M 104 - GENERAL MATHEMATICS -2-
Dr. Tarig A. AlFadhel
Solution of the Mid-Term Exam
First Term 1444 H

Q.1 Find the elements of the conic section of equation
4y? = —92% + 18z + 27, then sketch it. [4]
Solution :
dy? = —92% + 18z + 27
922 — 18x + 4y* = 27
9(z? — 2x) +4y? =27
By completing the square.

9(z? — 22+ 1) +4y* =27+9
9(x —1)% +4y*> = 36

9(x — 1)2 @ _ 36

36 36 36
The conic section is an ellipse.
The center is P(1,0)
a?=4 = a=2
b»’=9 = b=3
F=0—-a?=9-4=5 = c=5
The vertices are V4 (1,3) and V5(1,—3)
The foci are I} (1, \/5) and Iy (1, —\/5)

The end-points of the minor axis are Wi (—1,0) and W>(3,0)
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x=1) L2

F

7

. nd the standard equation of the parabola with vertex (2,3) and Focus
2 Find th dard i f th bola with 2,3 d F
(2,1), then sketch it. [4]

Solution :

The parabola opens downwards.

The standard equation of the parabola is (z — 2)? = —4a(y — 3).
a is the distance between V(2,3) and F(2,1), hence a = 2.

The standard equation of the parabola is (z — 2)? = —8(y — 3).

The equation of the directrix is y = 5.

(x-27 = -8 (y-3)




Q.3 Calculate, whenever it is possible, A + B” and AB for matrices

1 1 2 1 0 0
A=|0 2 1],B=|-1 1 0 |.[4]
0 0 2 1 1 =2
Solution :
1 1 2 1 -1 1 2 0 3
A+B"=(0 2 1|+(0 1 1 |=[0 3 2
0 0 2 0 0 -2 0 0 0
1 1 2 0
AB=|0 2 1 1 1
0 0 2 1
1-14+2 0+1+2 04+0-4 2 3 —4
=(0-2+1 0+2+1 04+0-2]=|-1 3 -2
0+0+4+2 04+0+2 0+0—-4 2 2 —4
Q.4 Consider the system of the linear equations:
2c — 2y + z = 2
r -y + z = 2
2 + 2y — 2z = 2

(a) Solve this system using Cramer’s rule. [4]
(b) Solve this system using Gauss-Jordan elimination method. [4]
Solution :

(a) Using Cramer’s rule :

2 -2 1
A=|1 -1 1
2 2 -1

2 -2 1 2 =2
1 -1 1 1 -1
2 2 -1 2 2

Al=(2-4+2)— (-2+4+2)=0-4=—4#£0

2 -2 1
A, =2 -1 1
2 2 -1

2 -2 1 2 =2
2 -1 1 2 -1
2 2 -1 2 2



Ayl =(2—4+4)—(-2+4+4)=2-6=—4

_\Azl_j_l
A -4

N =N
N DN N

— =
N = DN
DN DN DN

A | =(—4+4+2) —(4+4-2)=2-6=—4

L e
A] 4
2 —2 2
A, =11 -1 2
2 2 9

2 2 2 2 -2

1 -1 2 1 -1

2 2 2 2 2

A.|=(-4—-8+44)—(—44+8—-4)=-8—-0=-8

AL -8

= =— =2
TTAl T 4

(b) Using Gauss-Jordan elimination method: The augmented matrix is

2 -2 1|2 1 -1 12
D 1 a | mem (5 Dy s
2 2 1|2 5 9 _1|2

1 -1 1|2 1 -1 1|2

2t g g 1| | R g 9 g g

2 2 -1 2 0 0 -—1|-2

1 -1 1|2 1 -1 1|2

Z2dRe gy 39| =By [0 4 —3|-2

0 0 —1|-2 00 12

O =
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T 1
The solutionis {y | = [ 1
z 2

Evaluate the integrals:

1t~ 2 e d
(a) i +e x [2]
(b) / 202% (2* +2)" da [2]
(c) /sech In |sinz| dz [3]

(@) / e _”;j(;_ 5 do

Solution :

2 2
(a)/<4x3—3—|—e"’”> dx:/4m3 al:r—/—3 d:v+/e”” dx
T T

=2
:/4953 dac—2/x‘3dx+/e”da::ac4—2<2)+em+c

=zt+2 % +e" +c

(b) /20933 (z* +2)" do = 5/(m4+2)4 (42°) dx

(«* +2)°

5 +c:(a?4—|—2)5+c

(@)™

T + ¢, where n # 1

Using the formula / [f(x)]" f(x) dz =

(c) /sech In |sinz| dz

Using integration by parts:

u = In|sin z| dv = sec® v dx
COS T

du = — dr =cotx dr v =tanz
sin x

/se(:?sc In|sinz| de = tanz In|sinz| f/tanx cotx dx

=tanx ln|sinx|—/1 dx =tanz In|sinz| —x +c



z+1
<d)/<a:—2><x—1> e

Using the method of partial fractions :

@ 2)@ -1 e R
x+1 C Ai(r 1) + Ax(x - 2)
(x—2)(x—1) (x—2)(x—1)

$+1:A1(LL‘—1)—|—A2(LL‘—2)
Putz=2then2+1=4;2-1)+A42-2) = A; =3
Put £ = 1 then 1+1:A1(1—1)+A2(1—2) — 2:—A2 — A2:—2

z+1 3 -2
/(x?)(ml)dm_/<w2+ml) de
3 -2 1 1

=3ln|z—-2|-2ln|z -1 +¢




M 104 - GENERAL MATHEMATICS -2-
Dr. Tarig A. AlFadhel
Solution of the Final Exam
First Term 1444 H

Q.1 (a) Let A = (1 ?) and B= [0 1 |. Compute (if possible) AB and
1 0
BA. [3]
1 1 -1
(b) Compute the determinant |0 —2 —5|. [2]
1 2 1

(¢) Solve by using Gauss-Jordan Elimination Method the linear system

r + y - z = -3
- 2y 4+ 5z = 1 [4]
r + 2y + 2z = 1

Solution :

(a) AB can not be computed.

0
1-1 0-1 0 -1
=10+1 O+1] =1 1
140 0+4+0 10

(b) Using Sarrus Method

1 1 -1 1 1
0 -2 -5 0 -2
1 2 1 1 2

1 1 -1
0 -2 —5|=(-2-54+0)—(2-104+0)=—7—(-8) = -T+8=1
1 2 1

(¢) Using Gauss-Jordan Elimination Method :

1 1 -3 1 1 -3
0 —2 5 1 it Rs 0 —2 5 1
1 9
1 —1 -3 11 -3
R2<—>Rg 0 4 2Rs+R3 0 1 4
0 —2 1 0 0 9



L 1 1 —1]-3 1 1 -1]-3
v, 01 2| 4 2Rt R, 01 0] 2
00 111 00 1]1
11 0]-2 10 0] -4
st 01 0|2 ARl N 01 0|2
00 1] 1 00 1|1
€T —4
The solutionis |y | = | 2
z 1

(a) Find the standard equation of the ellipse with end points of minor
axis are (1,4) and (1, —2), and the distance between its foci is 8, and then
sketch its graph. [4]

(b) Find the elements of the conic section y = 4x — 22 and then sketch it.
3]

Solution :

The end points of minor axis are located on a line parallel to the y-axis.

—h)? —k)?
The standard equation of the ellipse is (z 5 ) + ( = ) =1, where
a
a>b.
1+1 4 -2
P(h,k) = (;, —F;)) =(1,1) ,hence h=1and k=1

2b is the distance between the end points of minor axis,
hence 2b=6 =— b=3

2c is the distance between its two foci , hence 2c =8 — c¢=14

P=a-b0 = 16=0a’-9 = a*=164+9=25 — a=5

(x—17 (-1
25 * 9

=1

The standard equation of the ellipse is

The vertices are V4 (—4,1) and V2(6,1) .
The foci are Fy(—3,1) and F5(5,1) .

A

12 (v 12
W G- o=
25 9
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(b)

y=4xr — 22

y=—x2+4x

y=—(2* - 4x)

By completing the square

y=—(22 —4x+4)+4

(v—4) = (-2

The conic section is a parabola opens downwards.

The vertex is V(2,4) .

1
—4 = —1 —t = —.
a a 4

The Focusis V' | 2,4 — 1 =2, 15
4 4
17

1
The equation of the directrix is : y =4 + 171

(y=H=-(x-27

(a) Compute the integrals : [2,3,3]
) / 8e(2? +24)° dar (i) / (Inz)? dr (i) / % dz

(b) Sketch the region bounded by the curves y = 2? , y =22 +3 ,z =1
and x = 2 and compute its area. [3]

(c) The region bounded by the curves curves y = 4x — 22 and y = z is
rotated about the y-axis to form a solid S . Use the method of cylindrical
shells to find the volume of S. [4]

(d) Give the Cartesian coordinates of the points in polar coordinates :



M (V2, Z) and N(2,7) [2]
Solution :
(i) /8;10(:1:2 +24)3 dx = 4/ (z% +24)% (2x) dx

(22 + 24)%
4

=4 +e= (2" +24)* +¢c
(ii) / (Inz)® dx
Using integration by parts

u=(Inz)’ dv = dz

1
du=2lnzx (:c) dzr vV=2x

/(lnx)2 dx:x(lnx)Q—/anx (i) xdwzx(lnx)2—2/lnxdac

Using integration by parts again

u=Inx dv = dx
1

du = — dx v==1
T

/(11133)2 dr = 2 (nz)? — 2 (a: m—/x % da:)

=z (nz)’ -2z 1nx+2/ dr =z (Inz)’ — 2z Inz+ 2z +c

(111) /m dx

Using the method of partial fractions
3x 3z A1 A2

2222 -8 (z+2)(x—4) _;v+2+x—4
3r=A1(z—4)+ Az(z + 2)

Putz=-2: then -6=-64; — A; =1

Put x =4 : then 12 =64, — Ay =2

3z 1 2
/x2—2x—8dx_/<w+2+m—4) da

1 1
:/7dx—l—?/idmzln|x+2|+2ln|x—4|+c
z+2 rz—4

10



(b)

y = 2 is a parabola opens upwards with vertex
(0,0). il
y = 2z + 3 is a straight line passing through (0, 3) x=
and with slope 2 .
x = 1 is a straight line parallel to the y-axis and =
passing through (1,0).
x = 2 is a straight line parallel to the y-axis and
passing through (2,0).
y=2x+ y
Points of intersection of y = 22 and y = 2z + 3
2=22+3 = 22 -20-3=0 T x=2
= (z+1)(z—-3)=0 = z=-1,2=3 7 3
2 2 23 2
Area:/ [(22 + 3) — 2] dx:/ (—2*+22+3) do = |:—3+$L’2+3.’L':|
1 1 1

= 2+22+3(2) E+12+3(1) = §+4+6 3+1+3
-\ 3 3 -\ 3 3
8 1 8 1 7 18-7 11
=4 10— (—-+4)=10-4—-F-=6—-="—"— = —
37" ( 3+) 373 3 3
(c)
A
> |
y=4x—x2
4+
ol
y=x

y=dr—1? = —2’+42 = — (2% —4z) = —(2®> -4z +4)+4 = —(z—2)? +4.

y = 4z — 2? is a parabola opens downwards with vertex (2,4).

11



y = x is a straight line passing through (0,0) and with slope 1.
Points of intersection of y = 4z — 2? and y = «

2

r=4dr -2 = 2°-3r=0 = 2(r-3)=0 = 2=0, =3

Using Cylindrical Shells method :

3 3
Volume = 27r/ z [(4z — 2*) — 2] da = 271'/ z (3z — 2%) du
0 0

M(\@ag)ﬂ"zx/iandé’:g
rT=r cos@:\@cos<£):\/§%:1
y:rsiHG:ﬁsin(%):\/i%zl

The Cartesian coordinates of M is (1,1) .

N2,m):r=2and =7
x=r cos =2 cos(m) =2(—1) = -2
y=r cosf =2 sin(r) =2(0) =0

The Cartesian coordinates of N is (2,0) .

t
(a) Let z = 2y? + sin(xy), where 2 = s>t and y = —. Use the chain rule
s

0z
to compute the partial derivatives — and —. [3]

ds ot
(b) Solve the differential equation : xy’ +y = 322 + 1. [4]

Solution :

0z 9 9

o y=(1) + cos(zy) y = y* + y cos(zy)

0z

0 x(2y) + cos(zy) x = 2xy + x cos(zy)
)

or B oy oy —t

a—t(QS)—ZSt,a—t(—S )— 52

12



9z _ oy _ 2 Oy _ 1.1
at_s(l)_s’at_s(l)_s

0z 0z0x 0z0y

9s 005 0yos

= [y® + ycos(zy)] (2st) + [2zy +  cos(zy)] (;t)

- [222 +§ cos(stZ)} (2st) + [2st* + st cos(st?)] <;>

0z 0z @ 0z Oy

ot " ozot oyor

= [y + yeos(en)] () + 2oy + 2 costa)] )

2 ¢ 1
= [32 +2 Cos(stQ)} s + [2st® + 5%t cos(st?)] (S>

zy +y=322+1

1 1
x x
It is a First-order differential equation .

P(z) = é and Q(x) = 3z + %

The integrating factor is :

U(ZL') _ efP(m) de _ ef% de _ 6ln|ac\ —

The general solution of the differential equation is :

y:ﬁ/u(az)@(m)dz:% /x (3x+i> dxzé /(3w2+1) dx

. (P +z+c)=a+1+-
X x

13



M 104 - GENERAL MATHEMATICS -2-
Dr. Tarig A. AlFadhel
Solution of the Mid-Term Exam
Second Term 1444 H

Q.1 Find the elements of the conic section of equation
y? — 4y — 8z — 12 = 0, then sketch it. [4]
Solution :

y? —4dy —8x—12=0

y? —dy =8z + 12

By completing the square.

Y —dy+4=8r+12+4

(y—2)%2 =8z +16

(y—2)*=8(x+2)

The conic section is a parabola opens to the right.

The vertex is V(—2,2)

4a =8 — a:Z:Q

The focus is F(0,2)
The directrixis : t = -2—-2= -4

P —dy-8-12=0 /

AN

14



Q.2 Find the standard equation of the ellipse with foci at (1,5) , (1,—3) and
vertex (1,6) , then sketch it. [4]

Solution :

Note that the two foci lies on a line parallel to the y — axis .

(z — h)? N (y —k)?

The standard equation of the ellipse is 5 = =1, where
a
b>a.
5
The center is P(h, k) = ( aal )
¢ is the distance between Fj(1,5) and P(1,1), hence ¢ = 4.
b is the distance between V;(1,6) and P(1,1), hence b = 5.
A=b-a> = 16=25—-a®> = a*=25-16=9 = a=3
—1)2 —1)2
The standard equation of the ellipse is (2 9 ) + (y 5E ) =1

The other vertex Va(1,—4) .

The end-points of the minor axis are W1 (—2,1) and W5(4,1)

— 1) —1)2
=17 =12 _
7 9 25

15



Q.3 Calculate, whenever it is possible, AB and 2A + B” for matrices

1o
Aa=(L 9 B_(0 2] 1
-1 1 1 11

Solution :

1 0
an- (10 ) (o
11

([ 140+1 04+0+1) (2 1
“\-1+0+1 0+2+1) 0 3
r_ (1 01 101
oasnt =2 (101 1)+ (05 1)
_ (2 0 2\ (10 1)_(2+1 040 241y _(3
“\2 2 2)7\0 2 1) " \—24+0 2+2 241) " \-2

Q.4 Consider the system of the linear equations:

r — y + z = 9
2c + y + 5z = 1
2y + 3z = —6

(a) Solve this system using Cramer’s rule. [4]

(b) Solve this system using Gauss elimination method. [4]
Solution :

(a) Using Cramer’s rule :

1 -1 1
A=|2 1 5
0o 2 3
1 -1 1 -1

2 1
0 2

w Ot =

1
0 2

A|=B3+0+4)—(0+10—6)=7T—4=3%#0

w ot =

16



|A,| = (15432) — (=6 4+ 50 —3) =47 — 41 =6

O N =
— ot

W Ut =

O N =
=

A,/ =(B3+0-12)—(0—30+30)=—-9—0=—9

1A
Al

9
3
Y 3

1 -1
2 1
0 2

-1 5
1
2 —6

|A.|=(-6+0+20)— (0+2+12)=14—-14=0

[A.] O
= =-=0
“TAl "3

(b) Using Gauss elimination method: The augmented matrix is

1 -1 1| 5 1 -1 1] 5
2 1 5|1 2htRe g 3 3| -9
0 2 3|-6 0 2 3]|-6
1R 1 -1 1| 5 S 1 -1 1| 5
3, 0 1 1/|-3 T2Rat s, 0 1 1] -3
0 2 3|-6 0O 0 1] 0
z=0

y+z2=-3 = y+0=-3 = y=-3

r—y+z=5 = 22— (-3)+0=5 = x+3=5 = =2

T 2
The solutionis |y | = | —3
z 0

17



Q.5 Evaluate the integrals:

(a) / (2& +3 —4sinx> do [2]

(b) /6cosx (sinz)® dx [2]

922
(d) /(3x2+2x+1) In|z| dz [3]

Solution :

(a)/<26w+3—4sinx> dx:/Qe”” dx+/§dx—/4sinx dx
x x

1
:Q/ex da:+3/; dx—4/sina: dx = 2e” + 31n|z| —4(—cosz) + ¢

=2e" 4+ 3In|z|+4cosz+c

(b) /6cosx (sinz)® de = 6/(sinm)5 cosz dx

=6 %—!—c: (sinz)® + ¢
. [t s as= L
g the formula [ [f(2)]" f'(z) dz = | + ¢, where n #£ 1

79562 T = 23 —4(32?) dx
(c)/( )4d3/( +1)4(3a2) d

a3+ 1
3 -3
=3 %“:—(f’ﬂ)*ﬂc
. nop ACO)
Using the formula [ [f(x)]" f'(z) dz = a1l + ¢, where n # 1
n

(d) /(3x2+2x+1) In |x| da

Using integration by parts:
u=Inlz| dv=322+2x+1)dx
1

du==de v=a3+22+zx
T

1
/(3x2—|—2x—|—1) In|z| dz = (2° + 2° + ) ln|x|—/(x3—|—a:2+x) - dx

18



34 .2
= (2422 +2) ln|x|—/$ dx
3 2
= (2 4+ 2% +2) ln|x|—/<z+x+x> dx
A
= (2% + 2%+ 1) ln|m|—/(x2+x+1) dx
3 2
= (2% + 2%+ 2) ln|m|—(g+x2+x>—|—c

= (23 + 22+ 1) ln|x|—%f—fx+c

19



M 104 - GENERAL MATHEMATICS -2-
Dr. Tarig A. AlFadhel
Solution of the Final Exam
Second Term 1444 H

Q.1 (a) Let A = (_11 _21 (1)> and B= [ -1 1]. Compute (if possible)
1 0
AB and 2A + B”. [3]
2 3 4
(b) Compute the determinant | 1 2 3| . [2]
-1 0 2

(c) Solve by using Gauss Elimination Method the linear system

2c + y + 2z
r — 2y + 3z =
2c + y + 3z

[4]

|
CU

Solution :

11
(a) AB:<11 2 (1)) 11

10
_(1-2+0 14240\ _ (-1 3
“leii4r c1-140) T 22
T (2 4 0\ (1 -1 1
2A+B _(—2 —2 2)*(1 1 0)

C(2+1 4-1 0+1) (3 3 1
241 241 240) (-1 -1 2

(b) Using Sarrus Method

= DN

1
-1

SN W
N WO
S N W

=(8-9+0)—(-8+0+6)=-1-(-2)=-1+2=1

O N W
DO QO W

(¢) Using Gauss Elimination Method :

2 1 24 1 —2 3|4
1 -2 3|4 B By 2 1 214
2 1 35 2 1 3|5

20



1 -2 3 4 1 -2 3 4
2Rt R 0 5 —4/| -4 2Rt R, 0 5 —4/| -4
2 1 3 5 0 5 =-3|-3
-2 3 4
—R2+R3 0 5 _4 _4
0 O 1 1
z=1

Sy —dz=—-4 = Hy—4=-4 = 5y=0 = y=0
r—2y+32=4 = 2-20)+31)=4 = z+3=4 = z=1

z 1
The solutionis [y | = |0
z 1

(a) Find the standard equation of the hyperbola with foci (—1,1) and
(9,1), and the distance between the two vertices is 8, and then sketch its
graph. [4]

(b) Find the elements of the conic section y? — 6y + 4z + 17 = 0 and then
sketch it. [3]

Solution :

The two foci are located on a line parallel to the z-axis.

(x—h?  (y—k? _

2 02 1.

The standard equation of the hyperbola is

-1 1+1
+9 +):(4,l),henceh=4andk:1

P(h,k) =

(h k) ( 2 72
2c is the distance between its two foci , hence 2c =10 = ¢c=5

2a is the distance between the two vertices, hence 2a =8 =— a =14

=a’+b = 25=16+b> = b’ =9 — b=3

(z—-4)? (y-17°

=1
16 9

The standard equation of the hyperbola is

The vertices are V4(0,1) and V5(8,1) .

The equations of the asymptotes are :

Ll : 9*1:Z(z*4)andL2 : y—l:—%(‘rle)

21



G- -2
16 9

(b) y* — 6y +4z+17=0
y? — 6y = —dx — 17
By completing the square
Y2 — 6y +9=—4x—17+9
(y—3)2=—4ax -8
(y—3)2 = 4 +2)
The conic section is a parabola opens to the left.
The vertex is V(—2,3) .
—4da=-4 = a=1
The Focus is V (-2 —1,3) = (-3,3)

The equation of the directrix is: z =-2+1= -1

P -6y+4x+17=0

Dix=-1

22



Q.3 (a) Compute the integrals : [2,2.4]

(i) /<3x2+2cosx— ;) dr (i) /m @ 3) dy (iii) /m dz

(b) Sketch the region bounded by the curves y = 22 — 4 and y = 4 — 22
and compute its area. [3]

(c) The region bounded by the curves curves y = v/ , y =0 and x = 4 is
rotated about the y-axis to form a solid S . Use the method of cylindrical
shells to find the volume of S. [4]

(d) Give the polar coordinates of the points in Cartesian coordinates :
M (—1, \/5) and N(0,2) [2]
Solution :

(a) (i)/(3x2+2cosx12> d:c:/3x2 d:c+2/cos:c d:vf/av*2 dx
x

1 1
:x3+2sinx—x—1+c:x3+2sinx+f—i—c
— T

1 1
(ii) /CE "= dg = 3 /6(952_3) (2z) do = 3 e =3 4 ¢

1
(iii) /m dz

Using the method of partial fractions
1 A Ay As

2?(x+1) =z 22 x+1
1 o All‘(l‘ + 1) AQ(]} + 1) A3.T2

x?(x +1) x2(x+1) z?2(x+1)  z2(z+1)

1= Aw(z+1) + As(z + 1) + Az2?
1= All‘g +A1I+A2.’E+A2 +A3$2
1= (A; + A3)2? + (A1 + Ag) o+ Ay + Ay

A1+A3:0 — (1)
A+ A=0 — (2)

From equation (2) : A;+1=0 = 4;=-1

From equation (1) : =1+ A3 =0 = A3 =1

23



(b)

[t cam (2l 1)
z2(z +1) v e T2 zv1) ™
:—/ldac—&—/x_de—i—/de

T z+1

:—1n|m|—gc_—l+1n|x—|—l|+c:—1n|m|+;—|—ln|x+1|+c

y = 2% — 4 is a parabola opens upwards with vertex (0, —4).

y = 4 — 22 is a parabola opens downwards with vertex (0,4).

—52

Points of intersection of y = 22 — 4 and y = 4 — 22
22 —4=4—2> = 222 -8=0 = 22-4=0

= (z-2)(z+2)=0 = z=-2, =2

Area:/2 [(4— 2?) — (22 — )] dx:/2 (8 —227) do = [8:5—223]22

= {8(2)—2 (23)3] - [8(—2)—2 (_32)3] :16_136_(_1“1??)

y = +/x is the upper half of a parabola opens to the right and with vertex
(0,0).

y = 0 is the z-axis.
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x =4 is a straight line parallel to the y-axis and passing through (4, 0).

Y

Using Cylindrical Shells method :

S
o
=
@
Il
[\
3
S—
'S
8
N
IS8
8
Il
N
3
S~
'S
8
(S]]
U
8
Il
N
3
—
ot Do
8
[SI[S]
1
'S

r=22+ 2 ,/(—1)2+(\/§)2:\/ﬁ:ﬁ:2

-1

3
cos@zfz—andsirﬂzy:i

T 2 r 2

2
So, 6 = % (Note that this point is located in the second quadrant).

2
The polar coordinates of M is (r,0) = (2, ;—) )

N(0,2): x=0and y =2

r:\/x2+y2:\/(0)2—|—(2)2:\/0+4:\/41:2

0 2
cosfh="=_=0andsinf="2=2=1
ro 2 ro 2
So, 6 = g (Note that this point is located on the y-axis).

The polar coordinates of M is (r,0) = (2, g) .

Q.4 (a) We define z(z,y) implicitly by the equation x2y + 22 + sin(zyz) = 0.

0
Compute the partial derivatives % and & 3]

Ox oy’
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4 1
(b) Solve the differential equation : —y' — —¢e* =0 . [4]
z Y

Solution :

Let F(z,y,2) = 2%y + 2% + sin(zyz) , then F(z,y,2) =0 .

OF
F, = i y(2x) + 0 + cos(zyz) yz(1) = 2zy + yz cos(xyz)
OF 9 2
F, = o =x°(1) + 0 + cos(zyz) x2(1) = z° + xz cos(zyz)
OF
Fy = 5~ =0+ 22+ cos(ayz) ay(l) = 22 + zy cos(zyz)
2

0z F, 2wy +yzcos(zyz)

oz F.  2z+wxycos(zyz)

0z F,  a?+wxzcos(ayz)

oy F.  2z+aycos(zyz)

4 1

—y — =e" =0
T Y

4 dy 1 x _
z dv 3
ddy 1.

z dv y3

4o dy = xze® dx

It is a Separable differential equation .

/4y3 dy:/mez dz

yt=ze® —e® +c

y = v/|ze* —e® + ¢
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M 104 - GENERAL MATHEMATICS -2-
Dr. Tarig A. AlFadhel
Solution of the Mid-Term Exam
Third Term 1444 H

Q.1 Find the elements of the conic section of equation
1622 — y? — 322 + 4y + 28 = 0, then sketch it. [4]

Solution :

168232~ 16x+4y+28=0

1622 —y? — 320 + 4y + 28 =0
1622 — 32x — y? + 4y = —28 !
16(2% — 2z) — (42 — dy) = —28
By completing the square. \\ ‘
16(22 — 22+ 1) — (y2 —4dy+4) = —28+ 16— 4 -
16(z —1)2 — (y — 2)2 = —16 “
16(z—1)% (y—2?% -16

—16 —16 —16

(-1 (¥—2?° _
B T
(y—2)?° (z—1)

42 12

=1
The conic section is a hyperbola. . Px
The center is P(1,2)

=16 = b=4,anda’=1 = a=1

A=a+?=14+16=17 = c=17
The vertices are : V1(1,6) and V5(1,—2)
The foci are : Fi(1, 2-++/17) and Fy(1,2—V17)

The equations of the asymptotes are :
Li: y—2=4(z—1)and Ly : y—2 = —4(z—1)
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Q.2 Find the standard equation of the ellipse with vertices at (—5,1) , (5,1)

and focus at (—4,1) , then sketch it. [4]
Solution :

Note that the two vertices lies on a line parallel to the z — azis .

(@—h)?  (y—Fk)
a? b2

The standard equation of the ellipse is
a>b.

=1, where

The center is P(h, k) = (5+2(5), 1;1) =(0,1)

a is the distance between V;(—5,1) and P(0, 1), hence a = 5.
¢ is the distance between F;(—4,1) and P(0, 1), hence ¢ = 4.
F=a’-b0 = 16=25-0 = p’=25-16=9 = b=3

2 -1 2
The standard equation of the ellipse is ;—5 + € 9 )

=1
The other focus is F5(4,1) .

The end-points of the minor axis are W1(0,4) and W5(0, —2)

A

2 -1
W — =1
’ 23t

Calculate, whenever it is possible, A 4+ 2B and AB , for matrices

1 2 -1 1 0 2
A=10 -1 1 ,B=1[3 1 0. [4]
3 1 2 01 2

Solution :
1 2 -1 2 0 4
A+2B=|0 -1 1 |+1]6 2 O
3 1 2 0 2 4
1+42 240 —-1+4 3 2 3
=104+46 —-14+2 140 | =16 1 1
3+0 1+2 244 3 3
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1 2 -1 1 0 2

AB=(0 -1 1 ].13 1 0

3 1 2 0 1 2
1+46+0 0+2-1 2+0-2 7 1 0
=(0-3+0 0-1+1 0+0+2]=|-3 0 2
3+3+0 04+14+2 64+0+4 6 3 10

Q.4 Consider the system of the linear equations:

r - y + 2z = -1
- 4+ 2y + z =
2t + y + =z = 1

(a) Solve this system using Cramer’s rule. [4]

(b) Solve this system using Gauss elimination method. [4]
Solution :

(a) Using Cramer’s rule :

1 -1 2
A=|-1 2 1
2 1 1

Al=(2-2-2)—(84+1+1)=-2-10=—12#0
-1 -1

Ay =(-2-1+12)—(4—1-6)=9—(-3)=9+3=12

A 12
A —12
1 -1 2
A,=[-1 6 1
2 1 1
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Q.5

Al =(6-2-2)—(24+1+1)=2—-26=—24

Al 24
YTAl T T2
1 -1 -1
Az - -1 2 6
2 1 1

A l=2-12+1)— (—4+6+1)=-9—-3=—12

A 12
“TUA] T C12

(b) Using Gauss elimination method: The augmented matrix is

1 -1 2] -1 1 -1 2]-1
1 2 1|6 MR g 1 3] 5
2 1 1|1 2 1 1|1
-1 2 |- 1 -1 2
2Rl g1 3 |5 | 2B g 1 3
0 3 -3|3 0 0 -12
12 12 — -2
— = — z = =
12

Yy+3z2=5 — y+3=5 —= y=5—-3=2

r—y+2z=-1 = z-242=-1 = x=-1

z -1
The solutionis |y | = | 2
z 1

Evaluate the integrals:
(a) / (;1 -3z + 36‘”) dr [2]
(b) /Gx cos(z? + 1) dz [2]

(©) / 162° n || dz [3]

4 «
(d) / CESNEEE) dz [3]

Solution :
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(a)/(i—?)\/%—&-?)e”) dmz/%dm—/Sﬁdm—l—/%xdm’

) 3
:4/;dx—3/a:% dar:—|—3/eac dx:4ln|x|—3§+36m+c
2

=4ln|z|— 227 4+ 3" +¢

(b) /Gx cos(z? + 1) dx = ?;/(:os(x2 +1) (22) do = 3sin(z? + 1) + ¢
Using the formula /cos (f(z)) f'(z) dx =sin (f(z)) +c.

(c) /16303 In|z| dz

Using integration by parts:

u=In|z| dv=1623dz
1 xt N
du=—der v=16(— ) =4z
T 4

1
/16333 In|z| dr = 42* In|z| - /4334 — dx
x
= 4z* In|z| —/4333 dx = 4z* In|z| —2* + ¢

4
(d)/(ac—l)(x—i-S) du

Using the method of partial fractions :

4 A As
(x —1)(z+3) _x—1+:c+3
(x—1)(xz+3) (x —1)(x+3)

Putx:1then4:A1(1—|—3)—|—A2(1—1) = 4A,=4 — A1 =1
Put x = =3 then 4 = A1(—3+3) + A2(-3-1) = 4= —-44,

— Ay =-1

[evers = (Trams) «

1 1
:/ dx—/idlen\m—1|—ln|x—|—3|—|—c
x—1 z+3
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M 104 - GENERAL MATHEMATICS -2-
Dr. Tarig A. AlFadhel
Solution of the Final Exam
Third Term 1444 H

1 -1
Q.1 (a) Let A = L -1 2 and B= |1 0 |. Compute (if possible)
0 3 1 L
BA and AT — 2B. [3]
0 1 2
(b) Compute the determinant |1 2 0] . [2]
2 01

(c) Solve by using Gauss-Jordan Elimination Method the linear system

zr + y - 3z = 6
z + 2y + =z = 3 [4
2z 4+ 3y + z = =2
Solution :
1 -1
(a) BA=|1 0 (é ;1 f)
1 -2
140 -1-3 2-1 1 -4 1
=|1+0 -140 240 =11 -1 2
140 —-1-6 2-2 1 -7 0
1 0 2 -2
AT -2B=|-1 3| -2 o0
2 1 2 —4
1—-2 042 -1 2
=|-1-2 3-0|=|-3 3
2—-2 144 0 b5

(b) Using Sarrus Method

01 2 01
1 2 0 1 2
2 01 20

N = O
O N =

2
0|=(0+0+0)—(8+0+1)=0-9=—-9
1

(c¢) Using Gauss-Jordan Elimination Method :
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1 2 1 3 _— 0 1 4 |-3
-2 3 1 |-2 -2 3 1 |-2
1 1 -3| 6 11 -3]| 6
R 4| -3 | Bt o1 4 | -3
0 5 =510 0 0 —25|25
g 1 1 -3| 6 A 1 1 -3| 6
BRI 01 4|-3 B RELEN 01 01
00 1 |-1 00 1 |-1
1 1 0] 3 1 0 0] 2
3R3+R1 O 1 O 1 —Ro+Ry O 1 O 1
0 0 1|-1 0 0 1]-1
x 2
The solutionis |y | = | 1
z -1

(a) Find the standard equation of the ellipse with vertices (1,5) and
(1,—1), and the length of its minor axis is 4, and then sketch its graph.
[4]

(b) Find the elements of the conic section 22 — 4z — 8y + 12 = 0 and then
sketch it. [3]

Solution :
G -2,

The two vertices are located on a line parallel 4 o
to the y-axis.

The standard equation of the ellipse is
(z = h)? n (y—k)?

=1, whereb>a .

a? b2
1+1 —1
Plhk) = (1L 2 EDY g gy
2 2 Wi

hence h=1and k =2

2b is the distance between its two vertices ,
hence 2b=6 — b=3

The length of its minor axis is 4,
hence 2a =4 — a =2

A=p-a? = 2=9-4=5 = c=+5

(-1 (=27

=1
4 9

The standard equation of the ellipse is

The Foci are V; (1,2 + \/5) and V5, (1,2 — \/5) .

The endpoints of the minor axis are Wi (—1,2) and W5(3,2) .
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(b)

Q.3

2?2 —dr —8y+12=0

2% — 42 =8y — 12

By completing the square

22 —dr+4=8y—12+4

(r—2)2=8y—8

(x—2)?=8(y—1)

The conic section is a parabola opens upwards.
The vertex is V(2,1) .

da=8 = a=2.

The Focus is F (2,1 +2) = (2,3)

The equation of the directrixis: y =1—-2=—1

A

x2—4x—8y+12=0

(a) Compute the integrals : [2,3 4]

. 4z . 2% +1
0 [ G e @) [ or ooy an ) [ oty

(b) Sketch the region bounded by the curves y = 22 and y = 42 and
compute its area. [3]

(c) The region bounded by the curves curves y = x? and y = 1 is rotated
about the z-axis to form a solid S . Find the volume of S. [4]

Solution :
4
(i) /ﬁ dx = /41(1 +2%) 7 de = 2/(1 + 2373 2z dx
(1+42%)72 —1
= 2 - -
-2 e (14—:52)2Jrc

(i) /9£L' cos(3z) dx
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Using integration by parts
u=zc dv =9 cos(3z) dx
du=dzr v = 3sin(3z)

/995 cos(3x) dxr = x (3sin(3x)) — /3sin(3x) dx

= 3zsin(3z) — (—cos(3x)) + ¢ = 3z sin(3z) + cos(3z) + ¢

z®+1
(iii) /m dz

Using the method of partial fractions

.’132 +1 Al A2 A3

t(x—1)(z+1) =« x—-1" z+1

22 +1 Az —1)(z+1) Asx(z+1) Azz(z —1)

zz—D(x+1) zz-DE+1) z@xz-1+1) zz-1)(z+1)
2?2+ 1=Ai(z —1)(x + 1) + Agz(x + 1) + Azz(z — 1)

224+ 1=A(2® — 1) + Ag(a® + z) + Az(2® — 2)

22+ 1=A12% — Ay + Asz® + Asx + Asa? — Asx

2+ 1= (A1 4+ As+ A3)a® + (A — Ag)z — 44

A1+A2—|—A3:1 — (1)
Ay — A3 =0 — (2)
7A1 =1 — (3)

From equation (3) : A; = —1
Equation (1) + Equation (2) : 41 +24; =1 = —1+4+24,=1
= 24,=2 = Ay =1

From equation (2) : 1—A3=0 = A3=1

/ 241 d / 71+ 1 n 1 d
—— dx = — €
z(zx—1)(x+1) x x—1 z+41

1
:—/fdx—&—/idx—l—/de
T r—1 z+1

=—In|z|+Injz—1|+Injz+1|+¢c
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(b) y = 22 is a parabola opens upwards with ver-
tex (0,0).

y = 4x is a straight line passing through (0, 0)
with slope equals 4 .

Points of intersection of y = 22 and y = 42
1?2 =4 = 22 —-42=0
= z(z—4)=0 = =0, z=4 y=4x

(=) ()

64 9664 32

3 3 3

(c) y = 22 is a parabola opens upwards with vertex (0,0).

y = 1 is a straight line parallel to the z-axis and passing through (0,1).

A

y=1

y=x

Points of intersection of y = 22 and y =1 :
?=1 = z=-1,z=1

Using Washer method :

1

Volume = 7 /

-1

(1 E) - (- E) e[ b ()
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(a) Let z = 2 — 2zy + 2y with 2 = cosf +sinf and y = sind. Use the

chain rule to compute the partial derivative [4]

az
do -
(b) Solve the differential equation : xy’ + 2y = 4% + 3z . [4]

Solution :
dz 0z dx Oz @

40 " oz do oy o

% =21 — 2y =2(z —y)

%;’ = -2z +4y=2(2y - x)

(cil% = —sinf + cos# and Z—Z =cosf

% = 2(x — y)(cosf — sin ) + 2(2y — x) cos

= 2cos 6 (cosf — sinf) 4 2(sinf — cos ) cosb
= 2cos6 (cosf — sinf) — 2(cosf — sinf) cosf =0

xy + 2y =42® + 3z

Y+ (i)yzélx—i—?)

It is a First-order differential equation .

P(z) = % and Q(x) =4z + 3

The integrating factor is :

u(m) — o P2) dz _ efg dr _ 621‘% do _ o2Inlz| _ elnxz — 22

The general solution of the differential equation is :
1 1 1
Yy = ) /u(x)Q(x) de = — [ 2® (4o +3) do = = / (42° + 32°) dz

2

1 4 3 2 ¢
:ﬁ (m +x —&—c)zgc +m+ﬁ
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