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Chapter 1

Partial Derivatives

1.1 Functions of several variables

1.1.1 Functions of two variables

Definition: A function f of two variables is a map that assigns to each ordered
pair of real numbers (z,y) € D C R? a unique real number denoted by f(z,v).
The set D is the domain of f and its range is {f(z,y)|(z,y) € D}.

N T
Example (1): If f(z,y) = %, evaluate f(2,7), find the domain of f
z —
and sketch it.
Vi—2-1 4
Solution : f(2, 7) = ﬁ = % = 2.

ThedomainoffisthesetD:{(m,y)ER2\y—m—lzo, x #1}.
So, D={(x,y) eR? |y >a+1, z#1}.

y—x—1>20 = y>zx+1
represents the points on and above the
liney =z + 1.

z # 1 means the point on the line x = 1
must be excluded from the domain .

Example (2): If f(x,y) = In(z? — y), find the domain of f and sketch it.
Solution :
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The domain of f is the set
D ={(z,y) eR* | 2* —y > 0}.
So, D = {(z,y) e R? | y < 2?}.

P2 —y>0 = y<a? y<# 1

represents the points below the

parabola y = 2.

Example (3): If f(z,y) = /4 — 22 — y2, find the domain and range of f.
Solution :
The domain of f is the set

D ={(z,y) e R* | 4 —2® —y* > 0}.
So, D = {(z,y) € R? | 2 +4* < 4}.

4—(E2—y220:>{172+y2§4 ’ X+ y<d
represents the points on and inside the
disk of center (0,0) and radius 2.

Note that 0 < /4 — 22 — y2
and /4 — (224 y2) < V4 =2

So, the range of f is
{zeR|0<2<2}=10,2].

1.1.2 Graphs

Definition: If f is a function of two variables with domain D C R2, then the
graph of f is the set of all points (z,y,2) € R? such that z = f(x,y) and
(z,y) € D.

Example (4): Sketch the graph of the function f(z,y) =4 —2x — 2y .
Solution:

z2=4-2x -2y = 20+4+2y+z2=4 Lz

It represents a plain.

4

To find the z-intercept, put y =z =0 e

20 =4 = x=2.
So the z-intercept is (2,0,0).

To find the y-intercept, put xt =2 =10
20 =4 = y=2
So the y-intercept is (0, 2, 0).

Xy

To find the z-intercept, put x =y =0
z =4, So the z-intercept is (0,0, 4).
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Example (5): Sketch the graph of the function f(z,y) = /4 — 22 — 2 .
Solution:

z=v4—x%—y? $2
— 22 =422y
— z2+y2+z2:22

Note that z =y/4—22 —y2 >0 .

It represents the upper half of the
sphere centered at the origin and its
radius is 2.

2

Example (6): Sketch the graph of the function f(z,y) = 2% + 32 .
Solution:

The domain of f is R?.

z=a24+y>>0

For each value of z > 0,

z? 4+ y? = 2 represents a circle centered
at the origin and its radius is v/z.

flz,y) = z? + y2 represents a x/ \<

paraboloid.

1.1.3 Level curves

Definition: A level curve of a function f(x,y) is the curve f(x,y) = k, where
k is a constant (in the range of f ).

Example (7): Sketch the level curves of the function f(z,y) = 4 — 2z — 2y for
the values £ = 0,4, 8.

Solution:
—2x—2y==k.

= 20+4+2y=4—-k

Fork=0:2y+2x=4
= y=-c+2

k=8 k=4 k=0
Fork=4:2y+2x=0

— Yy=—x

Fork=8:2y+2x=—-4
== y=-x—2
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Example (8): Sketch the level curves of the function f(z,y) = /4 — 22 — y?
for the values k =0, 1, 2.
Solution:

Ji-a? P — k.

= 4—22 -y =k

= 224yt =4k k=0
Fork=0:2%+y>=4 k=1
Circle: center is (0,0), radius = 2.

2 2 k=2
Fork=1:24y"=3
Circle: center is (0,0), radius = /3.

Fork=2:2>+¢4>=0
Just one point, the origin.

Example (9): Sketch the level curves of the function f(z,y) = 422 4 ¢* for
the values k = 0,2, 4.
Solution:

4o +y? = k.

For k=0: 422 +4?> =0
— z=0,y=0
The level curve is the origin.

k=2
Note that the domain is R2. /
Q

Fork>0:4® +y> =k

2 2

4
The level curve is an ellipse centered
at the origin, the major axis lies on the
y-axis and the minor axis lies on the

T-axis.

Note that the graph of f is an elliptic
paraboloid.
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1.1.4 Functions of three variables

Definition: A function f of two variables is a map that assigns to each ordered
pair of real numbers (z,7,2) € D C R® a unique real number denoted by
f(x,y,2). The set D is the domain of f and its range is { f(x,y, 2)|(x, y, z) € D}.

Example (10): Find the domain of f(x,y,2) =In(z —x) + yzsinz .
Solution : f(z,y, z) is defined when z — 2 > 0.
Therefore, D = {(z,y,2z) €R* | 2 >z} .

Example (11): Find the level surfaces of f(z,y,2) = 2% +y* + 22 .
Solution : x2 + y? + 2% = k, where k > 0.
If k = 0, then the level surface is just the origin (0,0,0) € R? .

2
If k& > 0, then the level surface is 2% + y? + 2% = (\/%) , which is a sphere
centered at the origin, and its radius is Vk .
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1.1.5 EXERCISES
1. Let f(x,y) = 2*In(z +v)
(a). Evaluate f(3,1).
(b). Find and sketch the domain of f.
(c). Find the range of f.

2. Let f(x,y,2) =In (z — /22 +y2).
(a). Evaluate f(4,23,6).

(b). Find and describe the domain of f.

3. Find and sketch the domain of the following:
(a). flz,y) =vo -2+ y—1

(b). fla,y) =n(9 —a? —y?).

In(2 — x)
1— a2 —y2

(©). fz,y) =

(*) Find and sketch the domain of the following:

(a). f(z,y) = /25 —a? — 2 + In(2 + ).
2 —9y? -3

Vity—4
(©). flz,y) = Vr+y2+y—a2

(b). f(z,y) = cos(z +y) +
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1.2 Limits and Continuity

1.2.1 Limits of Functions of Two Variables

Definition: Let f be a function of two variables whose domain D C R? includes
points arbitrarily close to (a,b). Then we say that the limit of f(z,y) as (z,y)

approaches (a,b) is L and we write ( %IHI( . flz,y) =L,
T,y —(a,
if for every number € > 0 there is a corresponding number & > 0 such that if

(z,y) € D and 0 < \/(z — a)? + (y — b)2 < § then |f(z,y) — L| <e.

1.2.2 Showing That a Limit Does Not Exist

NOTE: If f(z,y) — L1 as (x,y) — (a,b) along a path C; and f(x,y) = L2 as

(z,y) — (a,b) along a different path Cs, where L1 # Lo, then ( %Hn( . f(z,y)
x,y)—(a,

does not exist.

2 2

Example (1): Show that does not exist.

lim ——%

(2.9)—(0,0) T2 + 12
2 2
— 0
Solution: Note that lim r-y — .
(2,9)—(0,0) 22 + 32 0

Let y = ma, where m € R, note that x - 0 asy — 0 .

. 2 —y? 22— m2g? . 22(1 —m?) 1—m?2

lim —— =lim ———— = lim = .
(z,y)—(0,0) 22 + 32 2—=0 22+ m2x2  1-022(1+m2) 1+ m?
Note that the limit depends only on m.

. 22—y> 1-0
Let C; be the path y = 0 (where m=0) then (x,y%lin(0,0) o =150"

. z? —y? 1-1
Let C5 be the path y = x (where m=1) then (z,y%l—>nl(0,0) e A e

1.

0.

2 _ 2
Therefore, 1 z

im ——— does not exist.
(x.y)—(0,0) £2 4 2

Example (2): Show that  lim % does not exist.
(z,9)—(0,0) 2 + Y

0
Solution: Note that lim  —d — .
(2,9)=(0,0) % + y? 0
Let y = mx, where m € R, note that x - 0asy — 0.

Ty . me me m

li — = ——— = 1i = .
(a:,y)l—>m(0,0) 2+ y? 250 72 + m2z? 250 z2(1+m2) 14+ m?
Note that the limit depends only on m.

Let C; be the path y = 0 (where m=0) then

lim Y
(@) =00 22 +y2 1
. Ty
Let Cs be the path y = 2 (where m=1) then lim =
2 path y = ( ) (@)—00 22 + 92 1+

‘ o

—+
(e
o= @

—

Therefore, lim Y does not exist.
(@)= (0,0) 22 +y?

2

Example (3): Show that  lim % does not exist.
(z,y)—(0,0) = + Yy
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2
0
Solution: Note that im - .
(@.9)—(0,0) 72 + y* 0
Let y = max, where m € R, note that t - 0 asy — 0 .
xy? . x(m?z?) ma® me

lim = lim =lim ———— = lim ——— =0
(@,9)—(0,0) 22 +y* 250 22 + mixt 250 22(1 +m? 22) 250 1+ m? 22
Note that the limit here depends on x and m .

Let C; be the path y = 0 (where m=0) then

Iy2

lim ———
(@y)—(0,0) 22 +y*
Let Cy be the path = 3?2 (the parabola with vertex (0,0) and opens to the

ay? y* y? y't 1
right) then  lim = lim = lim — = —.
(z.y)—(0,0) 22 + 9yt y=0 (y?)2 +y*  y-02yt 2

Therefore, lim W does not exist.
(,9)—(0,0) 22 4y

does not exist.

) . sin(zy)
Example (4): Show that (m,yglﬂm(o,o) 2 4 y?

Solution: Note that lim sin(zy) 9 .
(2,9)—(0,0) T2 4 Y2 0

Let y = ma, where m € R, note that t - 0 asy — 0.
sin(zy) . sin(ma?) . sin(ma?) m

(2.9)—=(0,0) T2 + 92 o=0 22 + m222 20 (1 + m?2)x? T 14m?
Note that the limit depends only on m.
sin(zy)

5 does not exist.

Therefore, lim
(@y)—0,0 2% +y

1.2.3 Properties of Limits

If f(x,9), g(x,y) are two functions defined on D\ {(a,b)} , where D C R?,

and  lm  f(x,y) =Ly, lim g¢g(z,y) = Lo, where L1, Ly € R then
(@,y)—(a,b) (@,y)—(a,b)

(). lm  [f(z,y) +9(z,y)] = L1+ Lo .
(Ivy)ﬁ(a»b)

(2). lim [f(z,y) —g(z,y)] = L1 — Lz .
(z,y)—(a,b)

(3). lim k& f(x,y) =k Ly, where k e R .
(x’y)ﬁ(mb)

. (l’, y) Ll
5). lim = — , where L 0.
O) it g@y) — Lz 27

(6). If P(x,y) is a polynomial in z,y then ( l)lm( . P(z,y) = P(a,b) .
x,y — a,

lim
(@,y)—(a,b)

~

Example (5): Evaluate  lim (m2y2 —2zy+ax+y— 1) .
(z,9)—(2,1)
Solution: Note that P(x,y) = 2*y*> — 22y + 2 4+ y — 1 is a polynomial.
So, lim 22y —2zy+x+y—1) = P21
o T (z%y y y—1)=P(21)
= (2212 -22)(1)+2+1-1=2.
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222 1
Example (6): Evaluate lim ¥
(z.y)—(-1,3) zy3 — 2z

Solution: Note that P(z,y) = 2x%y + 1 and Q(z,y) = xy® — 2z are both
polynomials.
202y +1  P(—1,3)  2(—1)%*(3)+1 7
-1

lim =
(@y)—~(-1.3) vy® =22 Q(-1,3)  (
Note that Q(—1,3) #0 .

)(3)* —2(-1)  -25

Example (7): Show that i 20"
X : im =
P ow tha (z,9)—(0,0) 2 + 32

First Solution: V z,y € R*,
2

y? < 2?4y = L <.

x4+ y? =
2y [22] || y?
0S| 53| = a3 = 27l 55 <2l
24y |22 + 32| +y

Note that (z,y) — (0,0) = =z — 0.
Since lim 0O0=0and lim 2|z|=2(0)=0,
(z,y)—(0,0) (z,y)—(0,0)
2 2
By Squeeze Theorem  lim il
(@.y)—(0,0) 22 + y?

Second Solution: Using polar coordinates,

2xy> ~ 2ricosf sin’0

= lim = lim 2r cosfsin? 0 = 0.
2 r—0

im

(@.y)—>(0,0) 22 +y2  r=0 r

Note that liH(l) 2r = 0 and cos #sin® 6 is bounded .
T—

1.2.4 Continuity

Definition: Let f(x,y) be a function of two variables defined on a set D C R?
and (a,b) € D, If( %Hn( ) f(z,y) = f(a,b), then f is continuous at (a,b).

T,y — a,
If f is continuous at every point in D, then f is continuous on D .

22 — 42

Example (8): Discuss the continuity of f(z,y) = — v
T )

Solution:
f is not defined at (0,0), so it is not continuous at (0, 0).

2 2 2 32
v (a,b) £ (0,0), lim  f(,y) TV %Y ).

= l'
(z,y)—(a,b) (m,y)l—>nl(a,b) 2+ y2 a? + b2
So, f is continuous on D = {(z,y) € R* | (z,y) # (0,0)} =R*\ {(0,0)} .

22 — o2
Example (9): Discuss the continuity of f(z,y) = ¢ 22 + ¢2 fo(@y) #(0,0
0 if (z,y)=1(0,0)
Solution: ) ) 2 g
. _ xt—vy a® —
Y (a,b 0,0), lim T,y) = lim = = f(a,b).
(a,0) #(0,0), lim fly)= Mmoo Z o aEin f(a,b)

f is defined at (0,0) and f(0,0) =0, but  lim  f(z,y) does not exist.

(z,y)—(0,0)
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So, f is continuous on D = {(z,y) € R? | (z,y) # (0,0)} =R*\ {(0,0)} .

2xy?
Example (10): Discuss the continuity of f(x,y) = ¢ 22 + 42 if (z,y) # (0,0
0 if (z,y)=1(0,0)
Solution: ) 2
2xy 2a
Y (a,b 0,0), 1l yy)= i = = f(a,b
(a,b) # (0,0) (I’y)lﬁm(a’b)f(x y) L ey f(a,b)

f is defined at (0,0) and f(0,0) =0, also  lim  f(z,y) =0.
(z,y)—(0,0)

So, f is continuous on RZ.

Example (11): Discuss the continuity of f(x,y) = e Y

Solution: f(x,y) = e Y = e (@)

fis defined on R2 and  lim  f(z,y) = e~ () = f(a,b).
(z,y)—(a,b)

Therefore, f is continuous on R?.

Example (12): Discuss the continuity of f(x,y) = tan™! (g) .
x

Solution:

f is not defined where x = 0.

Y (a,b) where a # 0, im  f(z,y) = tan™* <b) = f(a,b).
(z,y)—(a,b) a

So, f is continuous on D = {(z,y) € R* | z # 0} which is R* except the y-axis.

1.2.5 Limit and Continuity of a function of three variables

Definition: Let f be a function of three variables whose domain D C R3 in-
cludes points arbitrarily close to (a,b, ¢). Then we say that the limit of f(x,y, 2)

as (z,y, z) approaches (a,b,c) is L and we write ( l)lm( , )f(a:,y,z) =1L,
xT,Y,z — a,o,c

if for every number ¢ > 0 there is a corresponding number § > 0 such that
if (z,y,2) €Dand 0</(z—a)2+(y—b2+(2—¢)2<6
then | f(z,y,2) — L| < €.

Definition: Let f(z,y, z) be a function of three variables defined on a set

D C R3 and (a,b,c) € D, If lim f(z,y,2) = f(a,b,c), then f is contin-
(z,y,2)—(a,b,c

uous at (a, b, c).

If f is continuous at every point in D, then f is continuous on D .

1

Example (13): Discuss the continuity of f(z,y,z) =
)

1— 22 2227

Solution:

f is not defined where 1 — 2% —y? — 22 =0 = 2?2 +¢y? + 22 =1,
f is not continuous on the unit sphere.

VY (a,b,¢) € R® where a® 4+ b* 4 ¢* # 1,

1
li - -
(x,y,z)@(a,b,c) f@.y.2) 1—a2+ b2+ ¢2

= f(a,b,c).
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So, f is continuous on D = {(:c,y,z) ER? |22 442 + 22 # 1} which is R?
except the unit sphere.
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1.2.6 EXERCISES
1. Find the limit of the following:

2 2
. . +yx

a). lim 223 — 442 b). lim ryryr

(a) (z,y>+<3,2)( vior) O () =(2,-1) 22 —y?

2. Show that the following limits do not exist:

(a). lim L b). lim M
(2,9)—(0,0) 2 4 32 (z,9)—(0,0) &2 + y?
(c) LA

. im ————
(zy)—=1,1) 1 —y+Inx

3. Discuss the existence of the following limits (and find its value if exists):

3z — 2y i z2ycosy

| oA .
(@) () (2,3) 422 — 32 () (0.0) 72 + 1/

W

. Use the Squeeze Theorem to find the limit of the following :

1 22272
(a). lim 2y sin| —— ] (b). lim —_—
(z,1)—(0,0) x2 4 92 (2,9,2)—(0,0,0) T2 + y2 + 22

5. Determine the set of points of continuity of the following:
w2y

(). flz,y)=q 222+¢>

1 if  (z,y)=1(0,0)

{“’ if (x,y) # (0,0

(b). f(x,y) = fz +zy + y?

. . 2+ 3
6. Use polar coordinates to find lim  ———— .
(z,y)—(0,0) T= + Y
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(*) Show that the following limits do not exist:

. 23+ y? . Ty
(a). lim D). im -
(2,9)—(0,0) 2 + 12 (z.y)—(0,0) T4+ y

(*) Use Squeeze theorem to find the following limits:

y(z + 1)% + y? sin(mx) ®) lim

a). lim .
(@) (z,y)—=(—1,0) (x +1)2 +y? (z,9)—(0,0)

(*) Show that the limit is zero in the following;:

x5+ 9P _ x5 + 48

(a). 1m 5 .32 . 1im a4
(@)=(0.0) 2 +y @00 ot +yt
(© im & + 2zy (@) sin(z® + y*)

E—— . 1m —_——
(z.9)—(0,0) /22 + 2 (z.y)—(0,0) 22 +y?

y?sinz + yx?

2 + 92

19
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1.3 Partial Derivatives

1.3.1 Partial Derivatives of Functions of Two Variables

Deﬁnition: Let f(z, y) be a function of two variables defined on a set D C R?,

h~>0 O
derivatives of f are denoted by fm and f, and are defined as

(1), faley) = Jim TEFRD ZT@0)

f(x,y—l—h)—f(:r,y)
(2)-fy(2,y) = lim . .

exist, then the partial

Notations for Partial Derivatives: If z = f(z,y) then

W) fele) = fo= L= jay) =% = p,f
5 % 0z

(2). f’y(x:y) =fy= 57 7f( y) = dy =D,f .

Rule for Finding Partial Derivatives
(1). To find f, : differentiate f(x,y) with respect to x regarding y as a constant.
(2). To find f, : differentiate f(x,y) with respect to y regarding x as a constant.

Example (1): If f(z,y) = 2% — zy® — 3y°, find f,(1,1) and f,(1,1).
Solution:
( )- folwy) =20 — 1)y’ —0=20—3°
fo(1,1) =2(1) — (1)° = 1.
( ). £, () = 0~ 2(39%) — 3(2y) = ~Bay? 6y .
£,(L1) = 23(1)(1)% — 6(1) = —9.

2 0
Example (2): If f(z,y) =sin (1—|-x3y>’ Evaluate 9z and ——.

Solution:

of 2x 2
(1)- ax_cos(wsy) <1+3y) '

). % cos< 2z > ((22)(—1)(1 + 3y)2(3)) = cos (1?33,) <(1;6?Z)2>.

1.3.2 Interpretations of Partial Derivatives

Let S be the surface represented by nn
z = f(x,y) and f(a,b) =c. # pfm
Then P(a,b,c) lies on S. N
Let C7 be the curve where the plain y = = <
b intersects the surface S, x
The slope of the tangent line T} to the
curve Cy at P(a,b,c) is fy(a,b).
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Let C be the curve where the plain z =
a intersects the surface .S,

The slope of the tangent line T5 to the
curve Cy at P(a,b,c) is fy(a,b).

Example (3): If f(z,y) = 4—2?—?, find f.(1,1), f,(1,1) and interpret them
as slopes. Solution:

z=4—a%—y?.

fw(xvy) =2z .

£(1,1) = —2(1) = —2.
f,)=4-1-1=2.

C1 is the intersection of z = 4 — 22 —y?
and y = 1, and it is the parabola
z=3— 2z

The line T} is tangent to the curve Cy
at the point P(1,1,2) and its slope is

fo(1,1) = =2

z2=4—a*—y?.

fy(xay) = 72y .

£,(11) = —2(1) = —2.
f,)=4-1-1=2.

(5 is the intersection of z = 4 — 22 — 32
and x = 1, and it is the parabola
z=23—1°

The line T3 is tangent to the curve Cy
at the point P(1,1,2) and its slope is
£(11) = -2,

Example (4): If 2% + ¢y* + 2% + 62yz + 4 = 0, find % and %Z

Solution:
Differentiating implicitly with respect to = .

0 1o}
322 + 0+ 322 a;+6y<z+xa;>+00

0 0
3% + 322 d + 6yz + 6my—z =0
9 ox ox
z

e (322 + ny) = -3z — 6yz
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0z =322 —6yz —x%—-2yz % + 2yz

or 322 + 6xy - 22 4 2zy :_22—1—2;10;1/ ’
Differentiating implicitly with respect to y .

0 0
0432432 2 46z {24y ) +0=0

Ay Ay
0z
dy
(32'2 + ny) = —3y* — 6z

0
3y? + 322 + 62z + ny—z =0
dy

0z
Jy
0z —3y? — 6x2 B —y? —2xz B y? + 222

oy  32246zy  22+22y 224 2xy

1.3.3 Functions of Three Variables

Definition: Let f(z,y,z) be a function of three variables defined on a set

D g RS, If Lim f(.’l?+h,y,2’) _f(xa:%Z) lim f(.]?,y-i—h,Z) —f(x,%z) and
h—0

lim

h ’ h—0 h
f(l’,y,2'+h) *f(I,y,Z)
h—0 h
by f. fy, and f, and are defined as
(1) fz(l‘,y72) = lim f(l’ + h,y,Z) B f(QT,y,Z)
h—0 h

T h,z)— f(z,y, z
@), (o, 2) = Jim JEVERD ZI@0:2)
(3). f-(w,,2) = lim f(x,y7z+h]i—f(x7y,z)

exist, then the partial derivatives of f are denoted

Example (5): If f(x,y,2) = " In(2? + 1), find f,, fy and f..
Solution:
fa(2,y,2) = (e"y) In

+

+
2 226"
oo ()= 22

1.3.4 Higher Derivatives

Definition: If z = f(z,y), then the second partial derivatives of f are

09 o2
(1)fm=(fx)w:%67£:87£2.
00 OF2

— _09f  of?
B) Jve = Un)e = 525y = Guay -
00f of?

(v) Jyy = (fy)y = 87;(@ = 0,2 .

Example (6): Find the second partial derivatives of f(z,y) = x4 z%y* — 2¢>.
Solution:
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fo(z,y) = 32% + (22)y? — 0 = 322 + 2232 .
Jee(m,y) = 3(22) + 2y%(1) = 62 + 2¢% .
Jay(@,y) = 0+ 22(2y) = 4wy .

fy(x,y) = 0+ 2%(2y) — 2(3y°) = 22y — 6y .
fya(@,y) =2y(22) — 0 = day .

fyy = 20%(1) — 6(2y) = 22% — 12y .

NOTE : foy(2,y) = fyz(z,y) -

Clairaut’s Theorem: Suppose f is defined on a set D C R? that contains
the point (a,b), If the functions f,, and f,, are both continuous on D, then

fﬂﬂy(av b) = fyﬂc(av b)

Example (7): If f(z,y,2) =sin(2z — y2), find fu.(x,y).
Solution:

fo(x,y, 2) = cos(2z — yz)(2) = 2cos(2x — yz) .

fay(x,y, 2) = 2[—sin(2z — yz) (—2)] = 2zsin(2z — yz) .
fay=(2,y,2) = (2) sin(22 — y2) + 2z [cos(2z — y2) (—y)]

= 2sin(2x — yz) — 2yz cos(2x — yz) .

1.3.5 Partial Differential Equations

(1). Laplace’s Equation: If u(x,y) is a function of two variables
and gz, + uyy = 0, then u satisfies the Laplace’s equation, and u is called a
harmonic function.

Example (8): Show that u(x,y) = €” cosy is a solution of Laplace’s equation.
Solution:

ug(z,y) = ¥ cosy and uy,(z,y) = €” cosy.

uy(x,y) = —e®siny and uy,(z,y) = —e® cosy.

Ugg + Uyy = €" cosy — e cosy =0 .

(2). Wave Equation: If u(z,t) is a function of two variables and u;; = a®ug,,
then u satisfies the wave equation.

Example (9): Show that u(z,t) = sin(z—at) is a solution of the wave equation.
Solution:

Uz (2,t) = cos(z — at) and uy,(x,t) = —sin(z — at).

uy(x,t) = —acos(x — at) and uy(x,t) = —a’sin(z — at).

uyy = a’(—sin(z — at)) = a*ugy .

1.3.6 Differentiability

Definition: If z = f(x,y) and (a,b) € Dy, if x changes from a to a + Az and
y changes from b to b + Ay, then the increment of z is
Az = f(a+ Az, b+ Ay) — f(a,b).
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Definition: If z = f(z,y), then f is differentiable at (a,b), if

Az = fo(a,b)Az + f,(a,0) Ay + 1/ (Az)? + (Ay)” e (Az, Ay),

where lim €(Az,Ay) = 0.
(Az,Ay)—(0,0)

NOTE:
6 g et Awbt Ay) — flab) ~ f(a,b)AT — fy(ab)Ay

(Az,Ay)—(0,0) (A.’ﬂ)Q + (Ay)2
f is differentiable at (a,b).

=0, then

Theorem: If f is differentiable at (a,b), then f is continuous at (a,b).

NOTE: If f is not continuous at (a,b), then f is not differentiable at (a,b).

Ty _
Example (10): Show that f(z,y) = { x? +y? it (z,y)# 0,0
0 it (z,y) = (0,0)

is not differentiable at (0, 0).

Solution: 0 rind
. . Ty . rcosf rsin
1 = 1 —2 — =lim —
(2.) 5 (0,0) fey) () (0,0) 22+ 4% T30 2
2 0 sind
= lim M = cosf sinf.
r—0

The limit depends on 6, so the limit does not exist.
f is not continuous at (0,0), hence, f is not differentiable at (0, 0).

zy? )
Example (11): Show that f(x,y) = { Va2 +y2 it (@y)#(0,0)
0 it (z,y)=(0,0)
is differentiable at (0, 0).
Solution:
£(0,0) = 0.
Az (Ay)®

[0+ Az,0+ Ay) = f(Az,Ay) =

f(O+ 1,0 0
F0,0) = tig LOHRO SO0y 0
o=y 0000 b
b LA AY) — F(0,0) — £:(0,0)A2 — ,(0,0)Ay
(Az,Ay)—(0,0) (Am)2 4 (Ay)2

Ax(Ay)?
i Vet aet) Az (Ay)*
(Ax,Ay)—(0,0) (A:c)2 + (Ay)2 (Az,Ay)—(0,0) (Az)Q + (Ay)Q

(Ay)?
(Az)® + (Ay)®

Az (Ay)*

Note that 0 < |——o—"—
(Az)” + (Ay)

= |Az] < |Az]




1.3. PARTIAL DERIVATIVES 25

Az (Ay)*

By the squeeze theorem lim —_—
(Az)® + (Ay)®

(Az,Ay)—(0,0)
Az (Ay)*

So, lim —— =
(Az,A9)=(0,0) (Az)” + (Ay)
Therefore, f is differentiable at (0, 0).

)

2 o 2
Yy smzr + yr .

Example (12): Show that f(z,y) = z2 4 12 it (zy) # (0,0
0 it (z,y) = (0,0)

is not differentiable at (0,0).

Solution:
£(0,0) = 0.
(Ay)?sin (Az) 4+ Ay (Az)?
0+ Az, 0+ Ay) = f (Az,Ay) = .
. i | h (> f | ) e
J0+h,0) = f0,00 0
12(0,0) = Jim, ( f)L ( )_;lfﬂ)h_o'
o J0,0+h)—f(0,0) 0
Fu(0,0) = iy h =iy =0
(A;c,Ay)—>(0,0) (A:E)Q + (Ay)2
(Ay)? sin(Az)+Ay(Azx)? .
(e (Ay)?sin (Az) + Ay (Ax)’

= lim = im
(Az,Ay)—(0,0) (AJ?)Q + (Ay)2 (Az,Ay)—(0,0) |:(Am)2 n (Ay)2:|
Taking the path Ay = Ax :
(Ay)?sin (Az) + Ay (Az)? ~ fim (Az)?sin (Az) + Az (Az)?

3
2

BRSTOY [ (aw)? + (ay)?] P A [(A2)” + (a2)’]

— im (Az)? [sin (Az) + Ax] ~ lim (Az)? [sin (Az) + Az] — fim sin (Az) + Az
Az—0 |:2 (Ax)2:| 3 Az—0 \/g (AZC)B Az—0 \/gAx

g () As\ L2 1

= dm, s( )‘ Wt =7%=n""

Ar | Az 3
(

Therefore, f is not differentiable at (0, 0).
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1.3.7 EXERCISES

1. Find the first partial derivatives of the function.

(a). f(z,y) = x{j — 53 (b). g(x,y) = 23 siny
(c). w(u,v) = — (d). u(r,8) = sin (r cos )

(e). w(z,y,z) = ytan(x + 22)

2. If f(x,y) = ysin~'(zy), find fy (1, ;)
., 0z 0z
3. Find 9z and a—y :

(a). 2= f(z) +9(y) (). 2= f(z+vy)

4. Find all the second partial derivatives of f(x,y) = 2ty — 223y>.

5. Verify that the conclusion of Clairaut’s Theorem holds for

u(z,y) = zty — y*.
6. If f(z,y) = zty? — 2%y, find frp. and foya-

(*) Discuss the differentiability of the following functions at the given points:
?y—-2) .
(a). f(z,y) =9 22+ (y—2)2 it (2,y) #0,2) at (0,2).
0 if (z,9)=(0,2)
w2y —zy®
(b). f(z,y) = x? 4 y? it (z,9) 7 0,0) at (0,0).
0 if (z,y) =(0,0)
3_,3

-y
(c). fz,y) = { x2 +y? Tf (z,9) # Eg’g; at (0,0).
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1.4 Chain Rule

1.4.1 The Chain Rule (Case 1)

Theorem: Suppose that z = f(z,y) is a differentiable function of z and y,

where z = ¢g(t) and y = h(t) are both differentiable functions of ¢t. Then z is a
&= _of dr O] dy

differentiable function of ¢ and o By dt

d
Example (1): If f(z,y) = 2%y + 229>, where z = sin 2t and y = cost, find d—j
at t = 0.
Solution:
_ a2 s 0f 3 2
— =3y +2y°, =— =2z° + 62y° .
or oy

d d

o _ 2cos 2t , Y —sint .

i _of dr 0 dy

dt Oz dt 0Oy dt

= (32%y + 2¢®)(2cos 2t) + (2 + 62y?)(—sint)
dz

g t:0: (0+2)(2)+(0+0)(0)=4.

1.4.2 The Chain Rule (Case 2)

Theorem: Suppose that z = f(z,y) is a differentiable function of z and y,

where x = g(s,t) and y = h(s,t) are both differentiable functions of s and t.
of _of ox n of oy

Then 7z is a differentiable function of ¢ and —

ds Oz ds Oy s’
of _0of oz Of dy
ot ox Ot Oy Ot

3]
Example (2): If f(z,y) = e®siny, where z = s* + t* and y = s°t?, find opr
s

and E

Solution:

% = % sin of _ e” cos
5 = Yo gy = y
Ox Jy 9

— =2 = =2 .

95 s, P st

s
of 0 or or ay _
(1)- ds  Ox Os + oy 0s
= 2s¢5 Tt sin(s%t?) + 2st2es cos(s%t?) .
or oy . -
AISO,E—%,%—ZB .
) O _0r a2 o5 oy _
ot Oz ot Oy ot

= 2te® T sin(s%t?) + 2ts2es T cos(s%t?) .

(e”siny) (2s) + (e” cosy) (2st?)

(e”siny) (2t) + (¥ cosy) (2ts?)
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1.4.3 The Chain Rule (The General Case)

Theorem: Suppose that u is a differentiable function of the n variables x1, o, -+ , x,
and each z; is a differentiable function of the m variables t1,%2,--- ,¢,. Then

u is a function of t1,%9, - ,t,, and

ou ou 0xq ou Oxg ou Oz,

— = — + — 4+ -4+ — — ,foreachi=1,2,--- ,m.

3ti 81’1 6&' (91’2 ati aIn ati

Example (3): If u(z,y,2) = 2%y + y2*, where z = r?se’, y = rse”" and

z =rs’sint, ﬁnda—uwhenrzl,s:landtzo.
S

Solution: 5
U u U
— =2y%, — =222 2% and — = 3yz>
gr W gy THYT 9.
9] 0
Bim =r2el, %Y ret and & = orssint .
s

qo Ou_ D dx 0w oy’ 0w 0z
"0s  Or ds Oy Os 0z Os

gz (2zy?)(r?e') + (222%y + 2°)(re™") + (3yz?)(2rssint)
Whenr=1,s=1,t =0, g =(2)(1) + (2)(1) + (0)(0) = 4.

Example (4): If w = f(z,y) is differentiable at (z,y) and x = s+t, y = s —t.

ow Ow ow\ > ow\’

ow  Odw dz | Jw 8y_ B
ow Ow dr Ow 5‘y7 I
o " ow o oy o WAL

O O (et ) e f) = () - <fy>2=(2§’)2‘(gj>2

Example (5): If z = f(s* — t?,t* — %) is differentiable at (s,t),

0z 0z
Show that ¢ 75 +s 5= 0.

Solution:

Let z = f(z,y), where z = s> —t?> and y = t*> — 5
8z 0z dx 0z Oy

- = — — = 2 2s5) = 2 —9 .
0s Oxr Os + o oy Os = fz(25) +fy( s) Sfz sfy
0z 0z 0z 0z Oy _

0z 0z
t%—&—s n :t(25fw—25fy)+s(—2tfw+2tfy)

= 2stf, — 2stfy, — 2stfy +2stf, = 0.

2

Example (6): If z = f(z,y) has continuous second-order partial derivatives
2

dz=r? = 3rs. Find —
and x =7r"+s,Yy rs. Fin o2

Solution:

0z 0z Or Oz 8y

o — oz or "oy or = fo(2r) + f,(3s) = 2rf, + 3sfy.
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re_0 <8Z> =2 (2rfe +3sfy) =2fs +2r (af”) +3s <%)

or?  Or \or or 9 or
i 0f, 00 08,04\, , (0,00 _0f, 0
2fm+2r<8x or oy Oy 8T) +3S<8m or + Oy Or

= 2f5 + 21 (f2a(2r) + foy(35)) + 35 (fye(27) + fyy(3s))
= 2fy + 412 frg + 675 fuy + 675 fyr + 95 fyy -

1.4.4 Implicit Differentiation

oF d OF d
Let F(z,y) = 0 where y = f(z), using chain rule — deriayﬁ:O
dy dy F,
— B+ FY g — W _ T
=)+ Ydax 0 dx F,

d
Example (7): If 22 + y* = 5zy, Find ﬁ
Solution:
22+ = 5xy — 2% +9% -5y = 0, Let F(x,y) = 2> + y* — 5xy then

F(z,y) =
7y in 2x — by
i

F,  2y—5z

0 F, 0 F,
Let F(z,y,z) = 0 where z = f(z,y) , thena—zz—i anda—;:—ﬁ.

0z

Example (8): If 2 +y* + 2% + 32yz — 1 =0, Flndg—anda .
Y

Solution:
Let F(z,y,2) = 2 +y® + 2° + 32yz — 1 then F(z,y,z) = 0.
0z F, 322 + 3yz

dr  F., 2z 4+ 3zy
oz F, 3y2 + 32z

dxr  F.  2z+3wy



30 CHAPTER 1. PARTIAL DERIVATIVES

1.4.5 EXERCISES

d
1. Find di: of the following:
(a). w = xy® — 2%y, where x = t* + 1 and y = t? — 1.
1
(b). w = sinz cosy, where z = v/t and y = n

(c). w=uxze*, where s =2,y =1—t and z = 1 + 2¢.

(d). w=1In+/22 + y? + 22, where x = sint, y = cost and z = tant.

.. 0z 0z .
2. Find 75 and % of the following:

(a). z = (z —y)°, where z = s°t and y = st°.
(b). z =tan™? (x2 + y2), where x = s Int and y = ¢ €°.

ind
(c). z= S , where r = st and 6 = s* + 2.
r

3. If z = 2* + 2%y, where = s + 2t — u and y = stu?,

0z 0z 0z
Find —,— and — ats=4,t=2, u=1.
in 55’ Bt an 8ua s , U

4. If z = f(x,y), where x = rcos 6 and y = rsin, Show that

02\ (0:\' L (9:\' 1 (0:)’
Oz oy)  \or r2\o0)

0%z 0%z
5. If z = f(z + at) + g(x — at), Show that 2 = a® 92
0z 0z

(*) If xze¥® — 2ye™ + 3ze™ =1, find e and 3y
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1.5 Maximum and Minimum Values

1.5.1 Local Maximum and Minimum Values

Definition: If f is a differentiable function of two variables x and y, then the

gradient of f is the vector function V f and it is defined by
of- Of-~

Vi(z,y) = (fo(z,y), fy(z,y)) = i 3

Definition: If f is a differentiable function of three variables z,y and z, then
the gradient of f is the vector function V f and it is defined by

Vf(x,y,z) = <fm(x7y7z)7fy(x7yaz)afZ(xvyaZ» = ?'L + 7.7 +

Definition (Critical point): If f(z,y) is a function of two variables then
(a,b) € Dy is a critical point if both f;(a,b) = 0 and f,(a,b) = 0, or f is not
differentiable at (a,b).

Definition (Local maximum and Local minimum):

(i) A function f of two variables has a local maximum at (a,b) € Dy if
flz,y) < f(a,b), for all points (z,y) in some disk with center (a,b).
(ii) A function f of two variables has a local minimum at (a,b) € Dy if
f(z,y) > f(a,b), for all points (x,y) in some disk with center (a,b).

Theorem: If f(z,y) has a local maximum or minimum at (a,b) € Dy and the
first-order partial derivatives of f exist there, then f,(a,b) = 0 and f,(a,b) = 0.

Second Derivatives Test: Suppose the second partial derivatives of f(x,y)
are continuous on a disk with center (a,b) € Dy, and suppose that

fz(a,b) =0 and fy(a,b) =0 [so (a,b) is a critical point of f ].

Let D = D(a,b) = fau(a, )y (,) — [fuy(a,5))"

(1). D >0 and fyz(a,b) > 0, then f(a,b) is a local minimum.

(2). If D > 0 and fy4(a,b) <0, then f(a,b) is a local maximum.

(3). If D < 0, then (a,b) is a saddle point.

NOTES:
(1). If D =0, then the test gives no information.

Example (1): Find the local maximum and minimum values and saddle points
of f(z,y) = 6xy — 223 + 4% .

Solution:

folz,y) = 6y — 622 and fylz,y) =6z +2y .
felz,)) =0 = 6y — 622 =0 = y =27
fylz,y) =0 = 6x+2y=0 = y=—3z.
felz,y) = fy(2,y) = 2°=-32 = 2 +32=0

= 2(24+3)=0 = z=0,2=-3 = y=0,y=9.
So, the critical points are (0,0) and (—3,9) .
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Joz(2,y) = =122, foy(z,y) = 6 and fy,(2,y) =2 .

First- At the point (0,0) :

D(0.0) = £12(0.0)£y,(0.0) ~ [£2y (0,0 = (0)(2) — (6)> = 36 < .
Therefore, (0,0) is a saddle point.

Second- At the point (—3,9) :

D(=3,9) = fuu(—3,9) fyu(—3,9) — [fr.y (—3,9)]* = (36)(2) — (6)> = 36 > 0.
Since fz.(—3,9) =36 > 0, then f attains a local minimum at (—3,9),

and its value is f(—3,9) = 6(—3)(9) —2(—3)* + (=9)® = —162 + 54+ 81 = —27.

Example (2): Find the local maximum and minimum values and saddle points
of f(z,y) =2 —4y> -3z +3y+5.

Solution:

fo(z,y) = 32% — 3 and f,(z,y) = —3y* +3 .

fel,y) =0 = 322 -3=0 =2 -1=0 = x=+1.

fo(z,y) =0 = —3y°+3=0 = > —1=0 = y==+1.

So, the critical points are (1,1), (1,—1), (—=1,1) and (—1,-1) .

Jox(2,y) = 62, foy(z,y) =0 and f,,(z,y) = —6y .

First- At the point (1,1) :

D(L 1) = fo:oc(la 1)fyy(17 1) - [fo:,y(L 1)]2 = (6)(_6) - (0)2 =—-36<0.
Therefore, (1,1) is a saddle point.

Second- At the point (1,—1) :

D(1L,~1) = faa(l, =D fyy (1, 1) = [fuy (1~ 1) = (6)(6) — (0)° = 36 > 0.
Since fyz(1,—1) =6 > 0, then f attains a local minimum at (1, —1),

and its value is f(1,-1)=141-3-3+5=1.

)

Third- At the point (—1,1
(() 1) = [y (=1, 1] = (=6)(=6) — (0)* = 36 > 0.

D(=1,1) = faa(=1,1)fy,
Since f:c:c(_17 1) —6<
and its value is f(—1,1)

then f attains a local maximum at (—1, 1),
—-1-1+3+3+5=0.

Fourth- At the point (—1,—1) :

D(—1,—1) = frg (—1,~1)f,(~1,=1) = [fu (~L~D)]?
= (=6)(6) — (0)*> = =36 < 0.

Therefore, (—1,—1) is a saddle point.

1.5.2 Absolute Maximum and Minimum Values

Definition: Let (a,b) be a point in the domain D of a function f of two
variables. Then f(a,b) is the

(1). absolute maximum value of f on D if f(a,b) > f(x,y) for all (z,y) in D.
(2). absolute minimum value of f on D if f(a,b) < f(x,y) for all (z,y) in D.
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Theorem: If f is continuous on a closed, bounded set D in R?, then f attains
an absolute maximum value f (x1,y;) and an absolute minimum value f (22, y2)
at some points (z1,y1) and (22,y2) in D.

NOTES: To find the absolute maximum and minimum values of a continuous
function f(z,y) on a closed, bounded set D C R?:

1. Find the values of f at the critical points of f in the interior of D.

2. Find the extreme values of f on the boundary of D.

3. The largest of the values from steps (1) and (2) is the absolute maximum
value of f on D, and the smallest of these values is the absolute minimum value
of fon D.

Example (3): Find the absolute maximum and minimum values of the function
f(x,y) = zy + 7 on the plain region bounded by the graphs of the lines x = 0,
y=0and y+z=2.

Solution:

falz,y) =y and fy(2,y) =2 .

fo(z,y) =0 = y=0.

fy(z,y) =0 = z=0. 2
The critical point is (0,0).

Note that the critical point I
is not inside the given region. L

Let L, be the line z = 0:

then f(xvy) = f(oay> =T
f(z,y) =7 for all (z,y) € L;.

L 2

Let Ly be the line y = 0: \
then f(z,y) = f(x,0) =7. \ iz
f(z,y) =7 for all (z,y) € Lo.

z=xy+7
Let L3 be the line y + z = 2:  /

then y = —x + 2 where 0 < x < 2.
fla,y) = fla,—o +2)
—a(—r+2)+ 7= +20+7.
f(z) = -2z +2,

f@)=0 = —20+2=0
= zr=1. R
So,y=-2+1=1. 7

f, ) =(1Q)+7=28. 2
Also, f(0,2) =7 and f(2,0) =T7.

The absolute maximum is 8, and f takes it at (1,1).
The absolute minimum is 7, and f takes it at any point on L; U L.

Example (4): Find the absolute maximum and minimum values of the func-
tion f(x,y) = 22 4 22y 4 3y? on the closed and bounded region
D={(z,y) eR*: —2<z <4, —1<y<3}.
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L

Solution:

y!
folz,y) = 22 4 2y. Y -
fy(x,y) = 2z + 6y.
fo(z,y) =0 = z=—y
fy(z,y) =0 = = -3y L 5
—y=-3y — y=0 = x=0.

The critical pomt is (0,0). 5
£(0,0) = (0)% +2(0)(0) + 3(0)* = 0.

Let L; be the line between (—2,—1) and (-2, 3).
OnL;:z=-2and —-1<y<3.
flay) = f(=2,y) =4 -4y +3y° = f'(y) = —4+06y.

2
Flyy=0 = by=4 = y=3.

2
Note that <—2, 3) € L.

f<—2,§> =(-2)>+2(-2) (;) +3<§)2:4—§+§: 2

Let Lo be the line between (—2,—1) and (4,—1).

On Ly :y=—-land —2<zx<4.

flx,y) = fle,~1)=2>-22+3 = f/(x)=22—2.
f(2)=0 = 22=2 = z=1.

Note that (1,—1) € Ls.
F,=1)=1)2+2(1)(-1)+3(-1)*=1-2+3=2.

Let L3 be the line between (4, —1) and (4, 3).
Onlz:z=4and -1<y<3.
f(@,y) = f(4,y) = 16 4+ 8y + 3y° = f'ly) =8+6y.

Fly) =0 = by=-8 = y=—2.
Note that <4,;1> ¢ Ls.

Let L4 be the line between (—2,3) and (4, 3).
OnlLy:y=3and —2<z<4.

flz,y) = f(2,3) =2 + 62 +27 = f'(r)=22+6.
f(z)=0 = 22=2 = z=-3.

Note that (—3,) ¢ Ly.

Evaluating f(x, y) at the four corners of D :

f(— 2—1) (- 2) +2(=2)(=1)+3(-1)* =4+4+3=11.
f(=2,3) = (= ) 2(-2)(3) + (3)2:4712+27:19.
f4,-1) = () 2(4)(-1) + (—) =16-8+3=11.
f(4,3) = (4)* +2(4)(3) +3(3)> = 16 + 24 + 27 = 67 .

The absolute maximum is 67, and f takes it at (4, 3).
The absolute minimum is 0, and f takes it at (0, 0).
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Example (5): Find the absolute maximum and minimum values of the func-
tion f(x,y) = 2% + y*> — 22 + 2 on the closed region with vertices (0,0), (2,1)
and (2, —2).

Solution:

fa(z,y) =22 — 2 and fy(z,y) =2y . ]
folz,y) =0 = x=1. L
fy(x7y):0 = y=0.

The critical point is (1,0).
F1,0)=14+0-2+2=1.

Let L; be the line passing through L

(0,0) and (2,1) then y = g
2

f(x,;>5x2+x4 — 2z + 2.

fw) =32,

4 2
( ) =0 = x—gandy—g

—|- 1 8 + 2 _
25 5 st
50 30 6 2= +)2 —2x +2

L

= 25+%:§5:§

Let Lo be the line passing through
(0,0) and (2, —2) then y = —x.
f(z,—z) =242 —224+2

fz) =222 — 2z + 2.
fl(z)y=4z—-2.
f
f

1 1
") =0 = xziandy:fi.

1 1 1 1 7
—, —— = — — ]_ 2: —.
(2, ) tytlt2=g

2 4 4

Xy

Let L3 be the line passing through (2, —2) and (2,1) then x = 2.
fy)=4+y" —4+2=y>+2,50 f(y) =" +2 = ['(y) =2y
flly)y =0 = y=0and x =2.

F(2,0)=4+0—-4+2=2.

Evaluating f(x,y) at the three corners of D :
F(0,0)=04+0-0+2=2.
F(21)=4+1-4+2=3.
F(2,-2)=4+4-4+2=6.

The absolute maximum is 6, and f takes it at (2, —2).
The absolute minimum is 1, and f takes it at (1,0).
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1.5.3 EXERCISES

1.

Find the local maximum and minimum values and saddle point(s) of the
functions:

(a). flz,y) =2 +ay+y*+y .
(b). f(z,y) =2° +y° + 3xy

(¢). flz,y) =2 —a* + 227 — >
(). flz,y) =a* — 222 +y° - 3y.

. Find the absolute maximum and minimum values of f(z,y) = 24y -2

on the closed region with vertices (2,0), (0,2) and (0, —2).

Find the local maximum and minimum values and saddle point(s) of the
functions:

(a). flz,y) =4a® — 2%y +y* .
(b). f(z,y) = 22> — 32% + 39> — 6y +2 .
(¢). flz,y) =2t +y°+322 -3y .
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1.6 Lagrange Multipliers

1.6.1 Lagrange Multipliers (One Constraint)

To find the extreme values of f(z,y)

subject to a constraint g(z,y) = k. z
Let z = f(z,y) be the gray surface, g -
and g(x,y) is the blue curve represent- |

ing the constraint in the zy-plain.
Note that the level curves f(z,y)
touches ¢(z,y) at the points where
f(z,y) have minimum and maximum
values.

This means that V f(x,y) is parallel to
Vg(z,y) at these point.

Find these points by solving the equa-
tion: V f(z,y) = AVg(z,y),

where A € R and Vg(x,y) # 0. )
Evaluate f(z,y) at these points, The y
largest is the maximum value of f and

the smallest is the minimum value of f.

Example (1): Find the extreme values of the function f(z,y) =1+ 2y on the
circle z2 4+ 3% = 1.

Solution:

f(z,y) =1+ xy and g(z,y) = 2* +y* — 1.

Vi(z,y) = AVg(z,y) = (y,2) = M2z, 2y) = (22, 2\y)

YEIAT L oa@hr) = 4N = 2 (1-4)%) =0

— T =2\y

1
If = 0 then y = 2A(0) = 0, but (0,0) does not lie on the unit circle, so (0,0)
is exclud?d. )
If)\:ii :>y2(:|:2)35 = y==xx.
From the constraint : z? 49> =1 —= 22° =1 — oz =+—.
. V2

1
This means = + 2 =1 = y=+—.
B Yy Yy \ﬁ

. 1 1 1 1 1 1 1 1

So, There are 4 points (\/i’ ﬁ), (\/5’ 2),(2, 2) and (\/ﬁ’ %
(L) e Ll
V2 V2 V242 2 2
() L
V2 V2 V242 2 2
TE RSt
V2 V2 V242 2 2
TEE EIEE =
V2' V2 V242 2 2
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3 1 1 -1 -1
The maximum value is —, and f takes it at (, ) and ( > .
2 V2 V2

V2 V2
The mini e is ~ dftk'tt(_ll) d(1_1>
€ minimum value 18 —, an aKes 11 a —, — = an —, T = .
2 V2 V2 V2 V2

Minimum value of z = 1+ zy Maximum value of z = 1+ zy
onz?+y?=1 onz?+y?=1

Note: to find the extreme values of f(x,y,z) subject to a constraint

g(x,y,z) =k, where k € R.

(1). Find the points that satisfy the equation V f(z,y, z) = AVg(z,y, 2)
fo(®,y,2) = Aga (2,9, 2), fy(wv Y, z) = )\gy(flf, y,2) and f.(z,y,2) = Ag.(,y, 2).
(2). Evaluate f(z,y,z) at these points, The largest is the maximum value of f
and the smallest is the minimum value of f.

Example (2): Find the points on the sphere 22 + y* + 2% = 1 that are closest
to and farthest from the point (2,2,2).

Solution:

Let f(z,y, z) be the function of the square of the distance between any point in
the sphere and the point (2,2,2), then f(z,y,2) = (x—2)*+ (y —2)? 4+ (2 — 2)%
Let g(x,y,2) = 2® + 22 + 3°> — 1 = 0 be the constraint.

Vf(x,y,z) = )‘VQ(I'JJ;Z) = <2(£U - 2)72(y - 2)72(2 - 2)> = >\<2x,2y,2z>

2(x—2) =2 x—2= A\ z(l—X)=2
20y—2)=2y = Jy—-2=\y = y(l—-XN)=2
2(z—2) =2z z—2=M\z z1-X)=2

IfA=1thenz—2=2 = —2=0,s0 A# 1.
Therefore, 2(1 —X) =y(l =N =2(1-)) = z=y ==z

1
So, 22+ 12 +2 =1 = 3?=1 = z=+—

1 v3
Hence, z=y=2=+—.
Y V3
1 1 1 -1 -1 -1
The required points are <, —,— ] and <, —, ) .
V3 V3 V3 3'V3 V3

[

() () () () )
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GAD -GGG )

Th ( 1 1 1 > Y4yl =1

e point [ —, —, — 1

peint { 5 75 73 /
is the closest to (2,2,2). = ‘xw Y
1 -1 —1> 7

The point | =, —=, —=
b (\/3 3 V3
is the farthest to (2,2,2).

xr

Example (3): Find the maximum volume of a rectangular box without a lid,
where its surface area equals 12 cm?.

Solution:

Suppose the sides of the rectangular box are z, y and z.

The volume of the rectangular box is V(z,y, z) = xyz, subject to the constraint
20z + 2yz + yz = 12.

The constraint is g(z,y, z) = 22z 4+ 2yz + zy — 12 = 0.

VV(x,y,z) = AVyg(z,y,2) = (yz,zz,2y) = M2z +y,2z + = + 2z + 22)

yz = A2z +v) zyz = M2xz + xy) — (1)
xz=AN2z42) = xyz = N2yz + zy) — (2)
zy = A2z + 2y) xyz = N 2xz + 2yz) — (3)

If A =0 then V(x,y,2) =0.
Ifx=0,y=0o0r z=0, then V(z,y,2) =0.

If X # 0, From equations (1) and (2) :
A2zz4zy) = AN2yz+ay) = 2xz+ay = 2yztay — 2xz=2yz — x =y.

From equations (2) and (3), and x =y :
A2yz 4+ zy) = M2z + 2y2) = 2wz + 2% =22 + 222
— ¥ =212 = 2 - 202=0 = x(z—-22)=0 = =2z

From the equation of the constraint and z =y = 2z :
422 4422 +42°=12 = ’=1 = z=landax=y=22=2.

The sides of the rectangular box are 2, 2 and 1, and its maximum volume
is 4 cm?.
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1.6.2 EXERCISES

1. Use Lagrange multipliers to find the extreme values of the function subject
to the given constraint:

(). flz,y) =a®—y* 2®+y* =1.
(b). flz.y)=aye ™V 20 —y=0.
(). flz,y,2) =ay’z, 2* +y° +2° =4.
(d). flz,y,2) =a* +yt +2* 22 +y> + 22 =1.
2. Find the extreme values of f on the region described by the inequality:
(). f(z,y)=a?+y> +4o —4y , 22 +942<9.
(b). flz,y)=e" 2> +4y* <1.

3. Show that the problem of finding the minimum value of f subject to the
given constraint can be solved using Lagrange multipliers, but f does not
have a maximum value with that constraint:

(a). flw.y)=a"+y* ay=1.
(b). f(r,y,2) =2* +2y* +32% , 2 +2y+32=10.
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Multiple Integrals

2.1 Double Integrals over Rectangles

2.1.1 Iterated Integrals
Suppose that f(x,y) is integrable on the rectangle R = [a,b] X [c, d], then

//f:cy ) dA = //fxy dyd:c—/ (/fxy ) .

Example (1): Evaluate the integral:

2 42 2 42
a)/ / z2y dydx,(b)./ / %y dxdy.
0

Solutlon

//xydyd:c—A (/j@d;,) d:c:/oz(xQ/ledy> dx

Fubini’s Theorem: If f is continuous on the rectangle R = {(z,y) | a <2z <b, ¢ <y < d},
b pd d b
then [[ feg)da= [ [ sa) dyis = [ [ san) dody
R a Jc c a

Example (2): Evaluate the integral // ycos(zy) dA ,
R

where R = [0,1] x [0, g]

41
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Solution: Using Fubini’s Theorem.

/ /R ycos(zy) dA — /0 : /0 " cos(ay) dedy 5 ( /0 " cos(ay) dm) dy

= /Og [sin xy)](l) dy = /02 [siny — sin(0)] dy = /05 siny dy
E) —(=cos(0)=0+1=1.

= [—cos z = —Cos
[ y}o 2

1 ks
Note : Solving // ycos(z,y) dA = / /2 ycos(zy) dydx is hard, it needs
R 0o Jo

integration by parts.

3

—~

2.1.2 Volume

If f (m y) > 0, then the volume V of the solid that lies above the rectangle
[¢,d] and below the surface z =

//fxy ) dA = //fxy dydm—//fxy dady .

Example (3): Find the volume of the solid S that is bounded by z = z?4+y*+1,
the plains x = 1 and y = 3, and the three coordinate plains.

Solution:

Note that S is the solid that lies under the surface z = 22 + 4? + 1 and above
the square R = [0, 1] x

//ery +1)dA= // 22 +y* 4+ 1) dydx

[x y+g —&—y} dx_/o (32> +9+3) — (0+0+0)]2 dx

(322 +12) dz = [2® +122], = (1 +12) — (0+0) = 13 .

-,
“

Corollary: If f(z,y) = g(x ) is continuous on the rectangle R = [a,b]X[e,d],

then//fxy ) dA = // /ag(x)dx/c h(y) dy .

Example (4): Evaluate / /

xcosy dA, where R = [0, 2] x [O, I}.
R

2
Solution:

2 ™ 2 s
// T cosy dA:/ /2 zcosy dydxr = (/ xdm) /2 cosy dy
R o Jo 0 0

- [I;]Z[siny}g =2-0[1-0]=2.
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2.1.3 Average Value

1
If f(x,y) is defined on a rectangle R then its average value is fqnq = AR // f(z,y) dA,
R
where A(R) is the area of the rectangle R.

Example (5): Evaluate f,4 of f(z,y) = zcosy on R =[0,2] x [0, %}

Solution:

fanZA(R)//RxcosydA:(z_O)iﬂ_o):
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2.1.4 EXERCISES

1. Calculate the iterated integrals :

a). /4/2(6x2y—21:) dy dx
e
o[ /j<y+y2m> -

o [ [

(e)./o/ozy\/mdydx.

11
f). / / v(u+v*)* du dv .
o Jo

2. Calculate the double integrals :

//xsccydAwhorcR {(ch)|0<:z:<2 0<y< Z}

(b). // xfildA,whereR:{(x,y)|O§a:§1, -3<y<3}.
R

c). // _ dA, where R =[1,3] x [1,2] .
rltz+y

3. Find the volume of the solid that lies under the plain 42+ 6y —2z+15 =0
and above the rectangle R = {(z,y)] —1<2<2, —1<y<1}.

4. Find the volume of the solid that lies under z = 3y — 22 + 2 and above
the rectangle R = [—1,1] x [1,2] .
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2.2 Double Integrals over General Regions

2.2.1 General Regions

First - Regions of Type I:

Let D be the region
{(my) la<z<b, gi(z) <y < ga(2)}

If f is continuous on D, then

/f< y) dA

gz(w)
/ / fz,y) dydx
g1()
g2()
=/ [ teway) i
a g1()

Second - Regions of Type II:

Let D be the region
{(zy) le<y<d, hi(y) <z <ha(y)}

If f is continuous on D, then

| ) aa
//}:2:?) f(z,y) dedy
- / ( / h(;“’ f(a.y) dw) dy !

Example (1): Evaluate / / 2xy dA, where D is the region bounded by the
D

graphs of y = 222 and y = 2% + 1.
Solution:
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Points of intersection:
22 =22+1 = 22=1
= x ==l

So, D is the region where —1 < x <1 2
and2m2§y§m2+1

// 2zy dA = / / 2zy dy dx
22
ac +1

y=x?+1

\

z[(2®+1)* = (22°)%] da

/

/ z(zt 422" +1—42") da
/ 1
5

-

x (—3z* + 222 +1) dx:/ (—3x5+2x3—|—x)dx

1 -1

1
£L' £L'
2 7" 2]_1
1 1
.

2 2 2 92/ 7

Example (2): Evaluate // (22 +y?) dA, where D is the region bounded by
D

the graphs of y = 22 and y = x.
Solution:

Points of intersection:

=z =22 —z=0

= z(z—1)=0 = 2=0,z=1
So, D is the region where 0 < z < 1

andm2§y§x b

—-21+35 9 3
105 T 105 35

Example (3): Evaluate / / xy dA, where D is the region bounded by the
D
graphs of z = y? and z = y + 2.
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Solution; )
Points of intersection:

Y=y+2 =y’ —y—-2=0

— W-2+1) =0 = y=
—1,y=2

So, D is the region where —1 <y < 2
and y? <z <y+2

2 y+2

//acydA:/ / zy dx dy

D —21 y2

2 22 y+

- Loz, o

1 y2

2
/ y[(v+2?° - (*)?] dy

2
/ y (P +4y+4—y*) dy

2.2.2 Changing the Order of Integration

2 42
Example (4): Change the order of integration to evaluate / / 5+ dy dx.
0 x

Solution:

D is the region where 0 < x < 2 and
r<y<2 y
Or,0<y<2and 0<z<y. I

2 42 )
/ / STV dy dx
0 T
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Example (5): Change the order of integration to evaluate / / cos %> dx dy.

Solution:

D is the region where 0 < y < 2 and

y’ <z <4 il 2

Or,0<z<4and 0 <y <z =
(y=vx)

2 4 X

//cos mf dzx dy E
3 T g

// cos x2 dy dx ‘

(JZ%) [y }f dx

1 H )
r? | dx ‘ : ‘ P X
1 2 3 4

O\'J>
o
o
173}
N
&

Njw
N———
Y
N

Il

—
w0
=
=}
~/
8
vl
—
—
'S
w
o
.
=
~—
o
S~—
I
w0
=
=
—~
=)
=
|
wi
122}
=
=
—
o
=

11
Example (6): Change the order of integration to evaluate / / sin (x3) dz dy.
0 Jvy

Solutlon
is the region where 0 < y < 1 and

fgxgl

Or,0<z<land0<y<az% 1

/ / sm dx dy
/ / sm dy dx

in (2°) (32%) do = < [- cos(mg)](l) .
1 _

[=cos(1) — (

cos(0))] =

2.2.3 Properties of Double Integrals
If f(x,y) and g(x,y) are both integrable on D C R?, then

- [[ @+ gl da= [[ 1w aa [[ g aa
(

2). /Dk F@,y) dA:k//Df(x,y) dA, where k € R.

(3). If f(x,y) > g(z,y) on D, then //D flz,y) dA > //D g(z,y) dA
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. If D =Dy U D5, where D1 N Dy = ¢, then

fxydA f(z,y) dA+ f(z,y) d
/ Dy D>

/ 1 dA = A(D), where A(D) is the area of the region D.

(6). If m < f(z,y) < M on D, then m A(D / flz,y) dA < M A(D) .

49
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2.2.4 EXERCISES

1. Evaluate the iterated integrals :

(a). /15/0I(8x—2y)dydx (b). /OQ/Onydexdy

(c). Al/oexmdydx

2. Evaluate / / 2y dA, where D is the region bounded by the graphs of
D

y =3z —z%and y = z.

3. Evaluate the double integrals:

Y = X X X .
(a)~//D dA, D= {(z,y) | 0<z<4,0<y<r}

x?+1
O [[ Crtwar.D—(@yl1<y<2. y-1<a<1),
(c). //Ddi,Disenclosedbythelinesy:x,yanndle.
(d). //D zy dA , D is enclosed by the curves y = 2 and y = 3z .
(e). //DxcosydA,Disboundedbythey:(),y:x2andle.

(f). // y*> dA | D is the triangular region with vertices (0,1) , (1,2) and
D
(4,1).

4. Evaluate the integral by reversing the order of integration:

1,3 1,1
(a). / / e dr dy (b). / / VY siny dy dz
0 J3y 0 Jx2

(c). Al/jimdy dx (d). /()Q/gly cos(z® — 1) da dy |
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2.3 Double Integrals in Polar Coordinates

2.3.1 ouble Integrals in Polar Coordinates

If f is continuous on the polar region R given by a < r < b and 6; < 6 < 05,
Oy b

where 0 < #3—6; < 2, then // flz,y) dA = / / f(rcosf,rsinf) r dr df.
R 91 a

Example (1): Evaluate // (42” 4 3y) dA, where R is the region in the upper
R

half-plain bounded by the circles 22 +3? = 1 and 2% + y* = 4.
Solution:

R is the region where 1 < r < 2 and
0<o<m.

/ /R (42* + 3y) dA

™ 2
= / / (472 cos® 0 + 3rsin6) r dr df "
0o J1

T 2
= / / (473 cos® 0 + 3r? sin ) dr d
0 1

:/ [T400526+r?’sin0]? do
0

[(16 cos® 6 + 8sin ) — (cos? O + sin 0)] do = / (15cos 0 + Tsin6) df

0 0

/ 15 (120N | ring| a0 =2 |9+ Linoo + 7[—cosf]g
) 2 2 2 0

15 15

5 [T 0) = 0+ O]+ 7[(=1) = (-1)] = 5~ + 14.

1 /-2 2,2
Example (2): Evaluate / / 8@t +y) dx dy
-1Jo

Solution:
R is the region where —1 <y <1 and l
0<z<1—y?
In polar coordinates. 0 < r < 1 and
—— <0< =
2 - — 2

:2/2 [In(9 + )] d0:2(1n10—ln9)/2 a6

.
2
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=2l (?) 0%, =2In (190) (g + g) =27l (190)

Example (3): Find the volume of the solid bounded by z = 4 — 22 — % and
z=0

Solution:

The surface of intersection is :

-2 -y’ =0 = 22 +2 =4

R is the region inside the circle centered
at the origin with radius 2.

In polar coordinates, 0 < r < 2 and
0<6<2m.

27 2
V:/ /(4—r2)rdrd6
0 2O
:/ /(4r—r3) dr db
0 0

:/0% {zﬁ—ﬂz d0=/027r[(8—4)—(0—0)] pr

27
:4/ d9 = 407" =4 (21 —0) = 87 .
0

NOTE: If f is continuous on the polar region R = {(r,0)|61 <0 <0, ¢1(8) <r < g2(0)},
02 rg2(0)
then // f(z,y) dA = / f(rcos,rsinf) r dr df.
R 01 Jg1(6)

2 pV2z—1z2 .
Example (4): Evaluate/ / (2 +9y*)2 dy dx.
o Jo
Solution:

R is the region where 0 < z < 2 and
0<y <2z — a2
y=+2zr—22 = y?>=2z—2> tcosi

y = V2x— 122 is the upper-half of

the circle centered at (1,0) with radius
1.

n

Note that : y = 2z —22 = > =20 —2? = 2>+ =22
= 72 =2rcos = r=2cosf.

In polar coordinates, 0 < r < 2cosf and 0 < 0 < g
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2 V2zx—1x2 2 cos 6 2cos 6
// (a: + %) dydx—/ / rrdrd&—/ / r? dr df
0o Jo

f/ cos’ 9d9*§/ cos? 0 cos® do
3 Jo 3 Jo

s

3
/ (1 — sin? 9) cosf db = 2/5 (cosﬁfsin20 cos9) do
0 0
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2.3.2 EXERCISES

1. Evaluate the given integral by changing to polar coordinates.

(a). // (2x —y) dA , where R is the region in the first quadrant enclosed
R

by the circle 22 4+ y? = 4 and the lines z = 0 and y = .

(b). // e %" dA , where R is the region bounded by the semicircle
R
x = /4 — y? and the y-axis.

(c). / cos /22 + y2 dA , where R is the disk with center the origin and
R

radius 2.

2. Use polar coordinates to find the volume of the given solid.

a). Under the paraboloid z = z? + y? and above the disk z + y? < 25 .
b). Below the cone z = /22 + »2 and above the ring 1 < 22 4 3? < 4.
c).

(
(
(
(d)

Below the plain 2z 4+ y + z = 4 and above the disk 2% + y? < 1.
. Inside the sphere z24y%+2? = 16 and outside the cylinder 2% +y? = 4.
(e). Above the cone z = v/z2 + 2 and below the sphere 2%+ + 2% = 1.

(f). Bounded by the paraboloids z = 6 — 2% — y* and z = 227 + 2y°.

3. Evaluate the iterated integral by converting to polar coordinates.

2 pVA—a? s o
(a). /0 /0 e " 7Y dydx .

3 pV1-v?
(b). / / xy® dx dy .
0 JV3y
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2.4 Triple Integrals

2.4.1 Triple Integrals over Rectangular Boxes

Fubini’s Theorem:
If f is continuous on the rectangular box E = , then

// flzyy,2z) dV = ///facy, dmdydz—///fxy, dy dzx dz
:/C/T/af(x,y,z)dxdzdy:/c/a/rf(x,y,z)dzdxdy
Z/ab/:/cdf(x,y,z)dydzdx:/ab/cd/:f(x,y,z)dzdyda:.

Example (1): Evaluate /// zyz® dV , where E = [0,1] x [0,2] x [0, 3].

Solution:

///xyz av = ///myz dzdydx_//xyl{ ]2 dy dx
[ [wesf [ 2o -

_9/ 20 dr =9 [2?], =91 —0]=9.

2.4.2 'Triple Integrals over General Regions

First - Regions of Type I:
Case (1) :

Let E be the region where
(z,y) € D and

ul(xvy) <z< U’Q(xay)'

z=1y(x,Y)

z=u1(X,y)

If f is continuous on F, then

///fa:,y,z ) dV
// (/UZ(:} (z,9,2) dz) dA. i

Case (2) :

Let E be the region where
a<z<b gi(r) <y < golw)
and v (z,y) < z < us(x,y).

If f is continuous on FE, then

// f(z,y,2) dV

E
b rg2(z) uz(%y

:/ / / f(z,y,2) dz dy dx.
a Jgi(z) Jui(zy)
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Case (3) :

Let E be the region where
c<y<d, hi(y) <z < h(y)
and v (z,y) < z < wug(x,y).

If f is continuous on E, then
x,y,z) dV

/ / I

E

/d/h2(y) uz(x,y)
e Inw

NOTE: /// 1 dV = V(E), where V(E) is the volume of the region E.
B

flx,y,2) dz dx dy.
l(z’y)

Example (2): Find the volume of the solid bounded by the cylinder z = 32
and the plains z =0 and x + z = 4.
Solution:

z

y
X+z=4 21 —
— y=1x
i
z=0 0 X
/ ) 4
y i
n y=-x el

Let E be the region bounded by the cylinder # = y? and the plains z = 0 and
T+ z=4.

Note that z = 0 intersects x + z = 4 at the line where x = 4 and z = 4.
OnE:0<2<4, —Vz<y<yz,0<z<4—x.

1 7 pdz NG 4 Ve
V(E) = / / / 1dz dy dx = / / [z]g_m dy dx = / / (4—z) dy dx
0o J—yvzJo 0 J—vz 0 J-vz
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Another Solution :
OnFE:-2<y<2,3’°<z<4,0<z<4-u=x

27 ;4 pd—a
E) = / / / 1dzdx dy .
—2 y2 0

Second - Regions of Type II:

X = u(y,2)

Let E be the region where z
(y,2) € D and

ul(y7z) <z < Ug(y,Z).

If f is continuous on F, then E D

// f(x,y,2) dV X
u2(y, Z)
// / flz,y,2) dz | dA. X = u1(y,2)
u1(y,z)

«<

Third - Regions of Type III:

y = ua(x,2)

Let E be the region where
(z,%z) € D and
ui(z, z) <y < wus(x, 2).

If f is continuous on E, then D E
/ f(@,y,2) dV J

uz(z, Z)
// / f(z,y,2) dy | dA.
uy(z,z) y = u1(x,2)

Example (3): Evaluate /// Va2 + 22 dV, where E is the region bounded

E
by the paraboloid y = 2% + 2z and the plain y = 4.
Solution:
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2 D

Note that y = 22 + 2? intersects y = 4 at z* + 22 = 4.

So, E is the region where 22 4+ 22 <y <4, —\/4—22 < z < /4 — 22 and
—2<x <2

Vi—z2 4
/// 22+ 22dV = / / / Va2+ 22 dy dz dx
Va—zZ Jx24 22

Vi—z? Va—z2

/ / 2+22\/m2+22dzda:—/ / (2® + 2] Va2 4 22 dz dx
Va—zZ Va—zZ :n2

Using the polar coordinates x = rcosf and z = rsin#6,

2 Va—x? 21 2
/ / 4— x2+z2]\/x2+z2dzdx:/ / (4 =73 rrdrdd

27 27 27
/ / —r? )r drd@—/ / 4r? —pt drdé?—/ 4——— d9
0 3 5

95 95 1287
= 4=-=) 2r-0)=2r = -Z)=20(=—= )7 = :
( 3 5>(7r 0) 7T<3 5) <3 5)” 15

Example (4): Find the volume of the solid bounded by the surfaces y = 4— 22,
z=—-1,z=2and y=0.

Solution:

Let E be the region bounded by the surfaces y = 4 — 2%, 2 = —1, z = 2 and
y=0.
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The surface y = 4— 22 intersects the plain y = 0 at the two lines passing through
z=+£2.
On F : —1§x§2,0§y§4—22 and —2 < z < 2.

ver = [[[a=[ [ / dy dz de
_ /21 /22 W)t dz do = /21 /22 (4— 22)dz do
-] e 5) - (oe5)] [

. (16_?> (2—(—1)):3(16—?) —48-16=32.
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2.4.3 EXERCISES

1. Evaluate the iterated integral.

1 2y T4y 2 2z Inx
(a). / / / 6xyz dz dx dy (b). / / / ze Ydydrdz
o Jy Jo 1 Jo Jo
2. Evaluate the triple integral.

(a). ///Ey dV | where

E={(r,y,2) |0<2<3,0<y<z,r-y<z<ax+y}.

1
(b). //E s dV , where

E:{(z,y,z)|0§y§1,0§z§y2, 1§9:§z+1}.

(). /// 6xy dV , where where E lies under the plain z = 1+ x +y and
E

above the region in the zy-plain bounded by the curves y = v/ , y =0 ,
and x = 1.

3. Use a triple integral to find the volume of the given solid.

(a). The tetrahedron enclosed by the coordinate plains and the plain
2v+y+ 2z =4

(b). The solid enclosed by the paraboloids y = 22+ 2% and y = 8 — 2% — 2.
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2.5 Triple Integrals in Cylindrical Coordinates

2.5.1 Cylindrical Coordinates

If P(x,y, 2) is a point in R*\ {(0,0,0)},
then its cylindrical coordinates
P(r,0,z) are :

r =22+ 12,

6 = tan~! (%), where x # 0,

and z = z.

Note: r € R and 0 € [0, 27].

If P(r,0,z) is given, the the Cartesian
coordinates are :
r=rcosf ,y=rsinf and z = z .

Important equations in Cylindrical coordinates

(1). r = rg, where ro # 0.
r=rg = r’=rg

2., ,2_ 2
— " +y =ry.

A cylinder,
centered at the origin,
and its radius is rg.

(2). z=c, where c € R.

All the points (z,y, c) in R?,
where z,y € R.

A horizontal plain,
parallel to the xy-plain,
and passes through (0,0, ¢).
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(3). 0 =6y, where 0, € [0, 27].

0 =60, = tan(f) = tan (6,),
— % = tan (6p)
= y = tan () x.

A vertical plain,
passes through the origin.

(4). z =1, where r # 0.

z=1r = z=+\/22+y>%

A Cone.
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2.5.2 Triple Integrals in Cylindrical Coordinates

Suppose f is continuous on E = {(z,y,2) | (z,y) € D, ui(z,y) < z < ua(z,y)},
where D is given in polar coordinates by D = {(r,0) | 91 <O <y, r(0) <r<ry)},

92 7‘2(9) ’U,2(’I‘ 9)
then // flz,y,z) dV = / / / f(rcosO,rsind, z) r dz dr db.
E 91 7‘1(0) ul(r 9)

Example (1): Find the volume of the solid within 2% +y? = 4, bounded above
by z = 22 + y? and below by z = 0.
Solution:

E:{(T,G,z)|0§0§2ﬂ', 0<r<2, O§z§x2+y2:r2}.

27 2 12+y2 27 2 r2
Volume:///dV:/ // rdzdrd@z/ // r dz dr df
27
/ / zordrdQ—/ / r? — rdrd@-/ /r dr df

_/O {%]Ode_[é—o} [ a0 = a2 —0) = 5
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Example (2): Evaluate /// z dx dy dz, where E = {(m,y,z) [0<2z<+4—2%2— yz}.
Solution: o

z = /4 — x2 — y? is the upper-half of the sphere centered at the origin with

radius 2.

VA4 —22 —y2 =0 = 22 +y? =4, the upper-half of the sphere intersects the

plain z = 0 at the circle centered at the origin with center 2.

E:{(T,0,2)|0§9§277, 0<r<2, OSZS\/4—x2—y2:\/4—r2}.

y

2

1 27 2 1 27 2 1 2" 472
:—/ / (4—r2)rd7‘d6=—/ / (4r—r3)drd9=—/ [21"2——] de
2Jo Jo , 2Jo Jo 2.Jo 4 1o

1
=584 [ do=202r—0)=dr.
0

Example (3): Find the volume of the solid bounded above by z = 2 — 2% — 32

and below by z = /22 + y2.

Solution:

z=2—2%—y?> =2 —r? intersects z = \/22 +y2 = at :
2—r?P=r = r?+r-2=0 = (r+2)(r-1)=0 = r=1.
(Note that r = —2 is excluded because r > 0).
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E:{(T,G,z)|0§0§2ﬂ', 0<r<it, r§z§2—r2}.

2 1 p2—r2 2,1 )
Volume:///dV:/ // dzrdrdez/ / (2277 7 dr df
27 27
/ / —r —rrdrd@—/ / —r3 — 2 4 2r) dr df
%8

rt 5
/0 [ 1 3—1-7“}0 do = ( 1 3—1— ) ; df = 12(7r 0) 5

\/1 y2 \/1 x2—y2
Example (4): Evaluate the integral / / / dz dx dy

Solution:

Note that 0 <y <1, —\/1—9y2 <z <y/1—9y?2and 0 <2< /1 —x22—y2.
=+/1-22—92 = 22+ 9%+ 2% = 1 represents the upper half of the unit
sphere.
1—y? = 2% +y? =1 represents the right half of the unit circle.

z=—\1—9y2 = 2?4+ y? =1 represents the left half of the unit circle.

ke T ] w17

In cylindrical coordinates: 0 <0 <7, 0<r<1land 0<2z<+1-—7r2

//\/19/\/1 o dzd:cdy-///erdzrdrdH

//Mrdrde_——// (1=72)% (=2r) dr do

-3 [3 (1—7')3}0/0 =~ <o—§> (r=0)= .
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Example (5): Find the volume of the solid inside the sphere R |
and above the plain z = —.

V2
Solution:
Note that 22 + y? + 22 = 1 intersects
1 1
z= 7 at 22 +y? = 5 which is a circle

centered at the origin and its radius is
1

vz
The solid is bounded above by

the upper-half of the sphere, and below
by the plain.

x2+yz+zz=1
?+yi =1
= z=\1-a22—y2=+1-1r2
1
The cylindrical coordinates of the solid : 0 < r < 75 0<0<2r
1
and — < z<y1-—-12.
\/5— —
g5 VISP 2 1 VI
V= / / dz rdr df = / do / / dz r dr
0 01 L 01 o .
V2 — 73 1
=07 2[z]j Tzrdr—(27r—0)/2<,/1_,ﬂ2__>rdr
0 2 0 V2 1
1 3 1
V2 r 1 (1=r2)3 2|7
=27 rvl—r2——| dr=2r|—= _
/0 ( \/§> [ 2v2 |,
3

) < 1 1 1) o ( 1 3 +_1>
= i —_—_—_—— — —_ = — S —
32v2  4v2 3 3\ 2v2 42
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2.5.3 EXERCISES

1. Evaluate /// V12 +y2 dV , where E is the region that lies inside the
E
cylinder 22 4+ y? = 16 and between the plains z = —5 and z = 4.

2. Evaluate /// z dV , where E is enclosed by the paraboloid z = z? + 3>
E
and the plain z = 4.

3. Evaluate /// (x+y+z)dV , where E is the solid in the first octant
E
that lies under the paraboloid z = 4 — 22 — ¢

4. Find the volume of the solid that lies within both the cylinder z? +y? = 1
and the sphere 22 + y? + 22 = 4.

5. Find the volume of the solid that is enclosed by the cone z = \/x2 + y?
and the sphere 22 + y% + 22 = 2.

6. Find the volume of the solid that lies between the paraboloid z = 22 + />
and the sphere 22 + y% + 22 = 2.

7. Evaluate / / / xz dz dx dy.
4 y2 z2+y

3 V9—y?  9—x?—y?
8. Evaluate / / / V2 +y? dz dy dx.
-3Jo 0
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2.6 Triple Integrals in Spherical Coordinates

2.6.1 Spherical Coordinates

If P(z,y, 2) is a point in R3\ {(0,0,0)},
then its spherical coordinates
P(p,0.9) are :

p=Va2+y?+22
0 =tan~! (Q)7 where x # 0,
x
and ¢ = cos™! (;), where p # 0.
Note: p >0, 6 € [0,27] and ¢ € [0, 7).

Note that if P(p, 0, ¢) is given then :
sing = r = r = psin¢ and cos¢ = z = z=pcos¢ .
p

So, x =rcosf = pcosfsing and y = rsinf = psinfsing .
Important equations in Spherical coordinates

(1). p = po, where py > 0.

p=po = p°=pp
= 2> +yP+22 =17
A sphere,

centered at the origin,
and its radius is po.

(2). 6 = 6y, where 6y € [0, 27].

Since ¢ € [0, 7] then

sing >0 .

If @ € [0, 7] then :

y = psinfsing > 0

0 = 0y represents a half-plain.

If 6 € [m,2x] then :
y = psinfsing <0
0 = 0y represents the other half-plain.
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(3). ¢ = ¢o, where 0 < ¢ < g

z
cotp=—- = z=r coto,

r
= z=cot¢ 2 +y?

T y
Since ¢ € (0, 5) then
cot ¢ > 0. X
¢ = ¢o represents an upper cone.
T z
(4). ¢ = ¢o, where 5 < ¢g < .
y

z

cotp=—- = z=r coto,
r

= z=cotd /22 + y?

Since ¢ € (g, 71') then
cot ¢ < 0.
¢ = ¢o represents a lower cone.
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2.6.2 Triple Integrals in Spherical Coordinates

// flz,y, 2) dV = /T2/92/bfp,9,¢ p*sing dp df do

where E = {(p,0,¢) |a<p<b, 6 <0<0y, ¢1 <P <o}

\/1 y? \/1 z2—y?
Example (1): Evaluate the integral / / / dz dx dy

Solution: Referring to Example(4) in section (2 5)

In Spherical coordinates :
0<p<1,0<0<7m,and0< ¢ <

//wy/wﬂﬂwmw
///ps1n¢dpd0d¢
([ ) ([ o) ([ )

- [%SI [~ cosg|E (07 = (% —0) (~cos (5) +cos(®) (r—0)=7.

0ol

Example (2): Evaluate the integral / / / 4z dV |, where E is the region
E

bounded above by 22 4 42 + 22 = 4 and below by z = 0.
Solution:

Note that 22 + y? + 22 = 4 intersects
2z =0 at 22 + % = 4 which is a circle
centered at the origin and its radius is 2.

FE in spherical coordinates:
0<p<2,0<0<2rand 0<¢p <
z=pcos¢p = 4z =4pcos¢ .

I

/2w/ / (4pcos ) p S1n¢dpd¢d9_/2”/ / (4p%) (cos & sin @) dp db db
(/0 4p° dp> (/0 cos ¢ sququ) (/o dg) [4]5 {Slr; qﬁL o

— (16— 0) (%—o) (27 — 0) = 167 .

™

()




2.6. TRIPLE INTEGRALS IN SPHERICAL COORDINATES 71

Example (3): Find the volume of the solid inside the sphere 24yt 422 =1
and above the plain z = —.

V2

Solution:

Note that z? + y% 4+ 22 = 1 intersects
1 1
z= 7 at 2% +y% = 3 which is a circle

centered at the origin and its radius is

%

1
Z=pcos¢p = cosp=——
- V2 ERCES
= ¢=17

P24yt =1 = p=1 z—iﬁ COS¢—L:> —;
Y r ’ V2 r V2 r V2cos ¢
1
The spherical coordinates of the solid : ——— <p<1,0<6<2x
V2cos¢

and 0 < ¢ <~ .

4
27 T
V=)
0

1
1
0 V2 cos ¢
s 1
4

27 T 1
p’sing dp do df = (/ d9) </ / pZsiné dp dqb)
0 0 ey
P

_ 27 r i _2_71' g _ 1 .
_[0]0/0 [3] ) sn¢>d¢>—3/0 [1 —2\/§cos3¢]sm¢d¢

V2 cos ¢

o [T, (cos @) ®sin 27 1 (cos¢)™? B
= — _— do = — |— 4+ —-—

3 Jo sin ¢ 2v/2 ¢ 3 cos¢ 2v2 -2

320 C2al-30-)

Example (4): Evaluate /// V12 4+ y% + 22 dV, where E is the region bounded
E

above by the palne z = 3 and below by the cone z = /22 + y2.
Solution:

z=x7 + )?

Note that z = +/22 +y2? intersects
z =3 at 22 4+ y* = 9 which is a circle
centered at the origin and its radius is 3.

z=va?+y? =
pcoso = \/p2sin2¢(00829+sin29)
= pcos¢ = psing

T




72 CHAPTER 2. MULTIPLE INTEGRALS

2=3 = pcos¢p=3 = p=

cos¢’
The spherical coordinates of £ : 0 < p < % ,0<0<2rand 0 < ¢ < %

21 T roas
/// \/x2+y2—|—z2dV:/ / / * 0 0% sing dp do db
E 0 0 0

_ (/02”d9> (/0 /O”z"sp?)siw dp d¢>> _ [9]3”/02 [%]?Sinqﬁ dé

4

i - =T
= (27 —0) 32/0 (cos ) *sin dp = 8177r [%] = 27% (2\/5— 1)
. 0

Example (5): Find the volume of the solid inside the sphere 2% 4 3 + 2% = 1

and inside the cone z = 1/3(22 + y?).

Solution:

z=\l3(x2+yz) z

Note that 2 + 32 + 22 = 1 intersects

z=1/3(z?+y?) at

322+ 3> =1—22 —?

— 4?4+ 42 =1

= 2%+ y2 = -

which is a circle centered at the origin

1
and its radius is 7

= VAT —

1

cosp = V3psing =— tan¢p = —

pcos ¢ psing ¢ 7
6

The spherical coordinates of the solid : 0 < p<1,0<0<2rand 0 < ¢ < %

V= Ozﬂ/og/opoSin¢dpd¢d9:(/01,02 dp> (/fsinqbdqb) (/O%da)
1

= 5], eosenf 5 = (5 -) (—? - (—1)) (2x - 0)
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2.6.3 EXERCISES

1. Change from rectangular to spherical coordinates:

(). (3,3,0) . (b). (1,-v3,23).
2. Identify the surface whose equation is p = cos ¢.

3. Sketch the solid described by the given inequalities:

(a).pSl,OSQSW,OS(bS%. (b). p<2, p<csco.

4. Evaluate /// (xz + %+ z2)2 dV |, where E is the ball with center the
)

origin and radius 5.

5. Evaluate /// y?2%2 dV , where E lies above the cone ¢ = g and below
E
the sphere p = 1.

6. Evaluate /// ze® TV gy , where E is the portion of the unit ball
E
z? + y? 4+ 2% < 1 that lies in the first octant.

7. Find the volume of the part of the ball p < a that lies between the cones
T T

= — d = —,

o) G an o} 3
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Chapter 3

Sequences, Series, and
Power Series

3.1 Sequences

3.1.1 Infinite Sequences

Definition: An infinite sequence is a function f : N — R, where f(n) = a,.
Notation: The sequence {aj,as,---} is also denoted by {a,}, - or {a,}.

Example (1): Some sequences can be defined by giving a formula for the n*®

term. ) ) 111
(a). a, = — is the n*" term of the sequence § — o =< —, =, = ... ¢,
2n 2n 2°4°8

(b). {(—1)"5(’”2)} _ {_2;“5_125}

Example (2): The Fibonacci sequences is defined recursively by
fi=1, fo=1, fa=fo 1+ fuo2,n>3
{fn} = {17172a3»5787137"'} .

3.1.2 The Limit of a Sequence

Definition: A sequence {a,} has the limit L € R, if for every € > 0 there exists
an N € N such that : if n > N then |a,, — L| < €, and we write lim a, = L .
n— oo

Definition: A sequence {a,} goes to oo, if for every positive real number M
there exists an N € N such that : if n > N then a, > M, and we write

lim a, = oo.
n— 00

(6]
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3.1.3 Properties of Convergent Sequences

Theorem: If li_>m f(z) = L and f(n) = a, where n € N then lim a, = L.
x o0

Tr—r00

1

Example (3): Calculate lim =0
) n—oo 1
Solution : Let f(x) = %
) . Inx .1 .
lim f(z) = lim — = lim — = 0 (By L’Hépital’s Rule).
T—r00 a:~>oi> x r—00 I
Therefore, lim an_ 0.
n—oo N

Theorem: Suppose lim a, = Ly, lim b, = Ly and ¢ € R, then:
n— o0 n—oo

(). lim c=c.
n—0o0
n—oo
(3). nli_}n;oc an =cLq .
(4) nll)II;o an.bn = Ll.LQ .
n L
(5). lim dn _ 21 , where Lo # 0 .

n— oo b’I’L L2

P
Power Law: lim a? = [ lim an} , if p > 0 and a, > 0.
n—oo n—oo

Squeeze Theorem for sequences: If a,, < b, < ¢, for n > Ny

and lim a, = lim ¢, = L, then lim b, =L .
n—oo n— o0 n—oo

|
Example (4): Calculate lim o

n—oo N
Soluti(')n:
0< nt_ 1.23---n _ l (2.3---n> < l<1) _ 1
|
Since lim 0= lim — =0, then lim A— (By Squeeze Theorem).
n—oo n—oo N n—oo NN

Theorem: If lim |a,| =0, then lim a, =0.
n— 00 n—oo

n

Example (5): Calculate lim
n—oo

n
1"
Solution: Let a,, = (=1) .
n
1" —1)" 1
lim |a,| = lim E=n” = lim M: lim —=0.
—_1)"
Therefore lim a, = lim (1) =0.
n— oo n—oo N

Theorem: If lim a, = L , and the function f is continuous at L ,
n—

then nh_{r;@f (an) :f(L) .
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Example (6): Calculate lim cos <z> .
n— o0 n

Solution:
lim ~ = lim 7 —=7(0)=0.
n—oo N n—o00 n

7r
Since the cosine function is continuous at 0 , then lim cos (7) =cos(0) =1.
n— 00 n

Important Note: The sequence {r"} is convergent if —1 < r < 1, and diver-
gent for all other values of r.
{ 0 if -1<r<1

e

n— oo

3.1.4 Monotonic and bounded sequences

Definition:

(1). A sequence {a,} is called increasing if a, 1 > a, foralln > 1.

(2). A sequence {a,} is called decreasing if a,+1 < ay, for alln > 1.

(3). A sequence is called monotonic if it is either increasing or decreasing.

Definition:

(1). A sequence {ay} is bounded above if there exists a real number M such
that a, < M foralln>1.

(2). A sequence {ay,} is bounded below if there exists a real number m such
that a, >m foralln>1.

(3). If a sequence is bounded above and below, then it is called a bounded
sequence.

Monotonic Sequence Theorem

Every bounded, monotonic sequence is convergent. In particular :
(1). A sequence that is increasing and bounded above converges.

(2). A sequence that is decreasing and bounded below converges.

Important Notes :
(1). If a, < by, for some n > Ny, {a,} is an increasing sequence and {b,} is
convergent, then {a,} is convergent.

(2). If a,, < by, for some n > Ny, if lim a, = oo, then lim b, =0 .
n— oo n—00
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3.2 Series

3.2.1 Infinite Series

Definition:
(1). The sum of the terms of the sequence {a,} is called an infinite series (or a

oo
series) and it is denoted by Z a, or Z Ay, -

n=1

n
(2). s, = Z a; = a1+ as + - - - + a, is called the n'" partial sum of the series.
i=1

Definition: -
If the sequence {s,} of the partial sums of the series Z an is convergent, and
n=1

oo oo

nILngO sn = s € R, then the series Z an is convergent and Z Ay, =S .
n=1 n=1
The number s is called the sum of the series.

If the sequence {s,} is divergent, then the series is divergent.

o)
1
Example (1): Show that E Pt D) is convergent and find its sum.
n(n
n=1

+1)
I (n+l)—-n 1
n+1  nn+1)  nn+1)’

1 /1 1
Sn:;i(i+1):; i_i+1)

S R R e

1
Solution : Note that — —
n

n 1 1
So, sy, =1—-—-:.
&8 ;i(zﬂ) nt 1
1
lim s, = lim <1— >:1—0:1.
o0 o] 1
Therefore, 2 D+ 1) is convergent, and ; m =1

3.2.2 Sum of a Geometric Series

o
Definition : Z ar™ (where a # 0 and r € R) is called a geometric series.

n=0

Note that s,, = a+ar+ar’+---+ar™ , rs, = rat+ar’+ar® +---+ar" +ar™ .
a(l—amtt)

Sp— 1Sy =a—ar"t! = (l—r)sn:a(l—a”H) — 5, = 1
—r

where r #£ 1.
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Sum of a geometric series :
oo

(1). If |r| < 1, then Z ar™ is convergent and its sum is 1 a

n=0
(2). If |[r| > 1, then Z ar™ is divergent.
n=0
. . . 3 3 3
Example (2): Find the sum of the geometric series 3 — 5 + 173 + e
Solution : a =3 .
a9 —3 1
r=—==—£ = ——,
aq 3 2
. .o.oa 3 3
the sum of the geometric series is = =73y =2
l-r 1-(-3) (3)

o0
Example (3): Does the series Z 327517 converge or diverge?.

n=1
Solution :
oo 9,n
2ngl—m ngl—-n __

> s 295 =D 5
n=1 n=1

e} 9 (9” 1) [e%s} 9 n—1 [e’s} 9 n
==Y (5) =2 (5)

n=1 n=1 n=0

9 9

Since |r| = ’5‘ =z> 1, then the geometric series diverges.

3.2.3 Test for Divergence

1
Example (4): Show that the harmonic series Z — is divergent.
n

n=1
Solution :
822821:1+§.
= 1+1+ 1—1—1 >1+1+ 1+1 —1+2
S R R 2" \1"1) T T2
T (L) N (R
S = 8 = — — —_ —_ — —
s= T T o \3 56 78
S R I IS
2 4 4 8 8 8 8/ 2"
So, son > 1+ g (By induction).
2
lim s9n» > lim <1—|—>:oo.
n—o00 n—oo n
. . 1. .
Therefore, The harmonic series Z — is divergent.
n:ln
Theorem : If the series Z an is convergent, then hm a, =0 .

n=1

79
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Important Note : The converse of the last theorem is not true.
oo

In other words, if lim a, = 0 then this does not mean that Z an is convergent.
n— oo el

1 |
For example lim — =0, while E — is divergent.
n—oo N — n

Test of divergence : If lim a,, does not exist, or lim a, # 0, then the series
n—oo n—oo

oo
Z an is divergent.

n=1

o0 3
Example (5): Show that the series ; anﬁ is divergent.

Solution : .
. . n 1
A an = o5 1 =370
Therefore, the series ——— is divergent.
refore, i ;Qn‘?—&-ll ivergen

3.2.4 Properties of Convergent Series

oo oo
Theorem : If Z a, and Z b, are both convergent series and ¢ € R then :

n=1 n=1
(1). The series Z (cay) is convergent, and Z (can) = CZ Qp, -
n=1 n=1 n=1
(2). The series Z (an, + by,) is convergent, and Z (an +bp) = Z G+ Z b,.
n=1 n=1 n=1 n=1
(3). The series Z (an — by,) is convergent, and Z (an —bp) = Z ap— Y by.
n=1 n=1 n=1 n=1

- 4 2
Example (6): Find the sum of the series Z < + > .
n=1

nn+1) 37
Solution :
= 1
FromExample(l),Zmzl.
<9 X2 /1\" X2/1\" 2 1 2 3
e —_ —_ = —_ — = — :——:1.
D5 Z3(3 Z3<3) 311 32
n=1 n=1 n=0 3
(o) o0 o0
4 2 4 2
nz_:l<n(n+1)+3")_nz_:1n(n+l)+;?ﬂ
= 1 =2
=4 — =4(1 1=5
P R O
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3.2.5 EXERCISES

2n
3n+1°

1. Let a,, =

(a). Determine whether {a,} is convergent.

o0

(b). Determine whether Z ay, is convergent.

n=1

2. Determine whether the geometric series is convergent or divergent. If it is
convergent, find its sum.

n—l 0 3n+1

0. g Wi g (3). go e

62n 22n 1

4).;67 z::

3. Determine whether the series is convergent or divergent. If it is convergent,
find its sum.

2

(1). Z 12—+27:1 2). Z n2—2k+5 Z
n=1 + n:l

n=1

— (5). ) (sin100)" 6). > —5—

n=1 n=1 n=1

1+

w\m
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3.3 The Integral Test

Theorem (The Integral Test) :

Suppose f is a positive, decreasing continuous function defined on [1,00), and
o0

let a, = f(n), then the series Z an is convergent if and only if the improper

n=1

integral / f(x) dz is convergent. In other words:
1

(o) o0
(1). If / f(z) dzx is convergent, then Z ay, is convergent .
1

n=1

(2). If/ f(x) dz is divergent, then Z ay, is divergent .
1 n=1
y y

f(x) f(x)

ag a as ay ap as day ds

o0
Example (1): Discuss the convergence of the series Z

n=1

1
n2+1"
Solution : )

1 the f is a positive continuous function on [1,00) .
f'(z) =

-2
ﬁ < 0 on the interval [1,00), then f is decreasing on [1,00) .

© g . tq . L
/1 x2+1dax:tlggo/1 x2+1dx:t1£20[tan "N
= lim [tanfl(t) —tanfl(l)] _rT_T_T

tro0 2 4 4
| - 1

So, /1 P dx is convergent, then nz;l I is convergent.

oo
. . 1

Example (2): Discuss the convergence of the series Z .
= Inn

Solution :

Let f(z) = s the f is a positive continuous function on [2, c0).

z Inx
—(1+1
f(z) = —U+Inz) < 0 on [2,00), then f is decreasing on [2,0) .

(x Inx)?
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< 1 . ¢ (l) . t
dr = lim ~E dx = thm [n(In )]y
2

z lnzx t—oo o Inz —00
= lim [In(In¢) — In(In2)] = co. (Note that lim In(t) = o0).
t—o0 t—o0

* 1 |
So, / dx is divergent, then Z is divergent.
2 ¢ Inz =n Inn

Definition : (The p-series)

o0
1
The series Z — where p € R is called a p-series.
n=1 ne

Theorem :
1
The p-series E - is convergent if p > 1, and divergent if p < 1.
n
n=1

Proof: 1
(1). If p <0, then lim a, = lim — = lim n™? = co. (Note: —p > 0).
n—oo

n—oo NP n—oo

o0
1
Since lim a, # 0, then E — is divergent.
nree n=1 nP
1
(2). If p=0, then a, = — =1, hence lim a, =1#0.
n n—oo
(oo}

1
Therefore, Z - is divergent.
n

n=1
(3). If 0 < p < 1, then using the integral test:

Note that f(z) = — is a positive, decreasing continuous function on [1, c0).
x

> 1 t —p+1 7t 1-p 7t
/ — dx = lim 7P dx = lim [33 } = lim [a: ]
1 1 1

xP t—oo Jq t—oo | —p+ 1 t—oo |1 —p
) ti=»p 1
ztlggo [1_]9—1_}7] =o00. (Note: 1 —p>0).

* 1 — 1
Since / — dux is divergent, then Z — is divergent.
1 2P —np

(4). If p = 1, then using the integral test:

1
Note that f(z) = — is a positive, decreasing continuous function on [1, 00).
x

oS} t
/ 1 dr = lim 1 dr = lim [lnm]ﬁ = tlim [In(t) — In(1)] = o0 .
1 oo

€T t—o0 1 X t—o00

1 1
Since / — dz is divergent, then Z — is divergent.
1 X el n

(5). If p > 1, then using the integral test:

Note that f(z) = — is a positive, decreasing continuous function on [1, 00).
xP

o t AR t 1 t
/ — dx = lim 7P dr = lim [ } = lim [1}
. P t—oo Jq t—oo | —p+1 | oo (1 — p);z;P 1

, 1 1 1 1
:hm — :077:7
tmoo [(1—p)tr=t  1—p 1-p p-1
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> 1 1
Since /1 > dx is convergent, then Z > is convergent.

n=1

o
Example (3): Discuss the convergence of the series Z - -
n
n=1
Solutlon

Z v is a p-series, where p =4 > 1, then Z —- is convergent.

n=1 nl

oo
Example (4): Discuss the convergence of the series z

%\

Solutlon
1 1 i 1
Z Z — is a p-series, where p = - < 1, then —— is divergent.
\/> n=1"7? 2 n= \/ﬁ
s 2
Example (5): Discuss the convergence of the series Z ne "
n=1

Solution : Let f(z) =« e~ then f is a positive continuous function on [1, c0).
fl(z) = e 222 e = (1-227)) e < 0on [1,00).
Therefore, f is decreasing on [1,00). Using the integral test :

oo 1 [t 1 ¢
/ X e_$2 d.’L' = hm (—/ e_xz ( ) dl‘) — hm <_ |:e_x2:| )
1 t— 00 2 1 t— 00 2 1
L Ir e 1) . 1f1r 17y 1 1\ 1
n&f&(‘ﬁe —e D—thnso(‘g[eﬁ‘e])—‘z@‘e)—ge'

o0
. — 2 . — 2 .
Since / x e~ ® dx is convergent, then g n e~ " is convergent.
1

n=1
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3.4 The Comparison Tests

3.4.1 The Direct Comparison Test

Theorem : (The Direct Comparison Test)

Suppose that Z an and Z b, are series with positive terms.

n=1 n=1
o0 o0
(1). It Z b, is convergent and a,, < b, for all n, then Z a,, is also convergent.

n=1 n=1

(2). If Z by, is divergent and a,, > b,, for all n, then Z an is also divergent.

n=1 n=1

oo .
Example (1): Discuss the convergence of the series Z ;il ;Ln .
=1

Solution :
i 1 1 1\"
Forallnzlsﬂ§7<f= — .
243"~ 243" 37 3

\" 1
Since Z (3) is convergent (a geometric series with r = 3 < 1), then

sinn
Z T 3n is also convergent (by The direct comparison test).

— 2
Example (2): Discuss the convergence of the series n; N
Solution : ) L
Foralln>2:vn—-1<+yn = NS >%
2 1 1
=

V-1~ Va-1~a-

o0 o0
1 1
Since E — = E — is divergent ( a p-series, with p =
n=2 \/ﬁ n=2

1
— < 1), then
5 N2 2

N

o0

2
Z is also divergent (by The direct comparison test) .
n=2

—n

o0
Example (3): Discuss the convergence of the series Z ii—i—l .
n
=1

Solution :
_ 1 e " 1 1
Foralln>1:e ”:e—n<1 . n‘li—l-l<n47+1<ﬁ'
— 1 < n
Since — is convergent( a p-series, with p =4 > 1), then — is also
Z A vergent( a p with p ) 7; A1

n=1
convergent.

oo
Inn
Example (4): Discuss the convergence of the series E —_—.
n

n=1
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Solution :
Since the function f(x) = In(x) is increasing on [1,00), then for all n > 3 :
1 1
In(n) > In(3) > In(e) = 1 = % >
in = is divergen -series, wi = n — i
cen:1ns verge a p-series, P < 1), the 2, s also
divergent.

3.4.2 Limit Comparison Test
Theorem: (Limit comparison test)

o0 o0
Suppose that Z a, and Z b, are series with positive terms.
n=1 n=1

a
If lim -—= = ¢, where ¢ € R and ¢ > 0, then either both series converge or

both series diverge.

oo
1
E le (1): Di th f th i .
xample (1): Discuss the convergence of the series nz::l o1
Solution : )
Note that a,, = o 1" Let b,, = on”
(=) s
on—1
lim — = lim T = lim =1>0.
o0 oo 1 n 1
Since Z — = Z <2) is convergent (a geometric series with r = 3 < 1),
n=1 n=1
o0
th — i t (by limit i test).
en ngl o 1 is convergent (by limit comparison test)

oo
Example (2): Discuss the convergence of the series Z

1
n2 -1

n=2
Solution :
Note that ! Let b 1 1
ote that a,, = ———. Let b,, = — [
vn?2 —1 InZ  ni
3/°5 2
lima—n:lim i = lim { " ={1=1>0.

n—oo n n—oo

o0

. 1 1. . . 3

Since E \3/? = g — is convergent (a p-series, with p = 5 > 1), then
n=2

> 1

E ———— is convergent (by limit comparison test).

oo

5n% +3
Example (3): Discuss the convergence of the series Z e on
n=1

3n(n?+2)
Solution :
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5n2 + 3n 5n? 5
Note that a, = —————. Let b, = —— = —.
e n = 2 1) ¢ 3nn?  3n
. an ) 5n2 4+ 3n 3" . 5n2+3n
lm —=lm |(—————— )= lm —=1>0.

N~ s (1) o 1
Since Z 30 = Z 5 3 is convergent (a geometric series with r = 3 < 1),
n=1 n=1

oo

5n% +3
then Z JW—’;; is convergent.

n=1

o0
n + 3n?
Example (4): Discuss the convergence of the series —_—
ple (4) g Z::l —
Solution : ) ) )
n“+n 3n 3n 3
Note that ¢, = ——. Let b, = — = — = —.
VNS 1 RV nz ns
im - 3n24+n no . 3n%+n%71 .
nee by e\ Vs 11 3 ) noe3vie i1

— is
— V1+nd

— 3 1 — 1+ 3n?

Since Z — is divergent (a p-series, with p = 3 < 1), then Z i
n=1"7? n=1

divergent.
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3.5 Alternating Series and Absolute Convergence

3.5.1 Alternating Series

Definition : If a,, > 0, the the series Z (—1)”+1an is called an alternating

. n=1
Series.

Theorem : (Alternating Series Test)

oo
If a,, > 0 and the alternating series Z (—1)""a,, satisfies :

n=1
(1). The sequence {ay,} is decreasing, i.e. ap41 < ay, foralln>1.
(2). lim a, =0.

n—oo
o0

Then the alternating series Z (—=1)"*a, is convergent.

n=1

=, (-
Example (1): Discuss the convergence of the series Z —_—
n
n=1
Solution : 1 1
1). Foralln>1: = —— < — = ay.
(1). Foralln >1: aps1 1 S p = on

1
The sequence {a,} = {} is decreasing.
n
=0.

(2). lim a, = lim —
n—o00 n—oo n
oo (_1 n+1
By the alternating series test, Z ———— is convergent .
n

n=1

- 2
Example (2): Discuss the convergence of the series ; (—1)"+t 4n271 T
Solution : 5
(1). Let f(x) = 4562%1 , then for z > 1:
Flz) = 2(42% — 1) — 22(8x) _ 8% — 2 — 1622 _ —2- 822 <0.
(422 —1)2 (4x2 —1)2 (422 —1)2

2

The sequence {a,} = 4n27n—1 is decreasing.
. . 2n
@) Iy on= 100 gz =1 =
> 2n
By the alternating series test, nz::l (—1)"+t 1 is convergent .
Example (3): Discuss th f the seri o
xample (3): Discuss the convergence of the series ; (-1) o1

Solution : 1
lim a, = lim i —#0.

n— o0 n—oo 2n —+ 1 - 2
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So, the alternating series test does not apply.

1
Note that if b, = (— )”“27:; -, then lim by, = > and lim byi1 = — 3.
So, hm b, = lim (—1)""'——— does not exist.
Therefore, Y (~1)"*' " is divergent (by test of di :
erefore, n:1( ) o 1 15 divergen (by test of divergence)

3.5.2 Absolute Convergence and Conditional Convergence

Definition : (Absolute Convergence)
o0

A series Z a, is called absolutely convergent if the series of absolute values

n=1

Z |ay,| is convergent .

n=1

1 n+1
Example (4): The series Z # , where p > 1 is absolutely convergent.
n=1
Sooolutlon : -
(-1t 1 . . .
Z | = Z Rt convergent (a p-series, with p > 1).
n=1 n=1
e (_1)n+1

Therefore, Z -———— is absolutely convergent.

npP

n=1

Definition : (Conditional Convergence)
oo

A series Zan is called conditionally convergent if it is convergent but not

n=1

oo oo
absolutely convergent. That is, if Z ay is convergent but Z |ay,| is divergent.

n=1 n=1
e _1)n+1
Example (5): The series Z ———— is conditionally convergent.
n
n=1
Solution :
1)n+1
Note that Z ———— is convergent (see Example (1)).
n
1 n+1 S 1
= — isdi t.
" Z - vergen
n=1 n=1
oo n+1
Therefore Z is conditionally convergent.

n=1

Theorem :
If a series is absolutely convergent then it is convergent.
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Example (6): Discuss the convergence of the series Z cosn
n=1
Solution :
’cosn B |cosn|
W\ - n2 '
Since Z — is convergent then by direct comparison test Z ‘ is conver-
n= 1
gent.
=, cosn |
Therefore, Z 5— s absolutely convergent and hence convergent.
n
n=1
Example (7): Discuss the convergence of the following series :
n+1 - 1 - n?+1
(a). Z ()" (). Y ()" —r () Y ()" o5 -
— n?+1 — 1+ny/n — (2n — 3)
SolutiO%n : .
na+1] n+1
N e
1 1
Let a,, = nzL, put b, = —, then
ns+1 n )
. Gn . n+ln) . n"+n
d = g () = =10,
Since i 1 is divergent, then Z (—1)"! ntl is divergent
" gent, n? 11 gent.
n=1 1 n=1
(1). Let f(x) = 527:17 then for z > 1 :
() = (D)(2? +1) — (z + 1)(27) _ 2?2 +1—22% - 22 _ —? — 221 <o
@+ 17 @17 @1y
1
Therefore, the sequence ntl is decreasing.
n?+1

1
From (1) and (2), the alternating series Z (—1)”_1:2—:_ T is convergent.

n=1

1
Hence, Z (-1t n;; . is conditionally convergent.
n

= 1 = 1 =1
b). " = —_— = .
()Z( ) n Zl—i—n\/ﬁ Zl+n%
n=1 1 n1=1 n=1
Let a, = —, put b, = —5, then
1+4+n2 . nz
lim & = lim =10,
n—00 bn n—>oon§+1

1
HNr———
) 14+ nvn

is convergent.

=1
Since — i
; 14+ n?
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= 1
Theref —1)"*——— is absolutel t.
ere ore,;( ) Tt nvn is absolutely convergen

n?+1 n?+1
(). Let an = (=1)" o =557 = U e —ian 59
1
lim a9, = — and lim agp41 = —-.
n— oo 4 n— o0 4
Hence lim a,, does not exist.
n— oo
> n?+1

Therefore, Z (—1)”W is divergent.
" —

n=1

91
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3.6 The Ratio and Root Tests

3.6.1 The Ratio Test

Theorem : (the Ratio Test)

o0
a
(1). If lim = < 1, then the series Zan is absolutely convergent
n—o0 CL,’L el
(and therefore convergent).
o0
(2). If lim Intll _ [ > 1or lim |2 = oo , then the series Zan is
n—oo | Qp, n—00 [ Ay, n—1
divergent.
a
(3). If lim UL 1, the ratio test is inconclusive.
n—o0 a’?’L
Example (1): Discuss the convergence of the series Z (—1)”27 .
n=1
Solution : .
1)4 2» 1 1 1 1
lim [0 | g |[(BEDT 2 g L nE N L Ly
n—oo | Gy n—00 on+1 nt n—o00 2 n 2 2

o0 4
Therefore, Z (71)”;—” is absolutely convergent.
n=1

o
577.
Example (2): Discuss the convergence of the series Z (=)= .
n!
n=1
Solution :
. (i1 . 5rtl pl an n!
lim =1 — —| = lim | ———~ —
= lim =0<1.
oo 5n
Therefore, Z (=1)"— is absolutely convergent.
n=1 n!
: "
Example (3): Discuss the convergence of the series Z —
n!
n=1
Solution : o |
n . )" ! . 1" 1) n!
lim |2 gy (DT R [ D" (A D) nt
n—oo | an n—oo | (m4+1)! n» n—o0 n! (n+1) nn
" " 1\"
— gim PEDT gy (’” — lim (1+) —e>1.
n— 00 nm" n—00 n n—r00 n
Therefore, Z n is divergent.
= n!

n— oo

1 n
Note that lim (1 + ) = e, using L’Hopital’s rule.
n
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S 1
Example (4): Discuss the convergence of the series Z (71)"% .
n=1
Solution : For n > 2,
Gnt1 In(n+1) 3" — him L

an, 3»tl In(n)| n—ooe3  In(n)

1 (w3 1 1 1
:nm<"f1>:hm T )=z <1.

1 In(n+1)

= lim
n— oo

lim
n— o0

> Inn
Theref -1t —i t.
erefore, nz::l( ) g 1S convergen

Notes :

= 1
1). The h i i — is di t.
(1) e harmonic series E ~ Is divergen

n=1
_1
= lim (2] = lim —— =1

— 1
(2). The series Z — is convergent.
n

n=1

1 2 2
. (n+1)2 . n . n 2
=1 — | =1 — =1 =(1)*=1.
nggo( L > ngrolo (n+1)2 nggo <n+1) (1)

Ap+1
an

lim

n— oo

an+1
A

lim
n— o0

3.6.2 The Root Test

Theorem : (the Root Test)

o0
(1). If lim 3/|an| = L < 1, then the series Z ay, is absolutely convergent (and
n—oo
n=1
therefore convergent).

(2). If lim {/|ap] = L > 1 or lim 3{/|an| = oo, then the series Zan is
n— oo n—oo

n=1
divergent.

(3). It ILm Y |an| = 1, the root test is inconclusive.
n o0

e} n
3
Example (5): Discuss the convergence of the series g ( nt ) .

= 3n+2
Solution : )
o 3N n+3\""
i Vlan] = lim (3n+z) —Jzeo[(gnﬂ)]
n+3 1

1o
e 3nt2 3 °

o0 3 n
Therefore, E <3n —:_ 2) is absolutely convergent.
n

n=1
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o0 n
2n+1
Example (6): Discuss the convergence of the series .
ple (6) g ; ( 3 )
Solution : )
. o 2n 41\ . 2n+1\""
d Vi = i (|3 ) | = | (555)
2 1
—lim T —2s
n—oo N+ 3
o0 n
2n+1
Therefore, is divergent.
3 (55 v
e 23n+1
Example (7): Discuss the convergence of the series —
n
n=1
Solution : .
) . ) . 23n+1 ) 93n+1\ = . 23+%
g Vleml = 0, tm ()= =0 <
0 93n+1
Therefore, is absolutely convergent.
n=1

oo n
1
Example (8): Discuss the convergence of the series g (n + > .

n
n=1
Solution : :
.o (N n+1\"1" . n+1
i il =t (| () | = | () ] = =

So, The root test is inconclusive.

1\" I
But lim (n—|— ) = lim <1+) =e#0.
n

n—oo n n—o0

o0 1 n
Therefore, Z (n + > is divergent (by test of divergence).
n

n=1
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3.7 Strategy for Testing Series

(1). Divergence test :

If lim a, #0, or lim a, does not exist, then Z ay, is divergent.

n—oo n—o00
n=1

o 2 2
2 2
7;:1 7;;_7_'_4” is divergent, because nh_)rr;o % =1#0.

. —1 —1
Z —1)"Z ) is divergent, because nh—>Holo (—1)”41; ) does not exist.

n=1

— 1
(2). p-series : It has the form Z —
—n

(oo} oo

1 1
If p > 1 then Z — is convergent, like —.
n

n=1 n 17’L2

— 1 1
If p <1 then Z - is divergent, like Z T
n

(3). Geometric series : It has the form Z ar" wherea #0and r e R :
n= 0

If |r] < 1 then Za r" is convergent, like Z Z ( >

nl n=1
n

If |r| > 1 then a r" is divergent, like —.
izt 3 s e 35

(4). Comparison test :
It is used when the series has a form that is similar to a p-series or a geometric
series, it can be used also when a,, is a rational function or an algebraic function

of n.
oo

It is used on series of positive terms, it can be used on E lay| to test for
n=1
absolute convergence.

1
is divergent, comparing it with Z —.
n

oo
n=1 n+2 n=1
= 2

is convergent, comparing it with —
z:: 1 gent, comparing nz:l
o0

1

Z f is convergent, comparing it with Z —
1 - n2

(5). Alternating series test :
oo

It is used on the series Z (=1)"a,, where the sequence {a,} is decreasing and

n=1
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o0 oo

nl;ngo a, = 0. Note that if Z a, is convergent, then Z (—1)"a,, is absolutely
n=1 n=1

convergent.

oo
—1)"
Z (3 _‘_)2 satisfies all the conditions of the alternating series test, hence it is
n
n=1

absolutely convergent. Also, ng_l - 2‘ = nE_l 2 is convergent (using
comparison test), hence E 12 is absolutely convergent.

n=1

(6). The Ratio test :

it is used on series involving factorial or other products like a constant raised
to a power n.

It is not used on p-series or rational functions or algebraic functions of n.

o 2" n 2
Z — is convergent since lim nt1] _ lim =0<1.
— n! n—oo | an n—oon + 1
(7). The Root test :
It is used on series of the form Z (an)".
n=1
= /3n2 +1\" o - 3n2 +1\" 3<1
is convergent, since lim = - .
— 4n2 +5 sent, n—00 4n? +5 4

(8). The Integral test :
It is used when a, = f(n), where f is a decreasing function on [1,00) and

/ f(z) dz is easy to calculate.
1

1
Z ——— s convergent, since f(r) = ———— is decreasing on [2,00) and
= n(nn) x(lnz
t
<1 ' 51 Inz)~' -1
/ ——— = lim (Inz)"? = do = lim (nz) = lim {}
2 z(Inx) t—o0 fq T t—00 -1 ) t—oo |Inx |,

N O N
"~ t5oo | Int In2 - In2 In2°
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3.8 Power Series

3.8.1 Power Series

Definition : A power series is a series of the form g cpx”

, where x is a
n=1
variable and ¢,,’s are real constants called the coefficients.

Notes :
oo oo

(1). If ¢, =1 for all n > 1, then Z cpr” = Z 2™ is the geometric series and
n=1 n=1

it converges When lz] <1 and diverges when |z| > 1.

1 n
If x = =, then Z x" Z <> converges to 2.

n 1
If x = 2, then Z " = Z 2" diverges.
n=1 n=1
(2). Z cn(x—a)" =co+c1(x —a) + ca(x — ¢)* + - -+ is called a power series
n=1

in (z — a) or a power series centered at a or a power series about a.

o0
—9)n
Example (1): For what values of = does the series Z (z=2) converge?
n=1
Solution : oy
Let a, = (z-2) , using the ratio test :
) n+1
lim |22 = Jim (z—=2) n — lim —~ ——Jr -2 =z —2|.
n—oo | a n—00 n-+1 (:L' — 2)” n—oon 4+ 1

The series converges when |z — 2| <1 = —-1<2-2<1 = 1<z<3.
The series diverges when [z —2|>1 = z—-2<—-lorz—2>1
= x<10rx>3

Ifx—lthenz

’I’L

is the convergent alternating harmonic

series. . .
(x —2)" 1. .
If x = 3 th — = —isd t.
x en 321 - HE:I - Is divergen

> — 9\
Therefore, E @=2" converges when z € [1,3) or 1 <z < 3.
n

n=1

o0

Example (2): For what values of = does the series Z n! 2™ converge?
n=1

Solution :

Let a, = n! ", using the ratio test :

a n+ 1) gntl
lim | 2tt| o g | (PR (n+1) |z]
n—00 | Gy n—o00 n! xn n—o00
Ap+41

If £ # 0, then lim

n—oo

= 0o. Therefore the series diverges when z # 0.

an
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Ap+1
an,

If =0, then lim

n— oo

= 0. Therefore the series converges when x = 0.

xn
Example (3): For what values of « does the series E — converge?
n!
n=1
Solution :

T . .
Let a,, = —» using the ratio test :
n!
n+1 |$‘
= lim
n—oo N +

a n!
lim |2 = lim |———
n—oo | Gp n— 00 (’n, —+ 1)' $n
Therefore, the series converges for all z € R.

= 1.
1 0<

3.8.2 Interval of Convergence

o0
Theorem : For a power series Z cn(x — a)”, there are only three possibilities:
n=1
(1). The series converges only when x = a.
(2). The series converges for all x € R.
(3). There is a positive real number R such that the series converges when
|z —a| < R and diverges when |z —a| > R.

Notes :

(1). The positive real number R is called the radius of convergence. If the series
converges only when x = a then R = 0, and if the series converges for all x € R
then R = oo.

(2). The interval of convergence of a power series is the interval that consists of
all values of x for which the series converges.

If the series converges only when x = a then the interval of convergence consists
of only one point a.

If the series converges for all z € R then the interval of convergence is (—o0, 00).
If the radius of convergence is R, then interval of convergence is (a — R, a + R).

Example (4) Find the radius of convergence and interval of convergence of

x - 2
the series Z

n?+1"

Solution :

r—2)" .
Let a,, = —5————, using the ratio test :

n®+1 +1 2 2

n —2)" 1 1

li Antl)| _ (@ ) no = 1mL\x—2|
n—oo | an, n—oo (n + 1)2 +1 (x — 2)” n— 00 (n + 1)2 +1

n?+1

=lim — |z-2|=Q1) |z -2|=|z - 2|
n—oo n? 4 2n + 2
The series converges when |z — 2| < 1, so the radius of convergence is R =1 .

Therefore, the series converges on (1,3).

o0 _1 n
If z =1, then Z T 1 = Z (2 _: T which is convergent.
n
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o0

— (z—2)" 1
If z = 3, then n; % = n; R which is convergent.
Therefore, the interval of convergence is [1, 3].

Example (5): Find the radius of convergence and interval of convergence of

— n "

Solution ) 61
Let a, = Q, using the ratio test :

2 _ n+1 n
lim | 224t | — (22 —6) nO" l fim " oz
n—oo | ap n—oo | (n+1) 57tL (22 —6)"| n—oob(n+1)

1 2z — 6

Clim = 26 = L o6 = 2220

|22 — 6]

5
The series converges when <l = 2lz-3|<b = |z —3|< 57 50

the radius of convergence is R = g .
5 5 1 11
Therefore, the series converges on (3 — 3 3+ 2) = (2, 2).
1 o~ (22— 6)" = (5" = (—-1)"
If x = > then nz::l ( "Z 5n) = nz::l (n 5)n = nz::l % which is convergent.

oo

11 (22 —6)" o= 5"
If o = —, th = =
= enn; n5n ;nm

111
Therefore, the interval of convergence is [2, 2).

1
— which is divergent.
n

1

Example (6): Find the radius of convergence and interval of convergence of
o0

. n n
the series Z %(x +3)".
n=1
Solution : n
Let a, = — (x + 3)™, using the ratio test :

- n

" 1 n+1 n
lim |22 = lim (n+D@+3) !
n—oo | A n— 00 7+l ’I’L({L‘ -+ 3)”
1 1 3
= lim nt |x+3\:f|x+3|zw.
n—oo  Tn 7

|z + 3|

The series converges when <1 = |z +3| <7, so the radius of

convergence is R =7 .
Therefore, the series converges on (—3 — 7, -3+ 7) = (—10,4).

If £ = —10, then Y %(z +3)n

Z (=1)™n which is divergent.
=1

If £ = 4, then Z 7—”(33 +3)" = Z n which is divergent.
n=1 n=1

Therefore, the interval of convergence is (—10,4).
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3.9 Representations of Functions as Power Se-
ries

3.9.1 Representations of Functions using Geometric Se-
ries

oo

1

E z":1+z+x2+x3+...:17,when |z| < 1.
-z

n=0

1
Example (1): Express T2 as the sum of a power series and find the interval
x

of convergence.

Solution :

1 1 _OO Qn_oc 1)1 20 h 2 1
1+x2—1_(_x2)_nz:;)(—33) —nz:%(_ ) r, W ere‘_ﬂ? |< .
= (P = e gt where |2 <1

|—=?| <1n::> |2?| <1 = |z|< 1.
o0

If = 41, the series Z (—1)"z*" diverge.
n=0
Therefore, The interval of convergence is (—1,1).

Example (2): Express 1:57 as the sum of a power series and find the interval

26
of convergence.
Solution :

n
=2 =z g (x6) = g2 E 2% = g %2 where ‘x6| < 1.
1— 26 1— 26
n=0 n=0

n=0

2% <1 = Jz|<1.
oo

If z = +1, the series Z 292 diverge.
n=0
Therefore, The interval of convergence is (—1,1).

Example (3): Express 5 w as the sum of a power series and find the interval
—x

of convergence.

Solution : - - -
r x oz 1z ()"_x " zntl
R (SRRl PVIC I PO P
x
h ‘—‘<1.
where |-
‘§‘<1:>|£5|<1:>|x\<5.
n+1
If x = 45, the series Z T diverge.

n= 0
Therefore, The interval of convergence is (—5,5).



3.9. REPRESENTATIONS OF FUNCTIONS AS POWER SERIES 101

1
Example (4): Express 5 as power series in x — 1, and find the interval of
—x

convergence.
Solution :
! ! ! i( )", where |z — 1] < 1
= = = x — , where |z — .
2—z l—z+1 1—(x-1)

n=0
lt—1<1l = —-1<z-1<1 = 0<z<2.
o0

If £ = 0 or = 2, the series Z (z —1)" diverge.

n=0
Therefore, The interval of convergence is (0, 2).

3.9.2 Differentiation and Integration of Power Series

oo

Theorem : If the power series Z cn(z — a)™ has radius of convergence R > 0,
then the function f defined by =
f(x) =co+cr(x—a)+ colx —a)? chaj—a
is differentiable (and therefore contmuoub) on the mterval (a — R,a+ R) and
(1). f'(z) = c1 + 2ca(x — a) + 3c3(x — a)? chn r—a)" .
(2). /f x dgg:C’Jrco(gc—a)Jrcl(gc;a)2 +62(:c—3a)3 N

+1

(x —a)™ .
=C+ Z ¢,——— , where C' is a constant.

The radn of convergence of the power series in (1) and (2) are both R.

Notes : Equations (1) and (2) in the last theorem can be rewritten as :

(1). % [i enl — a)”] . i Lgccn(x ~ a)n] .

n=0 n=0
2). / [ch(x—a)”] dmzz {/cn(ac—a)" dx}
n=0 n=0
1 . . .
Example (5): Express =2 as a power series, and find its radius of con-
-z
vergence.
Sc(l)hltiOIll : p .
= = (1-2)=(-)1-2)2(-1)=——.
|| m 007 = 02 = o
1 oo
Note that -2 l+z+a’+2°+ - = ZCE", where |z] < 1.

n=

0
1 d d [e’e} [e’e} d . o'} . [e’e} B
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an L1420 +322+42% + - .

l—x
n=1

1 o)
= Z z"™ is R = 1 then the radius of
—x

Since the radius of convergence of

convergence of ——— E nz" !is also R = 1.

(1—x)?

Example (6): Express In(1 + x) as a power series, and find its radius of con-

vergence.
Solution :
112 dr=In(l4+z)+c
1 1 o0 o0
Note that vz 1= =) = HZ:;) = z_: a", where |z| < 1.
1 — n, .n - n, .n
ln(l—i—x):/l_'_md;v:/lnz_:o(—l)x d;vznz_:o[/(—l)x dx}
0 n+1
nz n+1+C Z —-1)"" 1:0 + C', where |z| < 1.
Put « Olnthelastequatlon 1(1+0):0+C’:> C=0.
Therefore, In(1 + x) i( 1)"713:” v +x3
refore, In x) = - o
’ —~ n 2 3
The radius of convergence of In(1 + x) Z — isR=1.

Example (7): Express tan™'  as a power series, and find its radius of conver-

gence.
Solution :
152 dr =tan 'z +c.
1 oo
From Example (1), 152 T;}(—l)”xzn , where |z| < 1.
1 >
—1 _ _ n 2n _ n 2n
tan x—/wdx—/[;(lm]dx Z/ dx
0 x?n-&-l
= Z (=" + C , where |z| < 1.
= 2n+1
Put = 0 in the last equation : tan™'(0) =0+ C = C =0.
oo Z,Qn—i-l m3 .I‘S
Therefore, tan_lx:nz:%(—l)" 1t §+€ -
) 0 x2n+1
The radi f ftan™ z = 1" R =
e radius of convergence of tan™" z Z (-1) 5y

n=0
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3.10 Taylor and Maclaurin Series

3.10.1 Definitions of Taylor Series and Maclaurin Series

oo

Theorem : If f has a power series representation at a, that is f(z) = Z en(z —a)",
n=0
. o f™(a)
where |z — a| < R, then the coefficient ¢, is given by ¢, = —
n!

o~ f"(a) n
Therefore, f(x) = ZO oy (x —a)”,

n—=

! 1" "
or f@) = f0) + LD o -0y 1 T 0o T gy

. — f"(a) n o :
Definition : f(z) = Z —(z —a)" is called the Taylor series of the
n!
n=0

function f at a ( or about a, or centered at a).

> £(n) ()
Definition : If a = 0 in the Taylor series of f, then f(z) = E / '( )a:" is
n!
n=0

called the Maclaurin series of f. In this case :
! 0 " 0 " 0
fla) = 50 + L0 L0 g2 OO

Example (1): Find the Maclaurin Series and its radius of convergence for the

function f(z) =

Solution : b

fa)= 1 = fO)=1=0!
@)= = O =1=1
f'@) = e = /'O =2=2
1) = e = "0 =6=3
F () = (112_3#)”1”1 — f™(0) =n!.

1 1 |
The Maclaurin series for f(z) = is = Z o — Z "

An+41
anp, x™
Therefore, the Maclaurin series converges when |z| < 1. Hence R =1 .

= lim

n—oo

Let a, = 2", then lim
n— oo

Example (2): Find the Maclaurin Series and its radius of convergence for the
function f(z) =e” .

Solution :

Note that f™(z) = e, so f™(0) =€ =1.
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oo oo

. . . 1 x”
The Maclaurin series for f(x) = e is ¥ = E =zt = E — -
i n! — nl
x” Gnt1 vt pl x
Letan: , then lim ntl) = — — | =1 2] =0<1.

Therefore, the Maclaurin series converges for all x € R. Hence R = oo .

3.10.2 Remainder of a Taylor series

Definition :

Mg

(1) n i P (@)
Suppose f(z) = i!(a) (x — a)’ then f(x Z —a)'+ Z ! i!(a)

1=0 1=0 i=n+1
fo (a) i th .
Z (x —a)’ is called the n*"-degree polynomial of f at a, and
=0
c- f“ (a
Z A (x — a)’ is called the remainder of the Taylor series.
1=n—+1 :

Theorem : If f(x) = T,,(z) + R, (x) , where T}, (z) is the n'"-degree polynomial
of fat a,and If li)m R, (z) =0 for |z — a] < R, then f is equal to the sum of
n oo

its Taylor series on the interval |z —a| < R .

Theorem : (Taylor’s Inequality)
—~ fP(a) R A ) i
Suppose f(z) = Z A (x —a)' + Z p (x—a)' =Ty(x)+ Rp(x) .
i=0 i=n+1
If ’f(i)(z)‘ < M for |x —a] < d and for all ¢ > n + 1, where M and d are
positive real numbers, then the remainder R, (z) of the Taylor series satisfies

|z —al™  for |z —a| <d .

the inequality : |R,(z)] < CE
In this case, lim |R,(x)| =0, hence lim R, (z) =0 for all values of x.
n— oo n—oo

Example (3): Show that e” is equal to the sum of its Maclaurin series.
Solution : 4

f@)=e* = fO(z)=¢" foralli>1.

If |z| < d where d > 0, then ’f(i) ‘ =e® <el foralli>n41.

So Taylor’s mequahty, with @ = 0 and M = e is

[Rula)| < 5yl for o] <.

d
e
Therefore, lim |R, fl —
refore, lim |R,(z)| = lim L )
© .n

So7e$:2%:1+x+?+~-~ , for all z € R.

el =0

n=1
)

1 1
Note:Iflethene:Z —1+ + = +3'+




3.10. TAYLOR AND MACLAURIN SERIES

Example (4): Find the Taylor series of f(z) = e” at a = 2.
Solution :
flx)=¢€" :> f(")( y=e* = fM(2)=¢?, for all n.

1@ gy 52y

So, e” Z —2)" = nZ:O T for all for all x € R.
00 _ 9 z oo _ 9
Another Solution : ¢*~2 = % — % — Z %

—0
9 m—2 s x—2
— ¢ —ez Z

Example (5): Write the function f(x) = e lasa Taylor series of x.

Solution : - o -
x 1 2"
flz) = "l =gl = ¢! g ( ‘) = E fx— for all = .
n! e n!
n=0 n=0

3.10.3 Taylor Series of Important Functions

105

Example (6): Find the Maclaurin series for sinz and prove that it represents

sin z for all z.

Solution :

f(x) =sinz = f(0) =sin(0) =0 .

f'(x) =cosz = f'(0) =cos(0) =1.

f'(x) = —sinz = f"(0)=—sin(0)=0.
f"(x) = —coszx = f'(0)= —cos(O) =—1.
f(4)( ) =sinz = f(4)(0) =sin(0) =0 .

3 x5 z’ = o
Therefore, smx—x—y—l-g W_‘_ T;)(_l) m :

Since f((z) = +sinx or +cosz for all i > 1, then ’f(i)(x)‘ <1.
Taylor’s inequality, with a =0 and M =1 is

|R,(z)| < (1) |z|" T for |x| < d , where d > 0.
|x|n+1
Therefore, lim |R,(z)] = lim ——— =0
' o0 g2l a:3 P ¢
SO, Slnxzzo(—l) m 3 +§—?+ fOI' all xX.

Example (7): Find the Maclaurin series for cos x and prove that it represents

sinz for all z.

Solution :

f(z)=cosz = f(0) =cos(0)=1.

f'(x) =—sinz = f'(0) = —sin(0) =0 .
() = —cosz = f"(0) = —cos(0) = —1.
" (x) =sine = f/( ) =sin(0) =

f@(z) =cosz = fH(0) = cos(0) =1
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22 A 4 > , 2"
Therefore, cosz =1 — ST + T Tooe= ;(71) (2n)! -

Since f()(x) = £sinz or + cosx for all i > 1, then )f(i)(x)‘ <1
Taylor’s inequality, with a =0 and M =1 is
|R,(z)] < |lz|" ! for |z| < d , where d > 0.

) ) ‘x|n+1
Therefore, lim |R,(z)] = lim ———— =0

o0 P 22 gt 46
So,cosx:ngo(fl) (Qn)!zlfaJrI*aJr--forallx.

(n+1)!

Example (8): Find the Maclaurin series for f(z) = (1 + z)* , where k is any
real number.

Solution :

F) = (1+2) = fO)=1.

fllx)=k(1+2)"1 = f0)=k.

(@) =k(k—1)(1 + 2)F2 — f(0) = k(k—1

Let a,, = ' 2" for all n > 1.
n!
ans1|  |k(E—=1)---(k—n+1)(k—n)z"H! n!
an | (n+1)! k(k—1)---(k—n+1)z"
k — 1-&
S ol L T
n+1 1 + n
| -4
lim lim x| = |z
n—oo | Gy n—oo | + =
So, (1+ )" = Z ( ]:l ) z" converges when |z| < 1. Therefore, R = 1.
n=0
Note : (14 z)k = Z ( fz > a" is called the binomial series.
n=0

1
Example (9): For f(x) = ——, find the Maclaurin series and its radius of
/4 —

convergence. v
Solution : )

1 1 1 1 T\\ "2
o= e e e =30 ()

4—z \/4(1_%) 2,/1-%2 2 4
1 1 T\\"z le=/ -1 T\ x
A ) S () () e
g 2( 73 QWﬂ(n ) 1) Ve Tgl s

‘—§’<1 = |4£|<1 = |z| < 4.

The radius of convergence of the Maclaurin series is R = 4.
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Table of Important Series :

No. | Series R
1 1ix:§:ox":1+x+x2+'~ 1
= " 2 28
2 1n(1+x):n§::l( 1)"—1n -t 1
3 tan_lxzri(—l)”;:::ll— —%34_%5_ 1
4 (1+$)k:§<'[;)m"=1+k‘x+k(k52!_1)x2+... 1
5 em:rii;_l+x+§+§+ : 0o
6 smxi(l)"@fitl) §+§ 00
7 cosx—;(—l)”é:;!:1_‘274_‘?:_... 0o

3.10.4 New Taylor Series from Old

Example (10): Find the Maclaurin series for f(x) = 2? cosx.
Solution :

x :xzcos:c:xzoo _qn = ¥
f(x) ;0< D" G > " G

2n+2
for all x.

NE

Example (11): Find the Maclaurin series for f(z) = In(1 + 42?).

Solution :
e 47 2n
D NE

o0

f(z) = In(1 + 42?%) Z

77/

= n=1
1 1
Where [42%| <1 = |x\2 <7 = |z] < 3"
Example (12): Find the function represented by the power series Z (—
n=0
Solutlon
3ngn > (_333)71 4
R
— n! —
E le (13): Find th f th i ! + !
xample : Find the sum of the series —
P 1(2) 2(22) 3 (29)
Solution : 1)n
1 1 1 = - (3
1(2)_2(22)+3(23)_"'_Z(_ =2

=1 n=1

3
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e
Example (14): Use series to evaluate lim ————.
r—0

Solution : For all z # 0
e*—1—x 1 z2 23 2t
——— =5 (ltet+ g+ + 4+ | -1-ua

X

x2 x2 20 31 4!
1 2 3 gt 1 xr  x?
AT TR R TR I
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