MATH 111 - Integral Calculus
Second Semester - 1446 H
Solution of the Second Exam
Dr Tariq A. Alfadhel

Question (1): [4 marks]

Find @ of the following :
dx

1. y = coth (/z) + csch™! (i) . [2]
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Question (2): [21 marks]
Evaluate the following integrals :

1. /x*%sch? <i) dz . [2]

Solution :

frmt () o [ () (5)
o (2) () o () o

/; dx . [2]
Va2 + 2z +10

Solution : By completing the square.



224204+ 10= (22 +22+1)+ 10— 1= (z +1)> 4 (3).

1 1
/mdx/ (x+1)2+(3)2 dz

1
= sinh™* (aj—;) +c

. /(23:— 1) coshz dx . [2]
Solution : Using integration by parts.

u=2zr-—1 dv = coshx dx
du =2 dx v =sinhz

/(233—1) coshz dr = (20 — 1) sinhx—/Qsinhaz dx

=(2z-1) sinh:c—2/sinhac drx = (2z — 1) sinha — 2coshz + ¢ .

. /cot4x esctx dx . [2]

Solution :
Using the substitution u = cot x .

Hence du = —csc’ v dv = (—1) du = csc® = dx .

/cot4ac csctz dr = /cot4x escz esc? z dx
= /cot4x (14 cot’z) csc®z dz = /u4 (1+u?) (—1) du

5 7 5 7
4 6 u U cot>x  cot'x
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. / e? sinh(3z) dz . [2]

Solution :

3z _ ,—3x I= —=22
/e% sinh(3z) dx:/e% <ee) dx:/<W> dx
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Solution : Using trigonometric substitutions.
x
Put £ = 3sinf = sinf = 3

dxr = 3cosf db

3
2

(9—22)% = (9—9sin?0)? = [9 (1 — sin?0)]
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= (9cos?0)2 = (9)2 (cos? 9)% = (32)% (cos?0)2 = 3% cos®0
1 3cosd 1 1
/(93:2)3 dx=/33 cos3 6 d9=3—2 cos? 6 d0

zl/sec20 d€:1 tand + ¢
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. T
sinf = 3 n
From the triangle :
tanf = % f
9—z 9 —X2

/ 1 d 1 x n
——dr=- —— +c¢
(g_xQ)% 9 V9 — x2
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Solution :

1 1
el byt
:/ 6330 dx:}/ 631 (3) dx
o3z /(631)2+(1)2 3 ez /(631)2+(1)2

(—csch_1 (633”)) +c= —% csch™! (63’”) +c
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8. /tan_lx dx . [3]

Solution : Using integration by parts.

u=tan"'z dv=1dzx
1
U/:de V=2



1
/tan_lx dx:xtan_lx—/x —— dx
2 +1
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= - = | —— = — =1 +1)+c.
rtan T 2/;102 T dr =xtan™ " x 5 n(a: ) c

22+rx+9
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Solution : Using the method of partial fractions.

:r2+x+9_x2+x+9_é Bx+C
+92 x(x2+9) =z 22+9

?+2+9 A@?+9) x(Bx+C)
r(x24+9)  x(22+9) z(x2 +9)

242 +9=A@*+9)+2(Bz+C)

2?42 +9=A2>+9A+ Bx? + Oz = (A+ B)2® + Cx + 94

By comparing the coefficients of the two polynomials in each side :
A+B=1 — (1)
cC=1 — (2)
9A =9 — (3)

From equation (3) : 94 =9 — A=-=1.
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From equation (1) : 1+ B=0 = B=-1.
[t e [ (i) o
:/%d:g+/%dm+/ﬁdz
:/%dw—%/%dx—k/ﬁdw

1 1
=In|z| — §ln(x2 +9)+ gtaun_1 (g) +c.



