MATH 111 - Integral Calculus
First Semester - 1447 H
Solution of the First Exam
Dr Tariq A. Alfadhel

Question (1): [9 marks]
1
1. Use Riemann Sum to evaluate the definite integral / (32% — x) dx . [3]
0

Solution : [a,b] = [0,1] , f(z) = 32% —x .
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2. Find F'(z), if F(x) = / —dt . [2]
cos(v/z+1) 1t

Solution :

22

¢ 1
F@:i/ -t
dx cos(v/z+1) 1 -1t

1 o2 1 . 1
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21 € 1
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d
Find 2 of the following :
dx

3. y=sin"" (5%) +log,(Vat +2) . [2]

Solution :

y =sin (53“+1) + log, ( vt + 2) =sin~? (53“”"’1) + log, (J:4 + 2)%

=sin~" (5°*11) + % log, (z* + 2)

d 1 1 43 1
dl e — (53$+1 (3) hl 5) + - %2 ﬁ
x 1 (531+1)2 5 z*+2 In

_ 3 Inp 5%H! 423

Ji—50e? 52 (a8 12)

4. y = (sinz)V® . [2]
Solution :

y = (sinz)V® = Inly| =In ’(sina:)‘/E

=z In|sinz|

Differentiate both sides.
!
1

Y . cos T
y 2z nfsinz| + e sin x
In | sin z|
/!
=y | t
vy =y { NG ++/x co x]

Il si
= (sinz)V® [HLSI\/I%QH +Vz cotm} :

Question (2): [16 marks]
Evaluate the following integrals :

COS T

Solution :
/(1—:—:()5.:10)4 d:z,’:/(lqtsinx)*4 cosz dx
sin x
(1+sinz)? 1
= + C = Y . 3 + C .
-3 —3(1 +sinz)

Solution :



1
3-/Md

Solution :

1 1
/md“2/md”

1
V@
:2/1(+\/>5dx:21n|1+\/ﬂ+c.

7C0t(3w)
sin”(3z)

Solution :

7c0t(3z) 1
/ 2 dx:/7mt(3r) -2 dx

sin”(3x) sin”(3z)
_ oL [ eotBe) (2 _ 1T
=3 /7 (—csc?(3z) (3)) do = 5 7 +ec.

1
5./ T dr. ]2
0o z+1

Solution :

1 1 1) -1 ! 1 1
/ v dx:/udxz/ T da
0 r+1 o z+1 o \z+1 =z+4+1
! 1 1
= ; 1733_’_1 dr = [z —In|z + 1],

—(1-n2) - (0-In(1))=1-In2.

T —95
6. | —=—du. [

Solution :

m (\/11:962_\/15—1:2) -

2y~3 !
== (1—27) (—2x)dx—5/ﬁd$



7./Wx+7_9dx.[2]

Solution :

/W

1
./,—dx.m
e % 4 e*

Solution :
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/7dac=/7e dx:/ie dz
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MATH 111 - Integral Calculus
First Semester - 1447 H
Solution of the Second Exam
Dr Tariq A. Alfadhel

Question (1): [2 + 2 marks]

Find @ of the following :
dx

1. y = sinh ( 2+ 1) 4 cosh™! (&%) .

Solution :

%:cosh( g;2+1) (2\/jf+1> + \/(6;2_1 (")

z cosh ( 2 4 1) e”

+ .
Ny o1

2. y = sech (52%) + tanh™' (sinz) .

Solution :
dy_ —sech (52°) tanh (52%) (10z) + % (cosx)
dz 1 — (sinx)
— —10a sech (522) tanh (5a?) + ——— .
 sech (52%) tanh (52%) T

Question (2): 2+ 242+ 3+ 2+ 3+ 2+ 3 + 2 marks|
Evaluate the following integrals :

1. /x tanh(42? — 1) dx .
Solution :

1
/m tanh(4z? — 1) dz = 3 /tanh(4x2 —1) (8z) dx

= % In |[cosh(42® — 1)| + ¢

1
2. —dx
/ VhE 41

Solution :

/¥ dmz/; dx
Vot \(57)2 + (1)?



1 r ] 1
:ﬁ/ 5 no dmz—ﬁ CSCh_1 (5I)+C
B s [(5)7 + (1)? !

3. /sinzx cos® x dx

Solution :
Using the substitution v = sinz .
Hence du = cosz dx .

. . . 2
/31112 x cos® z dx = /51112 x cos*z cosz dr = /sm2 T (cos2 a:) cosx dx

:/sin2x (1—Sin2x)2 CcoS X alar::/u2 (1—u2)2 du

z/u2(1—2u2+u4) duz/(u2—2u4+u6) du

ud 5 7 sin® x sinz  sin’z

S R ~2 + e
T3 5 7 T3 5 7

1
4. / dx
(x = 3)VT7—a%+6x
Solution : By completing the square.
T—2?+6r="7- (x2—6x) =7- (x2—6x+9) +9

=16 — (2> =6z +9) = (4)*> — (z —3)>.

1 1
/(x3)\/7x2+6x dm:/(x—i’)) (4)? = (x — 3)? e

1 —
=7 sech™! (1‘,43) +c.

5. /sin_lx dr .

Solution : Using integration by parts.
u=sin"lz dv =dx
1
du= ——— dx v=21a

V1—22

1

-1 1

sinT"xdr=z sinx— | T —— dx
/ / V1— 22

=z sinla:—/a: (1—3:2)_% dx



1 _1
1 2 2
= -— [ a- —22) d
@ sin’z - — (1-2%) 2 (—22) dz
2\3
1 (1—=z
:xsinlx—ki( 1) +c=zxsinT z+V1—-2%2+c

N Rl
(9 +22)2

Solution : Using trigonometric substitutions.

Put z = 3tanf — tan@zg .

dx = 3sec? 0 db.

3 3 3
2 2 2

(94 2%)2 = (9+ 9tan® 9)% =[9(1+tan®6)]* = [(3)* sec®d]? = 3% sec” 0.
1 2 1 1
/ﬁdxz/maw:f/—da
9+ 22)2 33 sec3 6 32 ) sec
1 1
= 5/0089 df = §sin9+c
g2
tan = 3 J2+9
X
From the triangle :
sinf = ——— v
z2+9 3

/ 1 1 T
——dr == ——+c
(9+22)2 9 Va2 +9

. /x?’ In |2z| dx

Solution : Using integration by parts.

u = In|2z| dv = 3 dr

P 1 2
du—%d.ﬁ—gdl‘ V=T

4 4
1
/x3 In |2z| dx:% ln|2x|—/xI de
@ 1 3 a* 1 2t

—Zln|2x|—1/x dx—zln|2x|—ZI+c

/ 2z +1 e
“ ) 221+ 22)

Solution : Using the method of partial fractions.



2v+1 Ay Ay Bx+C

221+22) = 22 1+a2

20+1 Ay a(l42?)  Ay(1+427)  (Bx+C)a?
22(14+22)  22(1 + 22?) x2(1 + z2) x2(1 + x?)

20+ 1=A; (14 2%) + Ay(1 + 2%) + (Bzx + C)2?
20+ 1= A1z + A1z + Ay + Ay + Bx® + Ca?
20+ 1= (A1 + B)2® 4+ (A2 + C) 2* + A1z + Ay

By comparing the coefficients of the two polynomials in each side :

A1+B=0 — (1)
A+ C=0 — (2)

From equations (1) and (3) : 2+ B=0 = B=-2.

—  ~—

From equations (2) and (4) : 1+C =0 = C=-1.
/ 2 + 1 d_/ 2,1 21y
22(1 4 22?) T x  z? 1+ 22 *
2 1 —2x—1
z/fdx—i—/—dx—k/xidx
x x? 1+ 22
1 , 2z 1

~1
:21n\x|—|—%—ln(1+a:2)—tan71x—|—c.

1
/7@
Tr2 +x3

Solution :
Using the substitution = u%, then u = Tt .

dz = 6u® du .

1 6u® b
/ﬁdx:/%du:6/%du
xr2 +x3 (u6)§—|—(u6)§ u° +u

u® u?
6/u3(u—|—1) “ 6/u—|—1 “

Using long division of polynomials :

u? 1 u?
6 du=6 u—1l+—— ) du=6(——u+nju+1|)+c
u—+1 u+1 2

w%—i—l‘—i—c

:3u2—6u+6ln|u+1\+c:3x%_6x%+61n




MATH 111 - Integral Calculus
First Semester - 1447 H
Solution of the Final Exam
Dr Tariq A. Alfadhel

Question (1): [3+ 2+ 2 = 7 marks]
1. Find the value of ¢ that satisfies the mean value theorem of the definite

on the interval [3, 8].
ve+1

integral for the function f(z) =

b
Solution: Using the formula (b —a) f(c) = / f(x) do .
8

1 8 1 .
8—3 7:/7dx: r+1)72 dx
( ) 1 ) e 3( )
8
5 (z+1)3
= =2vV8+1—-2v3+1=23)—-2(2)=6—-4=2

vzl e el IR R CERE ORET

5 5 25 25 21
NZES verl=3 ctl=7 ‘T 4

21
The desired value is ¢ = 7€ (3,8) .

oot
2. Find F'(z), if F(z) = (14t2) dt .
sinh z
Solution:
da ="
Fl(z) = — (1+1t2) dt
L Jsinhz

= {1 + (2””“)2} (2°'In2) — [1 + (sinh x)Q} (coshz)
=212 (1 + 22””'2) —coshx (1 + sinh? x) .

=212 (1 + 22I+2) —cosh®z .

3. Find o' if y(z) = (cosz)” + 777 .
Solution:

y(l’) — (COS ZL’)I + 675‘T _ eln|cosx|” + 67593 _ ezln|cos:1:\ + 67593

/ _ @ In|cos x| 1 —sinz —5x _5) .
V)= W] cosal +2 (2T ) 475 (-

= (cosz)" [In|cosz| — x tan ] — 5e>*



Question (2): [2+3+ 2+ 3+ 3+ 2 = 15 marks|
Evaluate the following integrals :

1
1. —dx .
/ Va2 —4x
Solution: By completing the square.

2’ —dr = (2" —dz+4) —4=(z—2)> - (2)

-2
dr = cosh™! (xQ )+c.

/ﬁdw:/m

2. /xQ cos(3x) dx .
Solution: Using integration by parts .

u = x? dv = cos(3zx) dz

1
du = 2z dx v=7g sin(3x)

/ 22 cos(3z) da = 2? (;sin(?)x)) - / %sin(?)x) 22 dx

2 2

= % sin(3z) — g/xsin(i’)m) dx

Using integration by parts again .
u=zx dv = sin(3x) dx

du = dx v=-—g cos(3x)

/ 2% cos(3z) dx = %28111(395) 7; [m <;COS(3:£)> - / fécos(?)x) d:c]

2 2 2
= % sin(3x) + Ex cos(3x) — 9 /cos(?)x) dx

2

2 2
= % sin(3x) + Hx cos(3x) — 77 sin(3z) + ¢

3. /(\/5—1)560(\/5—111\/5) e

Solution:
/(\t/ﬂé—l)Secj(jx/CE—ln\/E) d:cZ/SeC(\/CE—ln x%) (ﬁg;l) p

:/sec<\/5—;1n|x|> (f-i) dx:/sec(ﬁ—;mﬂ) (\}5—;) da
2/sec(\/§;ln:c|) B <1mi)] da

10



:2/sec(\f—;1nx|> (2\1/5—213) do

1 1
sec (\/5—21n|x> + tan (ﬁ—21n|x|)‘+c.

/ 522 + 6z + 4
. dx
(x+1)(a2+2+1)

Solution : Using the method of partial fractions.

=2In

5a2 + 6x + 4 A Bx +C

(z+1)(22+x+1) IS ETES!

5% 4 6x + 4 Az +z+1) (Bx+C) (x+1)

(+1D)@24+2+1) (z4+1) (22+z+1) (224+24+1) (x+1)
50° 4+ 6 +4=Az? + Ar + A+ B2* + Br +Cx + C
572 +6r+4=(A+B)a*+ (A+B+C)z+ (A+0C)

By comparing the coefficients of the two polynomials in each side :

A+B=5 — (1)
A+B+C=6 — (2)
A+C=4 — (3)

Equation (2) - Equation (1) : C =1.
From Equation (3): A+1=4 = A=3.
From Equation (1) : 3+ B=5 = B =2.

522 + 6x + 4 3 2z + 1
dr = + dx
(z+1)(22+z+1) r+1 22+ax4+1

1 2 1
:3/ﬁdl‘+/L dx:3]n|x+1|+ln’$2+l‘+1 +c
X

2441
2
. /xi do
(4—a2)2

Solution : Using trigonometric substitutions.

Put x = 2sinf — sinG:g .

dx = 2cosf db .
3
5

(4—3:2)% = (4—451n2 9)% = [4 (1 — sin® 0)]% = [22 cos? 9]

3
2

= (22)% (cos2 9) =23 cos® 0

2 c 2 2 0 : 20
/733 dx=/748”2 b - daz/LHQ do:/tan20 do
(4—2?) 23 cos3 0 cos? 6

11
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:/(sec29—1) df = tanf — 0+ ¢

sin@zg — f=sin""' (g) . 2
X
From the triangle :
tanf = % a
4—z 4_ ¥

.’,UQ x x
du = s (5) e
/(4—x2)3 Vi (3)+¢

6. /tanSx sec’z dx .

Solution :

3 9 3 9 (tanz)* tan x
/tanxsec xd:c:/(tanx) secr de=-——+c= +c.

4 4

Question (3): [24+2+3+3+2+2+4 =18 marks]

1
=

1. Calculate lim z=.

Tr—r 00
Solution:

. 1 . > . 1 . In |z]
lim z7z = lim ™" = lim ezl = Jim e =
Tr—r0o0 €Tr—r 00 Tr—r 00 Tr—r 00

. In|z| 00
lim —

Using L’Hopital’s rule.
L 1
Im £ = lim —=0.
z—o00 | r—00 I
. Inlz
Therefore, lim 2] =0.
r—00 I

. 1
So, lim 2z =e®=1.
Tr—r 00

o0
x
2. Determine whether the improper integral / 5 dx converges or
o (1+a?)

diverges.

Solution:

° x t T 1 t
- = 1 e — | L 1 2\ _2 9

12



= Jm, (é {111152 N 1+_(10)2D N %[O_ (1l= % '

Hence, the improper integral converges.

. Sketch the region bounded by the graphs of the curves y = z° and y = v/,
then find its area.

Solution:

y = x? represents a parabola opens

upwards, and its vertex is (0,0) .

y = /T represents the upper half
of a parabola opens to to right and its
vertex is (0,0) .

Points of intersection of y =

and y = /x:
2=z = zt=z

=t —2=0
= 2(2®-1)=0
— =0, x=1.

. Sketch the region bounded by the graphs of the curves y = 2 and y =
x + 2, then find the volume of the solid generated by revolving this region
about the r—axis.

Solution :

y = x° represents a parabola opens
upwards, and its vertex is (0,0) .

Yy = x + 2 represents a straight line y=x+2
passing through (0, 2) with slope 1.
Points of intersection of y = 22 and
y=x+2:

=42 = *—2-2=0

= (z+1)(z—-2)=0

et x:—l,xZQ

13



Using Washer Method :

V:ﬂ'/2 [(x+2)2—(3:2)2} dx

-1

2 25 23 2
zﬂ'/ [a:2+41:+4—m4] d13=77|:—5+3+2172+413]
1 -1

=7 {(—255 + 2—; +2(2%) +4(2)) - (—(_51)5 + # +2((-1)%) +4(—1))]
. [(_352+§+8+8) - (;_;)H_%

33 9 33 72w
= —— 4+ =-+18) = —— 421 = — .
71'( 5 +3—|— 8) 71'( 5 + ) 5

2
. Find the arc length of y = gx\/i from x = 0 to x = 1.

Solution :
2 2

M

238 2
Yo3\et) T
1 2 1 1
L:/ \/1—|—(x%> dxz/ \/1+xdx:/ (1+2)2
0 0 0

2

(V8-1).

=

dx

3 3
2 2

2 (1+40)

(1+1) 3

Wl o
Wl N

1
3

=|- (1+ :17)2} =

{3 0

. Convert the polar equation r = cos# + sec 6 into a Cartesian equation.

Solution:

2

r=cosf +secld = r“=rcos +rsect =rcosb +

cos

) ) r r2 22 442
— z°+ty :m+§:x+;:x+

<

= P tay’=2"+2"+y? = P +ay’—222 -y =0

. Sketch the common region between the curves r = 2 and r = 2 4+ 2cos 0,
then find its area.

Solution:

14



r = 2+ 2cosf represents a cardioid,
symmetric with respect to the polar

axis. r=2+42cosf#

r = 2 represents a circle centered
at the pole, and its radius is 2.

Points of  intersection  between
r=2+2cosfandr=2:

2+2cosf =2 = 2cosf =0

— cosf =0 — H:g79:_

Note that the shaded region is symmetric with respect to the polar axis.

1 (2 1 [
A:2<§/ (2)? d9+§/ (2 + 2cos 0) d@)
0 z

:/24d9+/ (4+8cos€+400820) do
0 z

™

:/24d9+/ <4+8cos9+4(1++°s‘29)) o
0 z

:/24d9+/ (44 8cosb+ (24 2cos26)) db
0 B

™

:/24d9+/ (6 + 8cosf + 2cos20) db
0

™

2

= [46]5 + 60 + 8sin 0 + sin 20]%

- [4 (g) - 4(0)} —|—[(67T + 8sin(7) + sin(27)) — (6 (g) +8sin (g) + sin(ﬂ'))]

=[2r—0]+[(6r+04+0)—(37+8+4+0)] =21+ (371 —8) =5m—8 .

15



MATH 111 - Integral Calculus
Second Semester - 1447 H
Solution of the First Exam

Dr Tariq A. Alfadhel

Question (1): [2+ 1 = 3 marks|

1
1. Use Riemann Sum to evaluate the definite integral / z3 dx .
0

Solution : [a,b] = [0,1] , f(z) = 2° .

Az:b—azl—():
n

1 [n(n+1) : 1 [n*(n+1)2] 1 [n’(n+1)°
~ont 2 oot 4 4 n?
S 1m+1)? 1 (n+1)°
4 n2 4 n
1 2
1 1 1
/ 2% dx = lim R, = lim [ (n—i— > =-(1)?2=
0 n—oo n—oo 4 n 4
sec(xz®)
2. Find F'(z), if F(x) / VA -+ t2dt .
V3x2+4
Solution :
d sec(z?)
F'(x) = V4 +t2dt
dz | s
= \/4 + [sec(a?)]? (sec(z®) tan(z \/4 + (V322 + )
/322
= 327 sec(x?) tan(2?)\/4 + sec?(x3) — SuvseT +8 .
3x? 44

16
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d
Question (2): Find cTy of the following :[1 + 1 = 2 marks]
x

1. y(z) = [secfl(lnx) + egﬂs

Solution :

Inzy/(Inz)2 -1

y'(x)=5 {sec_l(ln x) + em4r ( ! 1 +ev (4x3)>

—1 x4 4 1 3 at
=5 [sec (Inz) +e } +4x° e .
zlnzy/(lnx)? -1

2. y(z) = (tanz)”
Solution :
y(z) = (tanz)®* = Inly(z)| =In|(tanx)®| =2 In|tanz|

Differentiate both sides.

z;’((;)) = (D) In|tanz| +z (iﬁﬁ

2

T sectx 2

T sectx

y'(z) = y(x) [lntanx + ] = (tanz)” [1n|tanx| +

anx tanx

Question (3): [1+14+14+1+1+1+2+2=10 marks]
Evaluate the following integrals :

1. /(gz:3 + 1) sec(z® + 42) dx .
Solution :

/(a:3 + 1) sec(z* + 42) dr = i /sec(a:4 +4x) [4(2® + 1)] da

1 1
=7 /sec(:c4 + 4x) (423 + 4) dx = 1 In |sec(:r4 + 4x) + tan(z* + 4z)| + c.

5
9. _rtxr dr .
Vb + 322 + 8

Solution :

JC5—|—$ 6 2 ~3 /.5
o= [ 349 o) do
:é/($6+3x2+8)7% [6(2° + 2)] dx:%/($6+3x2+8)7% (62° + 6z) da

17



1
6 2 2
zé—(x kil MU é(m +322 4 8) +c
2

s [ : d
" J cschz(1 + coshz) o

Solution :

1 sinh z
dr= | —— dr=In|l h .
/cscha:(l + cosh ) o / 1+ coshz " Bl +coshal+c

5tanhx
4./ 5— dr .
cosh” x

Solution :
tanh x tanh x
/ > 5— dx = /5ta“hxsech2:z: dr = > +c.
cosh” z Inb
5. —d
/ V9 — 4%

Solution :

2% In2

sin~! 2z +
ln2 /7 2 1n2 3)7"°

6. /(e‘”— 1)cos(z+e™ ") i

el‘
Solution :
/ (e" = 1)cos (@ + ™) dr = /COS (z+e77) Cal>) dx
er er
= /cos (m + e_z) (Zx — elff> dx = /cos (ac + e_z) (1 — e_x) dx

- /cos (z+e ™) (1+e"(-1)) de=sin(z+e ") +c.

1
7./ T dr
0 x—l—l

Solution :
1 1 1
1)-1 1 1
/ z da::/ %dﬂc:/ r+1 dx
o z+1 0 z+1 o \z+1 z+4+1

18




1 1 1
:/o <l_x—|—1> dr = [z —In|z + 1],

=1-In2)—(0—In(1))=1—-1n2.

1
8. —d
/ 22 +81+25
Solution : By completing the square.

22+ 81+ 25 = (2% + 82+ 16) + 9 = (z + 4) + (3)?

—/;d —/—d
)2t +25 YT ) @razre2

1 4
:§tan_1 (sc—;— >+C.

19



