MATH 201 - Multivariable Calculus
First Semester - 1448 H
Solution of the First Exam
Dr Tariq A. Alfadhel
Question (1): [3 + 2 = 5 points]

1. Find and sketch the domain of the function

flay) = Va2 + 92 — 1+ V4 —a? —y?
Solution :

v x2 4+ 32 — 1 is defined when
P24+ —1>0 = 2?2 +y>>1.
defined on and outside the unit circle.

/4 — 22 — 92 is defined when

4—a?—y? >0 = 22 +92 <4

defined on and inside the circle, cen-
tered at the origin, with radius 2.

The domain D is :
{(x,y)E]RQ ot eyt > 1, x2+y2§4}f”ff;;l
:{(x,y)€R2 : 1§x2+y2§4}.

-1
2. Prove that lim % does not exist.
(zy)=(1,0) (z —1)? +y

First solution :
(a). On the path y =0 :

S @y @O
(zy)—(1,0) (x — 1)2 4+ 42 2-1 (xz—1)2+(0)2

(b) On the pathy =2 —1: Notethat y=2—1 — Qasax — 1,

(z-Ly . yy .y 1
im = lim = lim 2= = — .
(zy)—(1,0) (x — 124+ 42  y=0y2+y2  y—=02y2 2
-1
Therefore, lim (2 )y does not exist.

(z.9)—(1,0) (. —1)2 4 y2

Second solution : Let y = m(z — 1) where m e R |

@y (@D 1)]
(@) —1,0) (z —1)2 +9y2 251 (x —1)2 + [m(z — 1)]2

: m(x —1)2 . m(z —1)2 m
= lim = lim = .
a=1 (x—1)2+m2(x—1)2 o1 (x—1)2(1+m2) 14+ m?




The limit depends on m.

—1
Therefore, lim M does not exist.
(z,9)—(1,0) (z — 1)2 + 92

Third solution :

Let z —1=rcosf , y =rsind, where r > 0 and § € [0, 27].

; (z—1)y . (rcos 8)(rsin )
lim — 27 = lim :
(zy)—(1,0) (x —1)2+ 92 ro0t (rcosf)? + (rsinh)?

r2cos 6 sinf

= lim — =cosf sinf .
r—0+ r

The limit depends on 6.

Therefore, lim (z =Dy

(@) (1,0) m does not exist.

Question (2): [2 + 4 = 6 points]
Let the function f : R? — R be defined by :

iCy?’

(@, 0,0
flaey) =9 22442 mY) 7
0 , (z,y) =(0,0)
1. Study the continuity of f at (0,0) .
Solution :
f(0,0)=0.
lim f(z,y)= lim Lyg
w00 YT @00 22+ y?
Using polar coordinates :
3 )3
lim %Y _ hm (rcos8)(rsinf)
(z,y)—(0,0) T2 +y2  r50+ r?
4 ;3
= lim ricost sin 6 = lim 2 (cos@sin3 9) =0

r—0+ 72 r—0+

(Note that lim 2 = 0 and cos #sin®§ is bounded)

r—0+

Another solution : Using Squeeze theorem,

2y 2
e ‘(xy) 210 <l|zy|l =z |yl
Note that lim 0= lim |z||y|=0.
(2,y)—(0,0) (z,y)—(0,0)



.’,Eyg

S li A
© @)a(0.0) 72 + 12

Therefore, lim  f(z,y) = f(0,0). Hence f is continuous at (0,0) .
(z,y)—(0,0)
2. Study the differentiability of f at (0,0) .
Solution :
f(0,0)=0.

Az (Ay)®

f(0+Ax70+Ay):f(Avay):m

f0,0) - f0,0) (%)
. ,0) — f(0,0) +0)
£o(0,0) = Jimg TE = i S =0
(0)h®

om0 ()

(Avay)_)(an) (A.T)z + (Ay)Q
Az (Ay)3 .

_ ((Aw)2+(Ay)2) _ . Az (Ay)?

Nl

= lim = im

(Az,Ay)—(0,0) (Am)2 4 (Ay)Q (Az,Ay)—(0,0) {(Ax)Q n (Ay)2:|
Using polar coordinates :

Az (Ay)°®
(A2)” + (Ay)’]

. rcosf(rsinf)’
r—0+ (r2)?

1 3
(Az,Ay)—(0,0) { 3

oot (cos@ sin® 49) . 3
= lim ————= = lim 7‘(0050 sin 9) =0
r—0t T r—0+

(Note that lim 7 =0 and (cosf sin®#@) is bounded)

r—0+

Therefore, f is differentiable at (0,0) .

Question (3): [4 points]
Let w = In(xy + 2%), where = v® + v, y = u +v? and z = uv .

Use the chain rule to find g—w and a—w .
u

ov
Solution :
ow 8w@ 3w@ ow 0z

O e = oz ou ayou’ 92 0u



B (:chyer> )+ <1’in2) W+ (nyQjZQ) )

2u(u + v?) + u? + v + 2v(uw)
(u? +v)(u + v?) + u?v?

oy, B0 wor ooy ouo:
"Ov Oxrdv  Oyov 0z Ov

— <xy%’|_22> (1) + (chx—I—z2> (2v) + (xy2j22> (u)

u+ 0?2 + 20(u? + v) + 2u(uv)
(u? 4+ v)(u+v2) + w202

Question (4): [4 points]
0z

0
Use implicit differentiation to find 9% and Z& .
ox dy

4+ =y +1
Solution :
P24+ =y +1l = 2242+ 22 —ayz—1=0.
Let F(z,y,2) = 2® + y* + 22 — xyz — 1, then F(z,y,2) =0 .
If z is differentiable in x and y, then :

(1) %_7&_72:6—342
“ox F, 2z—axy

0z  F, 2y —wz

(2)- 67y_ Fz - 2z —xy

Question (5): [3 + 3 = 6 points]
Consider the function f(z,y) = 3z — 2% + 3y — % ,

1. Find the critical points of f.
Solution :

2=1 = x=+1.

fy@y)=0 = 3-3>=0 = y’=1 = y==+1.

Therefore, the critical points of f are (1,1), (1,—1), (=1,1) and (-1, —1).

2. Classify each critical point as a local minimum, maximum or saddle point.
Solution :

Jea(,y) = =62, fyy(x,y) = —6y and fo(x,y) =0.



D(fE,y) = fmx(xay)fyy(xvy) - [fzy(x;y)]2 = 36:vy .

(a). The critical point (1,1) :

D(1,1) = 36(1)(1) =36 > 0 and f,,(1,1) = —6 <0 .

f,1)=3—-1+4+3-1=4.

Therefore, (1,1,4) is a local maximum.

(b). The critical point (1,—1) :
D(1,-1) =36(1)(-1)=-36 <0
f1,-1)=3-1-3+1=0.

Therefore, (1,—1,0) is a saddle point.

(¢). The critical point (—1,1) :
D(—1,1) = 36(~1)(1) = —36 < 0 .
f(-1,1)=-3+1+3-1=0.
Therefore, (—1,1,0) is a saddle point.

(d). The critical point (—1,—1) :

D(~1,-1) = 36(—1)(=1) = 36 > 0 and fuu(—1,

f(=1,-1)=-3+1-3+1=—4

Therefore, (—1,—1,—4) is a local minimum.

-1)=6>0.
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Question (1): [5 points|
1 T Ty

Evaluate the iterated integral / / / 36z dz dy dx .
o Jo Jo

Solution :

1 T Ty 1 T Ty

/ / / 36z dz dy dx = / / / 18(2z) dz dy dx

0o Jo Jo o Jo Jo

:/ / 18 [zQ]gy dy dx:/ / 18 [(zy)® — (0)?] dy dz
0, /0 Jo Jo

:/ / 182242 dy d;v:/ / 62> (3y2) dy dx
0. J0 L0 Jo

:/0 62> [y3]g d:v:/o 622 [x3—03] dx

1 1
:/ 622 (2®) dx :/ 625 dr = [xﬂé =10-0°=1.
0 0

Question (2): [4 points]
Determine the area of the region enclosed by the z-axis y = 0, the curve y = v/,
and the vertical lines x = 1 and x = 4.

Solution: )
y = 0 is the z-axis. v

y = /x represents the upper-half of the
parabola = = y? opens to the right with 7 x=1 y=vx

vertex (0, 0). /

x = 1 is a vertical line passing through it i E x=4
(1,0). / %

x = 4 is a vertical line passing through E X

(4,0).

4 oz 4
Area://ldA:// ldydz:/[y]g/gd:c
E 1 Jo J1

4

=/14[\f—0] dxz/l x dr = EL

Question (3): [4 points|
Change the order of integration and then evaluate the integral

VT VT 2
/ / cos () dx dy
0 Yy 2

Solution:



Let E be the region where:
O0<y<ymandy <z < 7. R R e :

Then E can be written as :
0<z<Vrand0<y<z. y=x

I /“*mm o dy -
/ /Cos( )dydx ‘

= cos< ) : &
VT vz 2
T T
= Cos (2 dx—/o cos <2> T dx
N
:[si ( )] —sm(g)—sin(()):l—O:l.

0

Question (4): [4 points|
Evaluate the iterated integral by converting to polar coordinates

1 Vi—z?
/ / sin (a:2 + y2) dy dx
-1Jo

Solution:
Let E be the region where: Y
—1<z<land0<y<+y1-—2z22. i

y= 1- %
Note that y = +/1— a2 represents
the upper-half of the unit circle. E
Then E in polar coordinates : O 1
0<r<land0<6<m.

//1Iblna§+y dydx—//sm ) 7 dr do
:(/ de)(/o sin(r )rdr):(/o de)@/om )(2r)dr)

=015 5 [~ cost)]y = (n—0) 5 [~ cos(1) — (~cos(0))]
7 (1 —cos(1)) ‘

= (m=0) 5 [eos(0) — cos(1)] = T

Question (5): [4 points]
Calculate the volume of the solid enclosed between the two paraboloids
z=a+y?and z =2 — 2% — 2

Solution:



Let E be the solid enclosed between the two paraboloids.

The two paraboloids intersects at :

Pyt =2-2—y? = 202+ 2 =2 — 2 +yi=1.

The two paraboloids intersects at the unit circle.

E in cylindrical coordinates : r? = 2249y < 2<2—22—32=2—-7r2 . 0<r<1
and 0 <0 <27 .

Volume:V(E)z///El dV:/Ozﬂ/Ol/:_rzdzrdrdg
L ) ok ([ )
1

= (2 —0) (/0 [(2—1%) =77 rdr>=27r /01(2—2r2)rdr

=2r /01(2r—2r3) dr = 2m [72—2]::2%[(1—%)—(0—0)} =7.

Question (6): [4 points]

Determine the volume of the region enclosed by the cone z = /22 + y2 lying
inside the sphere 22 + 32 4+ 22 = 4 and outside the sphere z? + %> + 22 =1 .
Solution:

Let E be the region enclosed by the cone z = \/x2 + 9?2 lying inside the sphere
z? + y? + 2% = 4 and outside the sphere 2% +y?> + 22 =1.
Py ri=1 = p=1.



Pyt =4 = p=2.

zf\/m = pcos¢p =1 =psing = cos¢p =singp — qﬁfz
The cone intersects the sphere 2% + y* + 22 = 4 on the circle z2 + > —2
The cone intersects the sphere 2% + y* + 22 = 1 on the circle z2 + >

l\D\»—l

E in spherical coordinates : 1< p<1,0<0<27rand 0< ¢ < < —

Volume = V /// 1dV = /%/ / sing dp do db
) ([me) () ot ]

oo () (5-3) o ) (o) - 52



