MATH 201 - Multivariable Calculus
Second Semester - 1447 H
Solution of the First Exam

Dr Tariq A. Alfadhel

Question (1): [3 + 2 = 5 points]

1. Find and sketch the domain of the function f(z,y) = Vo ++/4 — 22 — 2.
Solution :
Vz is defined when 2 >0 .
defined on the right-half plane.

2 is defined  when

4—a22—y
4— 22— y2 >0
= 2% —y? <4
defined on and inside the circle, cen-
tered at the origin, with radius 2.

The domain D is :
{(z,y) eR* : 2>0, 4—2® —y*> >0}
={(z,y) €R? : >0, 2% +¢> <4}.

J?ys

2. Prove that lim _
(2,9)—(0,0) 28 + y10

does not exist.

Solution :
(a). On the path x =0 :

. xy® .0y
lim — 2 = lim —2— =
(z,9)—(0,0) 28 + 510 y=0 0 + ¢10

(b) On the path 2 = ¢° :

5 5,5 10
@y)=00) 2% +y'0  y=0 (y5)° 4yl o0yl +y'0
i — Y gy L1y
= lim = lim = =1.
y=0yl0 (30 +1)  y=0y30+1 041
. xyd .
Therefore, lim  ———5 does not exist.
(z,y)—(0,0) T° + Y
Another solution : on the path y =z :
5 5 6

y Ty i T T I x
1im — -~ = l11m = l1im
(z,y)—(0,0) 8 + y10 z—0 g8 + 10 z—0 20 (1'2 + .T4)

= lim —— =
z—0 12 + x4



TP

Therefore,  lim Y does not exist.
(2,y)—(0,0) 78 + 10

Question (2): [2 + 4 = 6 points]
Let the function f : R? — R be defined by :

.’E3—|—y3
f(fﬂ,y): \/TT:UQ ) (xay)#(0,0)
0 . (2,9) =(0,0)

1. Study the continuity of f at (0,0) .
Solution :
f(0,0)=0.

34,3
lim  f(z,y) = XY

, lim Y
(2,)—(0,0) Y (,9)=(0,0) \/22 + y?

Using polar coordinates :

z® 4P o r3cosd O+ r3sin® 0
= lim

li B —
(2.)(0.0) Vi g2 o0t r

r3 (cos® 0 + sin® 0
( ) = lim 72 (cos3 6 + sin® 9) =0
r—0+ r r—0+

(Note that 111%1+ 72 = 0 and cos® § + sin® @ is bounded)
T

Therefore, (myy%{n(mo)f(x,y) = f(0,0). Hence f is continuous at (0,0) .
2. Study the differentiability of f at (0,0) .

Solution :

£(0,0)=0.
(A2)* + (Ay)’
(Az)* + (Ay)*

f(O+ Az, 04 Ay) = f (Az,Ay) =

h3
sy - p00) () L ow
12(0,0) = limy h = T T
_h?
= =
h? h?

(Note that lim — = lim — = lim h = 0 and

h—0+ |h|  h—0 h  h—0

2 2

lim — = lim — = lim ~h =0 ).
hso- |h] Ko —h  hS0 h=0)



f(07h) — f(0,0)

() _ 2
h

$00.0/= i OO <y L = o
2
=y =0
L FArAY) — F(0,0) — £(0,0) Ax — £,(0,0) Ay
(A2, Ay)-(0,0) (20 1 (D)
( (An)*+(Ap)? )
or+an?) (Az)® + (Ay)°

= lim lim —
(Az,Ay)—(0,0) (Ax)2+(Ay)2 (Az,A9)=(0,0) (Az)” + (Ay)

Using polar coordinates :

: (Ax)s + (Ay)j o r3cosP O+ r3sin® 6
lim ———>5 = lim 5
(AI7Ay)_>(OaO) (ACC) + (Ay) r—0+ r

r3 (cos® 0 + sin® 0
= lim ( 5 ) = lim r ((;053 6 + sin® 9) =0
r—0+ T r—0+

(Note that lim r = 0 and cos® @ + sin® § is bounded)

r—0+

Therefore, f is differentiable at (0,0) .
3 3
i (B0 (8
(Az,Ay)—(0,0) (AZ') + (Ay)

(Ay)®
Ba) + (B Y

Another solution : to evaluate

(Az)”

(Aa) + (Ap)*|
" (Aa) + (Ay)

(Az)* + (Ay)*

5 |Ax| +

< |Az| + Ay

(Az)” + (Ay)*

Note that lim 0 =0 and lim [Az| + |[Ay|=0+0=0
(Az,Ay)—(0,0) (Az,Ay)—(0,0)

(Az)® + (Ay)®

lim 5 5 =0.
(Az,Ay)—=(0,0) (Az)” + (Ay)

By Squeeze Theorem

Therefore, f is differentiable at (0,0) .

Question (3): [4 points]
Let w = 2% + y? + 22, where z = wcosv, y = usinv and z = uv .

Use the chain rule to find a—w and a—w .

ou ov

Solution :



(1)

= (2z)(cosv) +

ow  Owdz
du  Ox Ou

dw dy
[“)y ou

ow 0z
9z du

(2y)(sinv) + (22)(v)

= 2u cos® v + 2usin® v 4 2uv? = 2u(cos® v + sin? v + v) = 2u(1 + v?) .

(2)-

aﬂ ow Ox
ov Oz Ov

ow 0y
By v

ow 0z
Dz Ov

= (2z)(—usinv) + (2y)(ucosv) + (2z)(u)

= —2u?sinvcosv + 2u? sin v cos v + 2uv = 2u’v .

Question (4): [4 points|

Use implicit differentiation to find g— and — :

Solution :

0z
dy

cslny+y(z+1)=22+1

chy+yz+1)=2"+1 = zly+y(z+1)—2>—-1=0.

Let F(z,y,2) = xIny +y(z + 1) — 22 — 1, then F(z,y,2) =0 .

If z is differentiable in z and y, then :

(1). >

2).

0z Fy
dr  F,
9z _ B _
oy F.

Iny

y—2z

y— 2z

Question (5): [3 + 3 = 6 points]
Consider the function f(z,y) = z* + y* —day + 1,

1. Show that (0, 0)

Solution :

» (1,

staz+1

1) and (—1,—1) are the critical points of f.

3

foltoy) =0 = 42 —dy =0 — 42 =4y — 2*=y.

fol,y) =0 = 4y° —do =0 = 4y =dor = =z

fa(z,y) =

I M

I

fylzy) = z=(

9

(2 —1)=0 = z(z* —1)(z* +1)

(2?2 =1)(2* +1)(2*+1) =0 = z(x—

z=0
r—1=0
r+1=0

=

z=0

r=—1

=z = 2 —2=0

=0

=1 = y=13=1



(Note that 2 +1>0and 2* +1>0 ).

Therefore, the critical points of f are (0,0) , (1,1) and (—1,—1).

. Classify each critical point as a local minimum, maximum or saddle point.
Solution :
fmc(xay) = 12£E2 , fyy(xvy) = 12y2 and fry(xay) =—4.

D(z,y) = Fua(2,y) fyy (2, y) — [fmy(%y)]Q = 144%292 —16.

(a). The critical point (0,0) :
D(0,0)=0—-16=-16<0, f(0,00=0+0—-0+1=1.
Therefore, (0,0, 1) is a saddle point.

(b). The critical point (1,1) :
D(1,1) =144 — 16 > 0 and f,(1,1) =12 > 0.
fL,1)=141-4+1=-1

Therefore, (1,1,—1) is a local minimum.

(c). The critical point (—1,—1) :
D(—1,—-1) =144 — 16 > 0 and fos(—1,—-1) =12 >0,
f(-=1,-1)=141-44+1=-1.

Therefore, (—1,—1,—1) is a local minimum.
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Question (1): [5 points|
12
Evaluate the iterated integral / / (eyefz + y2) dz dy .
1

Flrst Solutlon

// (eVe ™™ +y?) dxdyf/ [— eye*‘”Jr:z:yz]? dy

/[( ) - (et )] dy

1 1
=/ 22y’ evem ! — ) dy:/ (e¥(e' —e?)+4?) dy
= O +yj’ 126(61—62)—7—1—(61—62)

3, 3
_ Loy 24,1 2
=1 +3 e _3+62 e

econd Solution : Using Fubini’s Theorem

// (ee ™ +y?) dxdy—// (ee™ +y%) dy du
_/1 [eye +y3hdac—/1 [(ele_x—i-;) (°‘x+0)} dzx
:/12(%%;—@1) dxz/f((e—l)eu;) da

= [7(6 —1)e "+ g}j =—(e—1)e 2+ % - <(e —De '+ ;)
1 4 1 2

R S B N
3 3 3 e e

Question (2): [4 points]
Find the area of the region that is bounded below by y = 0 and above by the
curves z +y = 2 and y = 2.

Solution:

y = 0 is the z-axis.

y = x? represents a parabola opens
upwards with vertex (0, 0).

y = —x + 2 is a straight line passing

through (0,2) with slope —1.

Points of intersection of y = z°
and y=—x+2:
=242 = 224+2-2=0

= (z+2)(z—-1)=0
= rz=1,z=-2.

Note that £ = —2 is excluded.
Ifz=1theny=1




y=—x+2intersects y=0at x =2 .

First solutlon

—x+2
Area—// 1dydx+// 1 dy dx
2
:/ [yg dx—i—/ [y]0m+2 dx—/ (x? —0) dm—i—/ —r+2-0)dz
0 1 0 1
1 2 x3 1
:/ 2 der/ (—z+2) de = {} +[+2x}
0 1 3 1o 2 1
1 4 1 1 1 5
_(3_o)+[(—2+4>_<_2+2>}_3_z+4_2_2_6

Second solution :

y=a° = r= VY x—|—y—2 — r=-y+2.

y+2 1 .
Amm—/t/ 1mwy—/'(y+2—¢@dy:/'Qg—y§+@c@
0

2 3—4+12 5

y? 1 -
[ 5 3y2+ y] ( 5 3+ ) (0—-0+0) ) G

Question (3): [4 points]
Change the order of integration and then evaluate the integral
Solution:

T 0% 2
/ / (Sec :z:> i dy
0 Y T
Let E be the region where:

T T
0<y<—-—andy<ax< —.
7y74an y7x74

ThenEcﬂan be written as :
0<x<—and0<y<x.

[ =) v £
hm/ / (bec x) dy dx
t—0t ]

™

— lim [ (sec x) lylo dz

t—0t Jy x

s 2 s 2
lim [ (sec :c) (x —0) de = lim ' <sec z)xdx
x 0

NN ________

t—0t Jy t—0t x
= lim sec’r dr = lim [tan x]t%
t—0t Jy t—0+
7r
— 1im [tan () —tan(t)] =1 —tan(0) =1-0=1.
Jim - tan (o an(t) an(0)



Question (4): [4 points]
Evaluate the iterated integral by converting to polar coordinates

1 pV1—22
/ V1422 +y? dy dx
0o Jo

Solution:
Let E be the region where: y

0<z<land0<y<vV1-—22. .

Note that y = +/1—a? represents
the upper-half of the unit circle. E

Then E in polar coordinates :
ogrglandogegg.

1 p/1—z? E !
/ \/1+x2+y2dydx:/ / V1+r2rdrdd
o Jo 0o Jo

(%/01(1+r2>% 2r) dr) (/fd@) :%

-3 (Ger-3) G055 310

-1 1

1
(1+72)2

2\3

Question (5): [4 points|

Find the volume of the solid that lies inside the cylinder 22 +y? = 4, above the
plane z = 0, and below the paraboloid z = 3 + z* + 2.

Solution:

Let E be the solid that lies inside
the cylinder 22 4+ y?> = 4, above the
plane z = 0, and below the paraboloid
z=3+a22 442

z=3+x%+)?

Then F in cylindrical coordinates:
0§z§3+x2+y2=3+7‘2,
0<r<2and0<6<2m.

Volume = V(E) = /// 1dV
2 2 3472 P
= / / / dz r dr do
0 o Jo )
27 2 34r
:(/ d9><// dzrdr)
0 o Jo



=2ﬂ'|:<¥+%> —(0+0)} = 27(6 + 4) = 207 .

Question (6): [4 points]
Find the volume of the solid that lies within both the cone z = \/x2 + y2 and
the sphere 2 + % + 22 = 1.

Solution:

Let F be the solid that lies within both = ’

the cone z = v/x2 + y2? and the sphere
Py 22 =1

The sphere intersects the cone at:
2y 4 (2 ) = 1

2207 + 2% =1
1 1)?
2 2
x—i— = - = —_—
T (ﬁ)
z=/12+y2=r

= pcos¢ = psing
= tan¢g =1 = ¢:%.

E in spherical coordinates : 0 < p<1,0<0<27rand 0 < ¢ < %

Volume:V(E):"///EldV:/Ozﬂ/oz/Olpz sin ¢ dp do db
_ (/02ﬂd0> (/0 sin ¢ d¢>> (/Opo dp> 07 [~ cosd]

oo () (295 () -5

Owly
| — |
w |§w
| I
—



