MATH 382 - Real Analysis (1)
Second Semester - 1446 H
Solution of the First Exam

Dr Tariq A. Alfadhel

Question (1): [8 marks]
1. Give an example of the following:
(i) A non-empty set A C R such that inf A = min A and sup A ¢ A. [1]
Solution :
A =[a,b) where a,be Rand a <b .
A = [a,00) where a € R .
(ii) Two infinite subsets A C B and A~ B . [1]
Solution :
A=NjorNy,and B=N.
A=Nand B=7Z.
A=(0,1) and B = (0,b), wherebe Rand b > 1.

2. If A and B are two any non-empty upper bounded subsets of R,
Prove that : sup (AU B) = max {sup A4,sup B} . [3]
Solution :
ACAUB = supA <sup(AUDB).
BCAUB = supB <sup(AUB).
Hence, max {sup A,sup B} <sup (AU B) — (1).
fre AUB = z€AorzeB
= z<supAorz<supB = z < max{sup A,sup B}
which means that max {sup A, sup B} is an upper bound of the set AU B
Hence, sup (AU B) < max {sup A,sup B} — (2)

From (1) and (2) : sup (AU B) = max {sup A,sup B} .

3. If A and B are denumerable subsets of R, Prove that A x B is a denumer-
able set. [3]

Solution :



Since A is denumerable then there exists a bijection f: A — N.
also, since B is denumerable then there exists a bijection g: B — N.
Define h: Ax B — Nas: h(a,b) = 2739 v e Abe B.
Suppose (a1,b1), (ag,b3) € AX B :

h(ai,by) = h(az,by) = 9f(a1)gg(br) — 9f(a2)gg(be)

— 9of(a1) — 9f(a2) 41,4 39(b1) — 39(b2)

= [f(a1) = f(az) and g (b1) = g (b2)

= a; = ag and by = by (since f and g are both injective).

= (a1,b1) = (az, b2).

Therefore, h is an injection.

Hence, A x B~ R, C N.

Since Ry, is countable, then A x B is countable, and being infinite it is
denumerable.

Question (2): [17 marks]
1. Give an example of the following:
(i) A convergent sequence which is not monotonic. [1]

Solution :
_1)n
The sequence <())
n

(ii) A divergent sequence which has a Cauchy subsequence. [1]
Solution :
The sequence (z,) = ((—1)") is divergent,

the subsequence (22,) = ((—1)*") is convergent, so it is a Cauchy subse-
quence .

(iii) An infinite set A such that A = ¢. [1]
Solution :

A=Nor A=7.

2. Prove that any convergent sequence is bounded. [2]
Solution :

Suppose the sequence (x,) converges to z,



Let € = 1, then there exists N € N such that :
Forn>N : |z, —2| <1

= lzn| = l2]| < |zn —2 <1

= —1<|z,|—|2z|<1

= oo <14zl

Take K = {|z1], 2| .- ,|zNn-1], 1+ |z|}
Then K >0 and |z,| < K , Vn € N.

Therefore, the sequence () is bounded .

. Discuss the convergence of the sequence (cos(nw)) . [2]
Solution : Let (z,) = (cos(nw)), consider the subsequences
ZTop =cos(2nm) =1 — 1.

ZTopt1 =cos(2n+1)m)=—-1 — —1.

Therefore, the sequence (cos(n)) is divergent.

2+ sinn

. Find nh_{rgo 1 (Justify your answer) [2]
2 i 1
Solution : Let z,, = stsmn (24+sinn) —— =a, b, , ¥n €N.
nd3+1 nd3 +1

lan] = ]2 +sinn| <2+ |sinn| <2+ 1=3,Vn €N, so (a,) is bounded.

Also, b, — 0, Therefore x,, = a,,.b,, — 0.

. If (x,) and (y,) are Cauchy sequences, prove that (x,y,) is a Cauchy
sequence. [3]

Solution :

Since (z;,) is Cauchy then it is bounded, so |z, | < K1, where K; >0 .
Since (y,,) is Cauchy then it is bounded, so |y,| < Ks, where K5 > 0 .
Let € > 0 be given :

Since (z,,) is Cauchy then there exists N; € N such that :

Vn,m > Ny @ |, — o] <e€.

Since (yy,) is Cauchy then there exists N2 € N such that :

Yn,m > Na ¢ |yn — Ym| < €.



Take N = max {Ny, No}, then Vn,m > N :

Tnln = TmYm| = [Tnln = TmlYn + TmYn — TmYm|

= lyn (@n = 2m) + Zm (Yn — ym)|

Synl Jzny = 2m| + |2m] |yn — ym|
<Koe+Kye=(K1+Ky) e=ce,wherec=K;+ Ky >0.

Therefore, (x,yy,) is a Cauchy sequence .

.If0<a<b, find lim Va+b. [2]
n—oo
Solution :

1
n

0<a<b = a+b>0, Therefore, le Va+b= ILm (a+b) =1.

Note that, if ¢ > 0, then lim cn = 1. (see Example 3.8, page 78).

n—roo

. Ifzy =1and xy 1 = V4, +5 ,¥n € N, show that (z,,) is monotonic and
bounded, then find its limit. [3]

Solution :

First - Showing that (x,) is an increasing sequence :
(i) 11=1<3=uzy.

(ii). Suppose Zp—1 < xy, .

(iii) Proving that x, < ®,41 :

Tp-1 STy — 41'71—1 < 43:71 - 4mn—1 +5< 4xn +5

= VAr,_1 +5<VAz, +5 = 2, < Tpp1 -

Second - Showing that (z,) is bounded above by 5 :

(i) 21 =1<5.

(ii). Suppose z, <5 .

(iii) Proving that z,4+1 <5:

Tni1 = VAT, +5<AB) +5=V25=5.

Since (z,,) is an increasing and bounded above, then it converges to [ .
Third - Finding the value of [ :

Tng1 = VAT, +5 = 1=VAl+5 = >=41+5

= ?-4-5=0 = (I-5)(+1)=0 = [=5,1=—1.



Note that x, > 1,Vn € N, so l = —1 is excluded.

Therefore, z,, — 5.

Bonus Question: If (z,,) is an increasing sequence of positive terms which has
a convergent subsequence, Prove that (x,,) is convergent.

Solution :

Since (x,,) is an increasing sequence, then it is enough to show that it is bounded
above.

Suppose that (z,,) is the convergent subequence, then (x,, ) is bounded,

|Tn, | = Tn, < M,V n, €N, where M >0 .

VkeN: k<n, = zp <z, (since (z,) is increasing) .

= 2, <Tp, <M ,VEkEeN.

Therefore, the sequence (z,) is bounded above, Hence, it is convergent.



