (—z + 1)?] dac:7r/ [(z* 4+ 222 +1) — (2® — 22+ 1)] da
0 0
1 5 3 1
=7r/ (z* +2” + 22) dx:ﬂ[x—i—g—i—xz}
0 0

= 1+1+1 (04+0+0) _
“TI\5 73 1

. Find the volume of the solid of revolution generated by revolving the region

bounded by the graphs of y =224+ 2, y =1, £ = 1 and = = 0, about the
T-axis.

solution:

y = x2 + 2 represents a parabola opens up- y=x?+2
wards, with vertex (0, 2). S~ -
y = 1 represents a straight line parallel to the
z-axis and passes through (0, 1).

x = 1 represents a straight line parallel to the

y-axis and passes through (1,0). y=1
x = 0 represents the y-axis.

VRS
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Using Washer method :

1 1
V:ﬂ'/ [(z* +2)* — (1)°] dac=7r/ (z* +42® +4 - 1) dx
0 0
! 2 4 !
:7r/ (z* + 422 +3)de =7m |— + -2* + 3z
0 5 3 0

1 4 68
’/T|:<5+3+3) (0+0+0)] ="
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Third - Cylindrical Shells Method:

117

If g is a positive continuous function on the
interval [c, d], and R is the region bounded by R
the graphs of g, y = ¢, y = d and the y-axis,
then the volume V' of the solid of revolution
generated Clloy revolving R about the z-axis is

V=27T/ y g9(y) dy .

ay)

Example (3):

1. Find the volume of the solid of revolution generated by revolving the region
bounded by the graphs of y = 22, y = —x+2 and y = 0, about the z-axis.

solution:

y = x? represents a parabola opens upwards,
with vertex (0, 0).

y = —x + 2 represents a straight line passes
through (0, 2), with slope -1.
y = 0 represents the z-axis.
Points of intersection of y = z2
and y=—x+2:

?=-2+2 = 22+2-2=0

y=x?

y=—X+2

= (+2)(z—-1)=0 = z=-2,2=1
= y=4,y=1.

y=12’ = T =./Yy.
y=-r+2 = x=-y+2

Using cylindrical shells method :

V=27r/01y[(—y+2)—x/§} dy=27f/01y(—y—yé+2> dy

! 3 v 2 s !
:271'/ (—yQ—y§+2y) dy=27T|:—3—2+y2:|
0

5
:27r[(—:1))—§+1>—(0—0+0)}

— o M — o i :8£_
15 15 15

0

N,
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2. Find the volume of the solid of revolution generated by revolving the region

bounded by the graphs of y = vz — 1, y = 2, y = 0 and x = 0, about the

T-axis.
solution:

vx —1 represents the upper half of the
parabola x = y% + 1, which opens to the right,
with vertex (1,0). y=2

y = 2 represents a straight line parallel to the
x-axis and passes through (0, 2).

y = 0 represents the x-axis.

x = 0 represents the y-axis.

y=vVr—-1= y’=0-1 = x=9y>+1.
Using cylindrical shells method :

2 2 yt g2 2
V:27r/y(y2+1)dy:27r/ (y3+y)dy27r{4+}
0 0 0

16 4
=27 {<4+ 2) — (O—i—O)} =27 (4+2) = 12m.
Find the volume of the solid of revolution generated by revolving the region
bounded by the graphs of y = 2%, and y = 2z, about the z-axis.

solution:

y = 22 represents a parabola opens upwards,
with vertex (0, 0). at
y = 2x represents a straight line passes
through (0,0), with slope 1.

=2X
Points of intersection of y = 22 and y = 2z : ’
?=2r = 22-22=0 = z(z-2)=0.
— r=0,2=2 = y=0, y=4.

y=x
y:x2:>x:\1/z7- \

P

y=2r = :cziy.

Using cylindrical shells method :

V=27r/04y (x/ﬂ—;y> dy=27r/04(y3—;y2> dy
][ @)oo

2
64 64 1 1\ 128 64

=92 _—— — =12 —_ — — = — = —1T.
77(5 6) 8“(5 6) 30" 15"
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EXERCISES (7.2)

Find the volume of the solid of revolution generated by revolving the region
bounded by the graphs of the following functions, about the z-axis:

1.
2.
3.

© »® N o o

10.
11.
12.

13.

y:x2,y:0, r=2
y=¢e*,y=0,2z=0, x =2

y=vr—1,y=0,x=5

Yy = %l’ ,y=0, z=~h where r,h € R" (The volume of the cone).

y:—a:2—|—2x, y=0
y:x2—|—1, y=3x+1
y=4—a?, y=4+2%, =2
y=1-2°,y=3,2=0,2=1
y:x2,y=2—x2

y=4—a*, y=x+4, x=2
y=a—4dx+4,y=x,y=0
y=Vvr,y=1,y=2,2=0

3[::y2—4y—i—57 y=1,y=4,x=0
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7.3 Arc Length

If f is a differentiable function on [a, ], then the arc length (curve length) of f

b
fromx:atox:biSL:/ V14 [f'(z))? de.

Example :

2
1. Find the arc length of the function y =1+ gx%, from x =0 to z = 3.

solution:

3 2 3 .
L:/ 1+(x5> :/\/1+$dx—/ (14 x)? dzx
0

3 3 2 3
{ 1+x2} { (1+3)7 — 3(1+0)2]
16 —

2

=50 - gm="g" =

. Find the arc length of the function y = coshz, from =0 to z = In 2.

solution:

f(z) = coshae = f'(z) =sinhx

In2 In2

L= V14 (sinhz)? dx = V1 +sinh? z dz
0

0

In2

In2
Veosh? z dx = / coshz dx = [sinh ]
0

In2 _ _—1In2 2 _ 1 3
= sinh(ln 2) — sinh(0) = sinh(In2) = ¢ 26 - 2 — 1

Note that: cosh?z — sinh?z =1 = cosh?z = 1 +sinh®z

2

1 1
Find the arc length of the function y = 73 Inz, from z =1 to x = 2.

solution:
1, , 11 =z 1
= — ——1 = — _—_—— = = — —
f(x) % ner = f'(x) 5% 5., =35 95
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_ 7d— d_
+ o 296 v ‘
z 1 T 1 1
/1(m)dx T 2”]1 (s n) (4 )
1 1 3 In2

4. Find the arc length of the function y = v/4 — 22, from x = —2 to x = 2.

solution:

ViR = f(z) = 2 —

2\/4—332 V4 — 22

2 —r 2 2 ;C2
L= 14+ ——2 dx:/ 1+ dx
/—2 (\/4962) —2 4—a?
—{E2 +1.2 5
T a-a2 _xz e m

=2 [Sin_1 (g)}_z 2 [sin™!(1) —sin~H(-1)] =2 (2 - 2) = 27.
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EXERCISES (7.3)

Find the arc length of the following functions on the given intervals:

1.

2
Y=+ gac\/af, on the interval [0, 8]

y = In|secz| on the interval [O, Z]

1 3

y = 3 (;v2 + 2) 2 on the interval [0, 1]
2x —2x

y = % on the interval [0, 1]
I3+ L on the int 1[1,3]

. Yy = — 4+ — on the interva

V=% "o ’
1 s .

y =3 - V/z on the interval [1, 4]
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7.4 Surface of revolution

If f is a positive differentiable function on [a, ], then the area S of surface of
revolution generated by revolving f from x = a to x = b, about the z-axis is

S— 27r/abf(x)\/1 ) da

Example :

1
1. Find the area of surface of revolution generated by revolving y = gac?’,

where 0 < x < 1, about the z-axis.

solution:
1
J@) =525 = f@) =22

1 1
1 2
S =2r gx?’\/l+(x2)2 dng/ 2?1+ 2t dv
0 0

1

- 2;411/01 (140" (0%) do = % B(H:&)SL
=76T[§(1+1)3 §(1+0)3] g(ﬁf—ﬁ)%(@—l)

2. Find the area of surface of revolution generated by revolving y = /z,
where 1 < x < 4, about the z-axis.

solution:

fl@)=va = f(z)=

_27r f“ dx—27r \f 1—|——dx

*27r/f 4x+1 2/\[\/4510[?

1 4 4 1 4
:27r§/ \/4m+1dx:7r/ (4x+1)%d:v:7rf/ (4z +1)2(4) da
1 1 1

Yo 2 4
-3l

[SII
(S5

=7 |2y - 20| = 7 [ant - o],

®\>l
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3. Find the area of surface of revolution generated by revolving y = /9 — z2,
where —3 < x < 3, about the z-axis.

solution:

5 , _ —2x _ —T
f@)=VI-2* = f@)= o = 7=

3 2
—x
S =27 V9 — 2 1+<>
[3 \/ V9 — a2
3 1'2
:277/ VI—224/14+ —— dx
-3 9—])2
3 3
[(9—22) + 22 [
:277/ V9 — 2 wdx:%r/ V9 — a2 dx
_3 99—z _3 9— 22
3

3

dx

1dz
3

L dx*ﬁﬂ'/
_3 V9 — 22 _
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EXERCISES (7.4)

Find the area of surface of revolution generated by revolving the following func-
tions on the given intervals, about the z-axis :

1
1. y= 3 (3\/5— x%) on the interval [1, 3]

2 5= 4+ o the interval [1,2]
. = — — Oon € 1mterva
=% T :
3 y= " 4+ L on the interval [1,3)
. = — —F On € 1mterva.

Y= 0 T g2 vatlh

4. y = r on the interval [0, h], where r,h € RT (Surface area of a cylinder).

5.y = %x on the interval [0, h] , where 7, h € R (surface area of a cone).
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Chapter 8

POLAR COORDINATES

8.1 Polar Coordinates

Every point in the Cartesian plane is represented by the ordered pair (a,b),
where a is the x coordinate and b is the y coordinate.

Every point in the plane can be represented by another method called the polar
coordinates.

The polar plane consists of the pole and polar axis, the pole is the origin in
the Cartesian plane and the polar axis is the z-axis in the Cartesian plane.

If P is any point in the plane, the polar axis is Pro)

moved in the positive direction (counter clock-
wise) until the point P is reached. The dis-
tance between P and the pole is denoted by

r and the angle made by the polar axis is de-
noted by 6. The ordered pair (r, 0) is the polar
representation of the point P.

Remarks :
e The angle 6 in the polar coordinates is measured by radians.
e The polar representation of the pole is (0,8), where 6 is any angle.

e The polar representation is not unique. For example :

5 3
The ordered pairs (2, %) , (—2, I) , (—2, —I) represent the same

point in the plane.

127

polar axis
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Example : Locate the following points in the polar plane:

s T 3T
P<2,f),P(,f),P 1,-27).
1 1 2 32 3 1

Solution :




8.1. POLAR COORDINATES

EXERCISES (8.1)

Locate the following points in the polar plane:

(1) (3,0)

@ 20 @ (13)
© 1o @ (15)
w (13) @ (23)
w0 (43) 9 ()
w9 (5) a0 (2])

129

w3

w2 (5.5)

w (23

(20) (—3,—m)
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8.2 Relation between polar and Cartesian coor-
dinates

polar axis

1. If (z,y) is the Cartesian representation of the point P, then the polar
representation of P can be calculated from the following two identities:

° 1"2::E2+y2 - r:\/m.

° tan@z% — f=tan ! (%),wherex;ﬁo.

2. If (r,0) is the polar representation of the point P, then the Cartesian
representation of P can be calculated from the following two identities:

T
e cosl = — =— x=rcosb
r

o sinf=2 — y=rsiné
T

Example (1) :

1. Find the polar coordinates of the point which its Cartesian coordinates

are (1,/3).

Solution :

x:17y=\/§.

r=y(1)2+ (V32 =VIT3=Vi=2.
tan&z?:\/g = Gztanfl(\/g):g.

The polar coordinates are (2, g) .
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2. Find the Cartesian coordinates of the point which its polar coordinates

3
2, — .
are<,4>

Solution :

3
=2,0=—
r , 1

3T 1 2
=2cos|— | =2 — ) =—_=_-V2.
e=zeos(F) =2 (-75) =5

y=2sin(32>=2 (\}i :%:\@.

The Cartesian coordinates are (—\/5, \/5)

Example (2) :
1. Convert the polar equation 7 = 3secf into a Cartesian equation.

Solution :

r=3secld — r= = rcosf =3 — x=3.

cosf

The Cartesian equation is x = 3, and it represents a straight line perpen-
dicular to the z-axis.

2. Convert the polar equation r = 2 into a Cartesian equation.
Solution :
r=2 = r’=4 = 22 4+y?>=4.

The Cartesian equation is 22 4+ y? = 4, and it represents a circle of center
(0,0) and its radius is 2.

3. Convert the polar equation r = 2sin 6 into a Cartesian equation.
Solution :
r=2sinf = r?=2(r sinf) = 22+4y%> =2y
= 22492 -2y=0 = 22+ (¥ -2y+1)=1 = 2?2+ (y—-1)%2=1.

The Cartesian equation is 22 + (y — 1)? = 1, and it represents a circle of
center (0,1) and its radius is 1.
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EXERCISES (8.2)

1. Convert the following Cartesian coordinates into polar coordinates:

(l) (x’y) (272) (”) (a:,y) = (\/gv 1) (Z”) (x,y) = (1’ \/g) (“}) (.ﬁ,y) = (_1’ 1)
(v) (z,y) = (5,0) (vi) (z,y) =(0,3)  (vit) (z,y) = (0,-2) (vwiii) (z,y) = (-1,0)

2. Convert the following polar coordinates into Cartesian coordinates:
. 7T .. s ... ™
(Z) (Ta 9) - (2a g) (“) (7'7 9) - (37 Z) (Z”) (7", 9) - (L _Z)
. 7T' m . ™
@) r0=(235) ©@H=(-2-3) @) ©o=(37)
(vii) (r,0) = (1, SW) (viig) (r,0) = (2,3”)
4 3
3. Convert the following Cartesian equations into polar equations:
(i) y = V3z (ii) y = 2 (iii) x = —1 (iv) 22 +y?> =16

() 2?2 +y? =62 (vi) 22 +y? =2y (vii) 2®> +y? = —dx  (viii) 22 + 9% = -8y

4. Convert the following polar equations into Cartesian equations:

(1) 0=— (i) r=—2secld (iti) r=3csch (iv) r=4
2 (vi) r=2sinf  (vii) r = —4cosf (viii) r = 6sinf + 8 cos b
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8.3 Polar Curves

Test of symmetry :

1. The graph of the polar equation r = r(6) is symmetric with respect to the
polar axis if r(0) = r(—0) .

2. The graph of the polar equation r = r(6) is symmetric with respect to the
. ™.
line 6 = 5 if r(0) = —r(-0) .

3. The graph of the polar equation r = r(6) is symmetric with respect to the
pole if r(0) = —r(6).

First - Straight Lines :
1. The straight line passing through the pole :
Its polar equation is 6 = 6 .
=0 = tan(f) =tan(f)) = % =tan(fy) = y=tan(bp) z .

0 = 0 represents a straight line passing through the pole with slope equals
tan (6p) .

2. The straight line perpendicular to the polar axis :

Its polar equation is r = a sec, where a # 0 and 6 € (—g, g) .

r=a sec = — rcos=a — x=a.

COS

r = asec§ represents a straight line perpendicular to the polar axis at the
point (r,6) = (a,0) .

3. The straight line parallel to the polar axis :

Its polar equation is r = a cscf, where a # 0 and 6 € (0,7) .
a .
r=acscl=— = rsinf=a = y=a.
sin 0
r = a cscf represents a straight line parallel to the polar axis and passing

through the point (r,0) = (a, g) .
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Example (1) : Convert the following polar equations into Cartesian equations
and sketch them:

7r
1. 0=—.
4
Solution :
0 ™
6=7 — tan(6) = tan ()
) an(f) = tan 1
— ¥ =1 = y==x
x
The polar equation 6 = il represents a

straight line passing through the pole with
slope equals 1 .

2. r=2sech .

Solution :

r=2secl = — rcosf =2

2
cosf
— r=2.

The polar equation r = 2secf represents a

straight line perpendicular to the polar axis
at the point (r,0) = (2,0) .

3. r=—2csch .
Solution :
_9 .
r=-2cscl=— = rsinf =2 = y=
sin 6
-2.
The polar equation r = —2cscf represents

a straight line parallel to the polar axis and

passing through the point (r,0) = (—2, g) .
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Second - Circles :
1. Circles centered at the pole :

The polar equation r = a, where a # 0, represents a circle centered at the
pole with radius |a| .

2 2

r=a = r°=a 2

= 2’+y’=a

2. Circles of the form r = acos#, where a # 0 and —— <0 < g :

2

r=acosf = r>=a(rcosf) = 2°>+y?=ax

2 2 2 a’ ,_
= (*—ar)+y"=0 = xfaerX +y:Z

no

a
1
The polar equation r = acosf represents a circle centered at (r,0) =

(%, 0) with radius L;'.

a\? 9
= (s-3) +v=

Note that the circle 7 = a cos 6 touches the pole.

If @ > 0, then r = acos @ is located to the right of the line § = g .

If a < 0, then r = acosf is located to the left of the line § = g .

3. Circles of the form r = asinf, where a #0 and 0 < 6 < 7 :
r=asind = r?=a(rsinf) = 22 +y*=ay
a® a®
= 2’4ty —ay=0 = 2*+ <y2ay+4> =7
R P
x —=) =—.
Y73 1
The polar equation r = asinf represents a circle centered at (r,0) =
(%.7) with radi la
—, — ] with radius —.
272 2
Note that the circle r = asin # touches the pole. r = asin @
If @ > 0, then r = asin @ is located above the polar axis.

If a < 0, then r = asin @ is located under the polar axis.
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Example (2) : Sketch the following polar equations :
1.r=2.

Solution :

The polar equation r = 2 represents a circle centered at the pole, with
radius equals 2 .

Note that the circle starts at the point (r,8) = (2,0) .

Solution :

The polar equation r = 2 represents a circle centered at the pole, with
radius equals 2 .

Note that the circle starts at the point (r,6) = (—2,0) .

5

N
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<6<

bl 3

7r
3. r=2cosf, ——
r cosf | 5

Solution :
The polar equation r = 2 cos 6 represents a circle centered at (r,6) = (1,0),

with radius equals 1 .

r=2cosf , ffgegfﬁ r=2cosf fﬁgagf
2 4 2 2
™ 0
4. r=—-2cos0, —=-<0<—
r cosf , 5 <0<
Solution :
The polar equation r = —2 cos § represents a circle centered at

(r,0) = (—1,0), with radius equals 1 .

T

2
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5. r=2sinf, 0<0<n
Solution :

The polar equation 7 = 2sin 6 represents a circle centered at

(r,0) = (1, g), with radius equals 1 .

r=2sinf , 0<6<n~m
6. r=—-2sinf, 0<0<m
Solution :
The polar equation r = —2sin # represents a circle centered at

(r,0) = (—1, g), with radius equals 1 .

r=-2sinf , 0<O<nm
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Third - Cardioids :

1.

139

The polar equation r = a(14cos ), where a # 0 and 0 < § < 27 represents
a cardioid symmetric with respect to the polar axis.

The polar equation r = a(14sin 6), where a # 0 and 0 < § < 27 represents

™
a cardioid symmetric with respect to the line § = — .

Example (3) : Sketch the following polar equations :

1.

2.

r=2+2cosf .

Note that the cardioid is symmetric with respect to the polar axis.

s ™

™

3

w3

6 4
r0) [ 4]2+V3|2+V2

2
2

2-v2

3n

2

r=2+2cosf ,

0<o6<nm

3

r=2+2cosf , 0<60<2r

r=2-—2cosb .

Note that the cardioid is sym-
metric with respect to the polar
axis.

r=2-—2cosf , 0<60<2r
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3. r=2+2sinf .

Note that the cardioid is sym-
metric with respect to the line

p="

2

4. r =2 —2sinf .

Note that the cardioid is sym-
metric with respect to the line

7T
9—5.

r=2-—2sinf , 0<60<27
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Identify the type of the following polar curves, and sketch them :

N

10.
11.
12.
13.
14.

© W N oo W

™
"=

r = 3sech

r = —cscf
r=4

r=-3

r = 2cosf

r = —4cosf
r=06sinf

r = —sinf

r =3+ 3cosf
r=1-—cosf

r=1+sin6
r=23—3sin6

EXERCISES (8.3)

141
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8.4 Area of a region in the polar plane

If the function r = r(f) is continuous, then
the area of the region bounded by the graphs
of r(f) and the two lines § = 0y and 6 = 65 is

A= ;/9 (O do .

01

The area of the region bounded by the graphs
of r1(0), r2(0), 6 = 0, and 6 = 05 is

A= / 9 (ir(0) ~ [ra(0)?) a0 .

Example :

1. Find the area of the region inside the curve » = 2 and to the right of the
straight line r = secf .

Solution

r = 2 represents a circle centered at the pole,

with radius equals 2 . 12
r = secf represents a straight line perpen-
dicular to the polar axis and passes through
(r,0) = (1,0) .
Points of intersection of r = 2 and r = secf :
secl =2 — =9
1 cos 6
™ ™

= cosl==—— O0=—— , 6=—.

T 3 3

Note that the shaded region is symmetric with respect to the polar axis .

A=2 <; /05 [(2)% — (sech)?] d@) = /(i (4 —sec®d) db

= [40 — tan6]§ = (4 (g) — tan (g)) — (4(0) — tan(0) = 5 — V3.
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. Find the area of the region inside the curve r = 4sinf and outside the

curve r = 2.
Solution

r = 2 represents a circle centered at the pole,
with radius equals 2 .
r = 4sinf represents a circle centered at

(r,0) = (2, g), with radius equals 2 .

Points of intersection of r = 2
and r =4sinf :

1
4sinf =2 — sin9:§
Toog=2T
6 6

:}0:

™
Note that the shaded region is symmetric with respect to the line § = 5

A=2 (; /f [(4sin6)® — (2)?] d9> :/gg (16sin®6 — 4) db

3 1 3
:/ {162(1—00529)—4] d@z/ (8 —8cos20 —4) dbf

i

6 6

™

- / (4 — 8cos26) df = [40 — 4sin 20]

6

=[1(5) (D))= 4 (5) ~2en (2 5))

[SETSE]
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3. Find the area of the common region between the curves r = 2cos# and
r=2sin6 .

Solution

r = 2sinf represents a circle centered at
r,0) = ( ;T) with radius equals 1 .

r = 2cosf represents a circle centered at
r,0) = (1,0), with radius equals 1 .

Points of intersection of r = 2sin
and r = 2cos 6 :

in 6
2sinf = 2cosl — Sy

cos 6

— tanf=1 — GZZ'

A= 7/4 (25in 6)? d9+%/2 (2cos0)? do
0 T

1 [7 1 [
:7/ (4sin? 9) d9+7/ (4cos? 6) db
2 J, 2 /=

™

1[5 1 1 (3], 1
—5/0 {4 2(1—C0829):| d@—l—i/ﬂ {4 2(1—1—00529)] de

4

1 1 (%
:7/ (2 —2cos26) d9+§/ (24 2cos 20) do
0 T

L126 —sin20)F + 5 L 120 4 sin 20]3
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. Find the area of the region inside the curve r = 2+ 2sin 6 and outside the

curve r = 2.

Solution

r = 2 4 2sin § represents a Cardioid symmet-
™
ric with respect to the line § = — .

r = 2 represents a circle centered at the pole,
with radius equals 2 .

Points of intersection of r = 2 + 2sin 6
and r =2 :

2+2sinf =2 = sinf =0

= 0=0, O0=m.

Note that the shaded region is symmetric with respect to the line 6 = g .

A=2 (; /07 (2 + 25in0)? — (2)%] d6>

:/2 [(4+881n9+4sin29)—4] al9:/2 (851n9+4sin29) do
0 0

-

=[20 — 8cosf — sin29]0%
- [2 (g) — 8cos (g) _sin (2 g)] —2(0) — 8 cos (0) — sin (2 (0))]
=(r—0-0)—(0—-8-0)=8+m.

™

1 3
{8sin9+42(1—c0829)] d9:/ (2 +8sinf — 2cos26) db
0

[NE)

. Find the area of the region inside the curve r = 3 and outside the curve

r=2+42cosb .

Solution

r = 2+ 2cos 6 represents a Cardioid symmet-
ric with respect to the polar axis .

r = 3 represents a circle centered at the pole,
with radius equals 3 .

Points of intersection of r = 2 + 2cos 8
and r =3 : 1
2+2cos) =3 — cosl = 3

T

iy
g=_-"  9=".
- 3 3
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Note that the shaded region is symmetric with respect to the polar axis .

A=2 <; /7T [(3)* — (2 + 2cos 0)] d0>

jus

:/ [9— (44 8cosf + 4cos’ )] df

3

:/ {5—8c089—4;(1+00820)} do

3

:/ (3 —8cosh —2cos20) df = [3978sin97sin29}%

3

= [3(m) — 8sin () — sin (27)] — [3 (g) — 8sin (g) — sin (2%)}
— 37— 8(0) — (0)] [w—s\f—z*f ;1
:37T—7T+4\/§+§:27T+¥

Find the area of the region in the first quadrant, inside the curve
r =1+ cosf and outside the curve r = 1 +sin6 .

Solution

r = 1+ cos 0 represents a Cardioid symmetric
with respect to the polar axis .
r = 1+ sin § represents a Cardioid symmetric

r=1+sinf

with respect to the line 6 = g

Points of intersection of r = 1 + cos
and r=1+sinf :

1+cosf =1+sinf = cosf =sinb
:>9—E 9—51
47T 4

INE)

A

N =

/ [(1+cos)® — (1+sin6)?] df
0

[(1+2cos6 + cos® @) — (1 + 2sinf +sin® )] df

c\
INE)

N | =

o\
ENE]

[2cos 0 — 2sin 6 + cos® 6 — sin® 0)] df

N |

[2cosf — 2sin 0 + cos 260)] df

c\
ISE)

DN =
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jus
4

N |

1
[2sin9—|—2€059+ 2511129}
0

_ % Kzsm (2) +2cos (g) + %sin (g)) —~ (2(0) +2(1) + ;UD)]
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EXERCISES (8.4)

. Sketch the region inside the curve r = 3 and outside the curve r = 2, then

find its area.

. Sketch the region inside the curve r = 2 and above the line r = —csc ¥,

then find its area.

Sketch the region inside the curve r = 4 and outside the curve r = 4sin 6,
then find its area.

Sketch the region inside the curve r = 4 cos and outside the curve
r = 2cos#, then find its area.

Sketch the common region between the curves r = v/3cos 6 and r = sin 6,
then find its area.

Sketch the region inside the curve r = 1 and outside the curve r = 1—cos 6,
then find its area.

Sketch the region inside the curve r = 2 + 2cos € and outside the curve
r = 3, then find its area.

Sketch the region inside the curve r = 3sin 6 and outside the curve

r =1+ sinf, then find its area.

Sketch the region inside the curve r = 1 4 cosé and outside the curve
r =1 —cos#, then find its area.

Sketch the region inside the curve r = 1 4 cosé and outside the curve
r = 3cosf, then find its area.
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