MATH 111 - Integral Calculus
First Semester - 1445 H
Solution of the First Exam
Dr Tariq A. Alfadhel

Question (1): [9 marks]
4
1. Use Riemann Sum to evaluate the definite integral / (2 +1) dx . [3]
0

Solution : [a,b] = [0,4] f(z)=a2>+1.
b—a 4-0 4

A, = 2T
n n

n
4 4k
:L'ka+k:AzO+k(> = —
n n

T ST ol LUSRVI €Y

k=1 k=1
"L (64k% 4 "L 64k N 4
> (B D) -ty
k=1 k=1 k=1

k=1 k=1 6
_32 n+1)(2n+1) 4
3 n?
4
/ (z2 +1) dz = lim R, = lim {32<(n+1)(22n+1)>+4]
0 n n—oo | 3 n
32 64 76

2. Find F'(z), if F(z) :/i:) V263 +2dt . [2]
Solution :
F'(z) = % / ﬂ() V263 + 2 dt
=/2(722)° £ 2 (7% (2)Inm) — \/2 (sin(22))® + 2 (cos(z?) (22))

= 272 In /276 + 2 — 22 cos(z?)4/2sin®(22) + 2 .



d
Find 2 of the following :
dx

3. y =tan"*(3x) logs |1 — sec(3x)| . [2]

Solution :
dy 1 1 —sec(3z) tan(3z) (3) 1
b A . loe. |1 —
dx (1 + (32)2 (3)) 0gs |1 — sec(3z)|+tan™" (32) ( 1 —sec(3x)
_ 3logs [1 —sec(3z)|  3sec(3x) tan(3z) tan~!(3x)
N 1+ 922 In5 (1 — sec(3z)) '
4.y = (cotx)™™" +47 . [2]
Solution :

Let y = f(x) + g(x), where f(z) = (cot z)** and g(z) = 4% .

d
Then 22 =/ = f'(@) + ¢/ (@)
First - ¢'(x) = 4% (1)In4 = 4" In4

Second - Finding f'(z)

J(@) = (cota)™" = [f(2)| = In|(cota)™"| = sinz In|cot ]

Differentiate both sides.

/ _ 2
(=) = cosx ln|cotx|+sinx< ¢ gj)

f(z) cotx
sin x csc? i
(@) = f(2) |cosa 1ncotx|—“tﬂ — (cotz)"™® [cosz In|cot x| — seca]
cot x

)sinx [

d
Therefore, d—y = (cotx cosz In|cotx| —secx] + 47 In4
x

Question (2): [16 marks]
Evaluate the following integrals :

1. /(\/E ex2>2 dr . [2]

Solution :

/(\/5 ezz>2 dx:/(\/E)Q <~e”2)2 da::/m 2 dy

1 2 1,2
= 1/621 (4z) dx = 1621 +c

Using The formula :

/ef(l) f(z) de=e@ ¢



2. /x\/mdxm

Solution : Put u=x+1 = x =u — 1, hence dz = du .

/xmdxz/(u—u\/ﬁdu:/(u—m% du
:/(u

1
3. / 257 dx . [2]
0

Solution :

1 1 2— g2 1
2— g2 1 2— g2 1 5
= — -2 =
/Ox5 dx _2/05 (—2x) dx —2[ln5]

0

[V

u

5
J— 2
5
2

(z+1)2 —

o
wjw

— +ec= (x+1)2 +c.

ot N
[SCR )

—u%) du =

3
u?2
3
2

1 |52 520 1 75 52 1 /-2 10
T 2| W5 In5 _—2[11151115] _—2<1n5) T In5
af @
Using The formula : /af(x) f(x) do = " te

2—x d
—dr .
V1—22

Solution :

2]

/\/%dx: (¢12—x2+\/1_—x:v2) dw
s [
ZQ/ﬁdH%/(l—xQ)*

1
_.2)\3
:2sin71x—|—} (1736)

z (—2z) dx

T +e=2sintz+v1—-22+c
2

5./mn(ln($2))dx.[2}

T
Solution :

/tan(hw dx:/tan(21n|x\) %dm

X



1 2 1
= 5/tan(21n|x|) - dzx = §1n|sec (21n |z|)| + ¢
Using The formula :

[tan (@) (@) de =1nfsec(f@)] + .

sec (V) tan (v/z)
) / NG dx . [2]
Solution :
sec (V) tan (V) ) _ sec (v/z) tan (v/x 1 x
/ o dx—/ (V) tan (1) —= d
= 2/sec (V) tan (Vz) % dz = 2sec (V) + ¢

Using The formula :

/ sec (f(2)) tan (f(2)) f'(x) da = sec (f(z)) +c .

. / (tan"ta)” 2]

2 +1
Solution :

1 2 1 3
/(tan x) d:z::/(tan_lm)2 1 dr = (tan :v) +c

2 +1 2241 3

Using The formula :

n+1
/[f(w)]" f'(x) do = [fiﬁ —te n#-1
sin(2x) cos(2x)
. /sz(Qx) dz . [2]

Solution :

/sin(2x) cos(2x) de :/sin(Zx) cos(2x) d — / cos(2x) d

sin?(2x) sin(2x) sin(2z) sin(2x)

1 / cos(2z) (2)

2 sin(2z)

dx = In |sin(2x)| + ¢

2
Using The formula :

f/(ﬂj) =1n T C




MATH 111 - Integral Calculus
First Semester - 1445 H
Solution of the Second Exam
Dr Tariq A. Alfadhel

Question (1): [4 marks]

Find @ of the following :
dx

1. y = cosh(3z?) 4 sech ™' (2x) . [2]

Solution :
dy . 9 -1
— =ginh(3z°) (6x) + ————— (2
= () (62) 4 s 2
1
= 6z sinh(3z?) - ——— .
(82%) z V1 — 422

2. y = coth™*(3z) + tanh® v2z . [2]

Solution :

dy -1 1 9 1

— =———(3)+2(tanh v2 h*v?2 2
i e et (vanbv2z) " see WA
=3 n 2 tanh v2z sech?v2z

T 1 — 92 2z '

Question (2): [21 marks]
Evaluate the following integrals :

1. /e*f’: coshzx dz . [2]

Solution :

x —x 0 —2x
/e_m cosh x dyc:/e_'qc (e—f;) dr = / (QET

1 e 20 1 11 [
—/idI+/ 5 dxfﬁ/ld:z:nLi_—z e (—2) dx

1 1 _,, T e 2
2 4 2 4

Using The formula :

+c.

/ef(l) f(z) de=ef@ 4 ¢.



dx
> /mﬁ 2

Solution (1) :

dx _ 1 X
/ﬁm_/ﬁ Dt
=2 idszsinhfl(ﬁ)—i—c.
/ V2 + (V)

Using The formula :

/\/U(J:)(]xﬁ dz = sinh ™ (f(x))Jrc a>0.

a
Solution (2) : Using the substitution u = vz +1 = u° = x +
1= v —-1=2.

Hence 2u du = dx and /x = Vu2 —1 .

dx 2u 1
/\/5\/1—1-:5 /\/uz—lu /m
=2cosh™'(u) + ¢=2cosh™" (Vz +1)+c.

Using The formula :
[La
VU@ —a?

3. / Inx dr . [2]
1

2 = cosh™? (f(x)> te |f(z)>a a>0.

Solution : Using integration by parts.

u=Inx dv = 23 dx
1 2t

du=—d = —

u - T v 1

=71 1671616 16



4. /sin5x cos®z dx . [2]

Solution :
Using the substitution v =sinz .

Hence du = cosz dx .

/sin5 x cos®z dx = /sin5 x cos>z cosz dx/sin5 T (1 — sin? m) cosx dr

— w0 (=) du= [ (@)

ub 8
6

uf-&-c
8 6 8

5. /coshflx dz . [2]
Solution : Using integration by parts.

uw=cosh 'z dv=1dx
1

du = ——— dz V=2x
2 —1

1
/coshflx dz = zcosh ™'z —/ﬁ r dv

1 _1
:mcosh_lx—i/(mz—l) * (22) dx

1 22— 1)7
:a:cosh_lx—§¥+c:xcosh_lx—\/x2—1+c.

2

dx .
6. /M 3

Solution : Using trigonometric substitutions.

Put z =2tanf — tan@zg .

dx = 2sec? 0 db .
/ dx §:/ 2sec? 6 . dﬂ:/ 2sec? 6 § Cw:/ZS(ecZQe‘d(9
(4+22)2 (4 +4tan?9)? (4(1+ tan?6))> (4sec? )2

2sec? 6 2 1 1 1
= | ——  _df== do = - 0 dd = —sind
/(4)2sec39 8/5609 4/COS M e




T o
tan9:§. @

From the triangle :
x ]

sinf =

Vi +z? 2

/ dzx 1 T n
= - c.
(4+22)2 4 Vd+a?

sinx
o ———dzx . [3
/4—COS21' = [3]

Solution :

/ sin dgng/ —sinz i d;p:—ltanh_l (Cosx>+c
4 —cos?x (2)2 — (cos ) 2 2

Using The formula :

/azfl[(;()x)]g da:zétanh_l (fix)>+c, where |f(z)] <aand a >0 .

x+3
. dr . |
/x3+9x = 3]

Solution : Using the method of partial fractions.

T+ 3 r+3 A Bx+C

2 4+92  z(224+9) =z 22+9
x+3 A(xz®>+9) z(Bx+C)

x(x2+9)  z(2?249) x(z? +9)
r+3=A@*+9)+x(Bx+C)
r+3=A2> +9A + Ba? + Cox = (A+ B)2® + Cx + 94
By comparing the coefficients of the two polynomials in each side :
A+B=0 — (1)
cC=1 — (2)
94 =3 — (3
. 1
From equation (3) : 94 =3 = A= 3

1 1
From equation (1)5 +B=0 = B= —3-

x+3 L izt
S = [ (243500 g
/x3+9x v /(m+ x2+9> v
1 1
1 — 1
=[3d / 3% g /7d
/m T 249 T 249 v




1 /1 11 o0 1
S R P el | - 4
3/x v 32_/x2+9 x+/x2+(3)2 !

1 1 1
:§ln\x|—61n(m2+9)+§tan*1 (%) +c.

9./%?\/5.[2]

Solution / du / ! d
: = T
\4/5 + \/5 x% + x%

Using the substitution z = u*, then u = «

ISE

dz = 4u® du .

dz 43 443
T - = T rdu= [ —— du
r: 4+ 2 (u4)1 + (u4)5 U+ u

3 2
:/Lduzél/uidu
u(l 4 u) u+1

Using long division of polynomials :

u? 1
4 du =4 u—1+ du
u+1 u—+1

2
:4<UQ_u+1n|u+1>+c:2u2—4u+4ln|u—1|+c

d 2
[ =2 (o) et
xre 4+ x2

—2p2 — 4t +4In

x%+1‘+c

ri+1’+c.



MATH 111 - Integral Calculus
First Semester - 1445 H
Solution of the Final Exam
Dr Tariq A. Alfadhel

First Part [7 marks] .

1. Find the value of ¢ that satisfies the mean value theorem of integration
for the function f(z) = (x — 1)? on the interval [1,4] . [3]

Solution : using the formula ( / f(z

where f(z) = (z — 1)% and [a,b] = [1,4] .

(4—1)(0—1)22/14($—1)2de|: 3

(4-13 (@1-13 33
- ==-0=9
3 3 3

(c=1)?=3 = ¢c-1=%4V3 = c=1+3.

3(c—1)* =

Note that ¢ = 14 V3 € (1,4), while ¢ =1 — /3 ¢ (1,4)

The desired value of ¢ is 1+ V3 .

2. Find F'(z) , if F(z Vi2+5dt.
In |z]
Solution : F'(z d V2 +5 dt
L Jin |z|

Fia) = /(@) +5 () - <1n|x>2+5(;)

\/In? x| +5
=" Ve +5 -+ —
x

3. Find f'(z) , if f(x) = sinh ™" (3%) + In [tanh(4z)| . [2]
Solution :

b 1 - sech?(4zx) (4)
i) = 1+ (39)? (3% In3) + tanh(4x)
_ 3%In3 4 sech?(4x)

T VTia% | tanh(dz)

10



Second Part [14 marks] .
Evaluate the following integrals :

2
1. | ———=dz . |3
/ V—x? — 6z 3]
Solution : Using completing the square method.

/\/ﬂcji—&vdw:/\/—(x2+(2ix+9)+9

dr

1 1
2/ V9— (@2 + 62 +9) dx:Z/ N O

= 2 sin”! (T) +c

Using the formula :

f'(x)
/ Va2 = [f(2)]

2. /x2 coshz dx . [3]

dr =sin~! (f(;;)) + ¢, where a >0 .

Solution : using integration by parts.

u=z2 dv = coshx dx

du =2x dx v =sinhzx

/x2 coshz dx = 22 sinhx—/Qm sinh z dz

using integration by parts again .

u =2 dv = sinh z dx
du=2dr v =coshx

/mQ coshz dx = 2? sinhz — {21‘ coshx — /2coshx da:]

=22 sinhz — 2z coshx—|—2/coshx dzx

=22 sinha — 2z coshz + 2sinha + ¢ .

Solution : using trigonometric substitutions.

2
Put x = 2secd — secé):g — cosf =—.
T

dr = 2sec tan6 db .

11



Va2 —4=1+/4sec? — 4 = \/4(sec20 — 1) = V4tan? 6 = 2tan 6 .

/ 1 dm—/ 2secH tand d _/ sec
22v/z2 —4 ) (2secf)? 2tan® | 4sec?d
1 1 1 1 .

—1/@ d@—z/COSGdH—Z sinf +c .
2

cosf = — . +
X . x2_4

From the triangle :

. vz —4 4

sinf = — . 5

T

2 —4

[
x2/22 — 4 T x

4% — x4+ 12
. ———dx . [3
/ 3+ 4x = [3]

+c

Solution : using the method of partial fractions.

422 —x+12 42’ —x+12 A Bax+C
+4r oz (22+4) oz 22+4

422 —x+12 A (a?+4) (Bz+C)x
v (x24+4) oz (22 +4) (22 +4)

4o —x+12 = A(2® +4) + (Bx + O)x

4% — x4+ 12 = A2® + 4A+ Ba® + Cx
4a? —x +12 = (A+ B)2® + Cx + 44
By comparing the coefficients of the two polynomials in each side :

A+B=4 — (1)
C=-1 — (2)
44 =12 — (3

From equation (2) : C' = —1.
From equation (3) : A
From equation (1) : : 3+ B=4 = B =

/4x2:c+12d _/ §+x71 d
x3 +4x T x  x24+4 v
1 1 2x 1
=3/ ~-d - —drx— [ ———= d
/x vy /x2+4 ! /(:v)2+(2>2 !
1 1
:3ln\x|—|—§ ln(x2—|—4)—§ tan~! (g) +c.

12



1
5./de.[2]

Solution : / du = / L dx
) Ve + Yz ) oz 4o

Using the substitution z = u® , hence u = z¢ .

dz = 6u® du

dx 6ub 6ub
1 T = 1 T du = = .2 du
x2 + 13 (u6)§ + (u6)§ u® +u

5 3
:/L du:G/L du
u?(1 4+ u) u+1

Using long division of polynomials.

6/ u d—6/ 2yl —1) d
ur u = ut—u ol U

ud  u?
—6(3—2+u—ln|u+1>—|—c—2u3—3u2+6u—61n|u—1|+c

d 3 2
/737:2(,%%) —S(x%) 4625 —6ln|zs —1|+c

1 1
Tr2 + x3

=227 — 325 + 625 —6In|zs — 1| +c.

Third Part [19 marks]| .

1. Calculate lim _erhsr . 2]
z—o0 2% 4 21 + 1

Solution : lim e toz (OO)

z00 2% £ 21 + 1 o0

Using L’Hopital’s rule .
. e’ +5 . e’ +5 00
lim ———— = lim ——— ( )
=00 €2 (2) 42  w—o00 227 4 2 0
Using L’Hopital’s rule again .
e’ e’ . 1

A Seme 2y i ez I gew =0

Therefore, lim _etse =
z—00 2% + 21 + 1

2. Determine whether the improper integral / ﬂ dx converges or
1 L=
diverges . [2]

13



Solution :

The improper integral converges.

. Sketch the region bounded by the graphs of the curves y = —22, y = 22+1,

x = —1 and z = 2, then find its area . [3]

Solution :

y = x? + 1 represents a parabola opens up-
wards, with vertex (0,1) .

y = —x2 represents a parabola opens down-
wards, with vertex (0,0) .
x = —1 represents a straight line parallel to

the y-axis and passes through (—1,0) .
x = 2 represents a straight line parallel to the

y-axis and passes through (2,0) .
y=—x>

A:/2 (2% + 1) — (—a?)] dac:/2 (2% +1) do =

-1 -1

\

x=—1

y=x’+1

3

. 2
2—}—3&}
-1

8 ~1 16 2 18
_<2 (3>+2>—(2 (3)—1) g H2Hgtl= 43 =6+3=9

14

\J



4. Sketch the region bounded by the graphs of the curves y = 22 and y = /,
then find the volume of the solid generated by revolving this region about
the z-axis. [3]

Solution :

= z2 represents a parabola opens upwards,

with vertex (0,0) . y=x
y = +/x represents the upper half of the
parabola z = y? which opens to the right,
with vertex (0,0) . i

Points of intersection between y = x?

and y = Vx :
x2:\/5 = 2=z

— a2t —r=0 = 2(2*-1)=0
— z=0,z=1.

Using Washer method :

~[3-9-C-Y-(-2)-%

5. Find the arc length of y = 2+ coshz , from x =0 to x =1n2 . [3]
Solution :

y' =0 +sinhx =sinhz .

In2
L:/ \/1+ (sinhz)? do =
0

In2 In2
= / |cosh x| dz = / coshx dz = [sinh m]%)“ = sinh (In2) — sinh(0)
0 0

In2 In2
V1 +sinh?z do = Vcosh? z dz
0

0

n2 _ ,—ln2 9o_ 1
= sinh (In2) — 0 = < 26 = 22:;

6. Convert the polar equation 7 = 8 cosf + 6sin # into a Cartesian equation.
2]
Solution :
r=8cosf+6sinf = 12 =8(rcosf)+6(rsinf) = x?+y>=8x+6y
— 22 —8r+y?—6y=0 = (2> —8x+16)+ (> —6y+9)=16+9
= (v —4)% + (y — 3)? = 5

It represents a circle centered at(4,3) , with radius equals 5 .

15



7. Sketch the region inside the curve r = 3 4+ 3cosf and outside the curve
r =3, then find its area . [3]

Solution :

r = 3+ 3 cos  represents a cardioid symmetric
with respect to the polar axis.

r = 3 represents a circle centered at the pole
with radius equals 3 .

r=343cost

Points of intersection between r = 3 + 3 cos 6
and r=3:

3+3cosf =3 = 3cost =0
™ R
:>C089:0:>9:§, 9:?

Note that the shaded region is symmetric with respect to the polar axis.

™

1 % 3
A:2<2/ [(3—}—30059)2—(3)2} d9> :/ [9+ 18 cosf + 9cos® — 9] db
0 0

:/2 [18C089+9(1+00820):| aZO:/2 <18c089+9+9c0520> do
0 2 0 2 2

. 9 9  _1%
= |18sinf + -0 + — sin 20
271 .

s 97

18sin (5) +55+ Zsin(w)) - (18 sin(0) + 2(0) + isin(()))

1801)+ 27 4 (0)) — (18(0) + 0 + %(0)) _ 18+ %” .

16



MATH 111 - Integral Calculus
Second Semester - 1445 H
Solution of the First Exam

Dr Tariq A. Alfadhel

Question (1): [9 marks]
2
1. Use Riemann Sum to evaluate the definite integral / (% —1) dz . [3]
0

Solution : [a,b] = [0,2] and f(z) = 2> —1.

Am:bfa:270:g.
n n n

2%\ 2 412
=(Z) —1=2 1.
Feo= () -1=%
e S A3 (M) (2) o (32
n - k‘ xTr TL2 n - n3 n
k=1 k=1 k=1
8k2 N2
>
k=1 k=1

3 n2
2
4 1)(2 1
/ (22— 1) de = lim R, = lim [ (W)_Q}
0 n—00 n—oo | 3 n
4 2
3 3 3

2. FindF’(x),ifF(a:):/ ViE2+1dt. [2]

sm( 5

Solution :

531

Fl'(z) = % /Sin(m) Vi2+1dt

2

e @ @) - () 41 (s (Z) (3))

1
=352 In5y/56 + 1 — 5 o8 (E) sin? <£> +1.

2 2

17



Find dy of the following :
dz

3. y =tan"'(22) log|secx + tanx| . [2]

Solution :

% - (1_‘_22:1:)2 (2)) 10g|secx+tanx‘+tan—1(2x) (

secxtanz +sec?z 1 >

secx +tanz Inl10

_ 2loglsecx + tanz|  secx tan~'(2z)
B 1+ 422 In 10

4. y = (tanz)™" + 5 . [2]
Solution :
let y = f(x) + g(z) , where f(x) = (tanx)*“" and g(z) = 5* .

Then % =y = (&) + 4'(2)

First - ¢'(2) = 5% (1)In5 =5%1n5

Second - Finding f'(z)

f(z) = (tanz)™" = In|f(z)| = In|(tanx)™**"| = secz In|tanz| .

Differentiate both sides :

f(x) sec? x
=secx tanz In|tanz|+ secx
f(x) tan
o3
fl(x) = f(x) {secx tanz In|tanz| + oeC x}
tan x
3
sec
= (tanx)™" {secx tanz In|tanz|+ x}
tanx
dy secx sec® x z
Hence, — = (tanx) secr tanz In|tanz|+ +5%In5 .
dz tanz

Question (2): [16 marks]
Evaluate the following integrals :

1. /(3/5 e§)3 dz . 2]

Solution :

/(\3/5 e%)3 dxz/(?/ﬂz)?’ (e%)3 dx:/x e dz

18



Using the formula :

/ef(z) f(z) de=ef@ ¢

'/7£f?m'm

Solution :

1/1 (e 1, [e*
(R () e e ()

Using the formula :

/ (=) - dr = % sec™ ! (f(::)) + ¢, where [f(z)| > a and
f@)/[f(@)]" —a?

a > 0.

1
./x52‘”2 dz . [2]
0

Solution :

1 1 222 L
1 2 115
522° gy = f/ 52 (4z) dx = =
/0 x T = ; (4x) dx 11 ms
0

_ LR 0T 115 50) 1251 6
" 4| Inb In5 | 4|ln5 In5| 4\ Inb5 / 1In5°

Using the formula :

/af(””) f(x) dz =

T+ 2

Solution :

/a:—|—2 dx—/ T —|—72 dx
224+1 224+1 2241
x 2

= [ -4 -~ d
/x2+1 m+/aj2+1 v

1 2z 1

== | = dz+2 | ——4d
2/x2+1 T /:v2+1 .

19

ol @




1
=3 In(z? 4+ 1) +2tan~!(z) + ¢

5. /xil sin (In(z?)) dz . [2]

Solution :

/x_l sin (In(z?)) d:r:/sin (2In |z|) = dx
x

cos (21n |z])

(=cos(2ln|z|)) +c= 5

N |

1 2
= f/sin(21n|1:|) —dx =
2 T

Using the formula :

[sin (7)) 7@) do =~ cos (f(@) e

. /sc_2 s (i) cot (i) dz . [2]

Solution :

for (2o (2) s fo(B)oe(2) (2)
fr ) (2) () e

Using the formula :

/CSC(f(x)) cot (f(z)) f'(z) dv = —csc(f(x)) +c

sin~tz 8
. /W dz . [2]

Solution :

(3—|—Sin_1x)3 . 1 3 1

- dx = sin” " x T

JEA e fiavaa?
—x

-1 4
_ BT

Using the formula :

n+1
Juer p@ar=0 ey

20



sinx
8. dx . [2
/cost z. 2

First Solution :
sinx 1 sinzx
5 dr = dx
cos? x COSX COST

:/secx tanz dx = secx + ¢ .

Using the formula :

/sec:z: tanx dr = secx + c .

Second Solution :

/ el dZC:/(COSI')72 sinx al::::f/(cos:c)f2 (—sinz) dzx

cos? x

(cosx)~? 1
=t 4 c=
—1 CcOs T

+c=secx+c.

Using the formula :

n+1
/ @] f(2) de = % be nso1.
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MATH 111 - Integral Calculus
Second Semester - 1445 H
Solution of the Second Exam
Dr Tariq A. Alfadhel
Question (1): [4 marks]

Find @ of the following :
dx

1. y = tanh(22%) + sech™!(3x) . [2]

Solution :
dy 2(0..3 2 -1
= sech”(2z°) (62°) + ————— (3
= seeh®(20) (6%) 4 e )
= 622 sech2(2x3) - ; .
z V1 — 922

2. y =cosh™' (V) + sinh® (;) . [2]

Solution :

e ) () )

Question (2): [21 marks]
Evaluate the following integrals :

coth (/)

Solution :
7C0th(\/5) x= [ co T = i
ekl 7/ th(va) = d
:2/coth(\/5) % dw:an’sinh(\/EH +c.

Using the formula :

/coth(f(:z:)) f(x) de = In|sinh (f(z))] + ¢ .
2. /(2:c+1) cosz dx . [2]
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Solution : Using integration by parts.

u=2x+1 dv = coszx dx
du =2 dx v=sinx

/(295—1—1) cosx dxr = (2x + 1) sinx—/Zsinm dx

=(2z+1) sin:C—Q/sinx dr = (2x+1) sinz —2(—cosz) + ¢

=(2x+1) sinz+2cosz+c.

. /tan2x sectz dx . [2]

Solution : Using the substitution v = tanx

Then du = sec® z dz

/tan2 x sectx dr = /tan2 x sec’x sec® x dx

/taan (14—tan2 x) sec’x dx = /u2 (1+u2) du

3 5
:/(u2+u4) du:u——i—u——i—c: + +c.

1
. /x\/a:6+25 de - [3]

Solution :
} Y S
/wmd“‘—/xmd /m ()" + (5)°

1 2 1] 1 3 1 3
= 7/ 3z de = - [— csch™! (x)]—i—c = —— csch™! <x>+
3 (x3)2 +(5)2 31 5 5 15 5

3

C

Using the formula :

/ o {;Z;]? T dr = —é csch™? (f(ax)> + ¢, where a > 0 .

. /x In|z| dz . [2]

Solution : Using integration by parts.

u=In|z| dv =z dx
2
du:ldx v="1
T 2
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Solution :

Put u=1/4++z = u? =44z

— u 4=z = (W -4 =z

Then 2(u? — 4) 2u du = dz = 4u(u® — 4) du = dz .

[z

3 3

dxz/‘lu(“i_‘l) du:4/(u2—4)du

1
7. / ———dz . [2]
Va2 +6x + 13
Solution : Using completing the square.
2 +6x+13= (2 +62+9) +4=(z+3)>+(2)°
1 1
/—dx:/ dx:sinh1<
Va2 + 6z + 13 Vix+3)2+(2)2
using the formula :
!
/A dz = sinh™! <f(x)) + ¢, where a > 0 .
V@) +a? ‘
322+ 31+ 8
. / 4 B

Solution : Using the method of partial fractions.

322 +3x+8 3z*+3z+8 A Bzx+C
34+4r oz (22+4) oz 2244

322 +3x+8  A(z*+4) (Bx+C)z
w3 4+4r  x(x?+4) x(z? + 4)

322 + 32+ 8 = A(x* +4) + z(Bz + O)

24
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322 + 32+ 8 = A2® + 4A+ Ba? + Oz = (A+ B)a® + Cx + 44
By comparing the coefficients of the two polynomials in each side :

A+B=3 — (1)
C=3 — (2)
4A =8 — (3)
From equation (3) : 44 =8 = A=2.

From equation (1) : 2+ B=3 = B=1.

322+ 3x+8 2 x+3
TITE = [ (2 d
/ x3 4 4x v /(x+x2+4> v
2 T 3
/x x+/w2+4 z+/x2—|—4 .
1 1 2x 1
—of Zdeys [ g -4
/x m—|—2 /x2—|—4 x+3/$2+22 v

1 1
:21n\x|+§ In (2> +4) +3 {2 tan~! (;)} +c.

1 ‘
/wdx[S}

Solution : Using trigonometric substitutions.
x
Put z = 2sinf = sinf = 5 -

dr = 2cosf db .

(4_172)% = (4—4sin?0)® = [4(1 —Sin20)]%

3 3
2 2

= (4c0s?0)” = (4)% (cos?0)? = (22)% (cos® 0)% =2% cos® 0 .
1 2cosd 1 1
/(4_$2)§ d:c:/23 cos39d9:272/00529d0

1 1
:Z/se(‘,z@ dG:Z tanf + ¢

. T
Sln9=§. 2

From the triangle :
tanf =
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MATH 111 - Integral Calculus
Second Semester - 1445 H
Solution of the Final Exam

Dr Tariq A. Alfadhel

First Part [7 marks] .

1. Find the value of ¢ that satisfies the mean value theorem of integration
for the function f(z) = vz + 1 on the interval [—2,0] . [3]

b
Solution : Using the formula (b —a)f(c) = / f(z) dx |

where f(z) = Vz +1 and [a,b] = [-2,0] .

0

0 1
(0—(-2) ¥c¥1 z/_Q\S/x—&—ldx:/ (x+1)} da

-2

[IES

0
2Ve+1= B (x+1)ﬂ_2i (0+1)%72 (—2+1)

2Ve+1= =0 = 2vc+1=0

Ve+l=0 = ¢c+1=0 =c=-1.

NIt
NI

Note that ¢ = —1 € (-2,0) .

The desired value of ¢ is —1 .

em2

2. Find F'(x) , if F(z) :/ tan(t? + 1) dt . [2]
V3z
22

d e
Solution : F'(z) = —/ tan(t? + 1) dt
dx ) /35

F'(z) = tan <<e"’”2)2 + 1) e (2z) — tan ((\/3?)2 + 1> 2\}3; (3)

=2z ¢” tan (62””2 + 1) _ 3 tan(3z + 1)
2v/3x '

3. Find f'(z) , if f(z) = cosh™" (3**7!) + log ‘csch (%)’ . 2]

Solution :

, 1 201 —csch (§) coth(§) (3) 1
)= — (3 2) In3
f(x) P ( (2) In3)+ csch () In 10

~ 23 'In3  coth(§)
/32 _ | 21n 10
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Second Part [16 marks] .
Evaluate the following integrals :

2
1. / — dz . [3]
Vdz? + 8z + 20
Solution : Using completing the square .
42 +8x420 = 4(2°+22+5) =4 [(2® + 20+ 1) + 4] =4 [(z + 1)* + (2)?]
2
—— dzx :/ 2 dx
422 + 8z + 20 VAa(z +1)2 + (2)F

1
dz = sinh™* (:17—2|— >—|—c.

2
/2,/(x+1)2 o "

1
- / VE+ 1) + 22

using the formula
/ f'(x)
VI @) + a2

2. /tanflx dx . [3]

f(z)

a

dxsinh_1< >+c,wherea>0.

Solution : Using integration by parts.

u=tan" !z dv = dx

1
/tan_lxd:ﬂ:x tan_lx—/xidx
1+ 22

1 1 2
— - — _ = — =1 +1)+c.
r tan " x / D) 1dm T tan " x n(x ) C

4 .
/7952 3

Solution : Using Trigonometric substitutions.
x 2
Put x = 2sec = secl = 5 = cosf=—.
x
dr = 2secl tanf df .
Va2 —4=+/1sec? — 4 = \/4(sec20 — 1) = V4tan? 6 = 2tan 6 .

/ 4 d _/4 (2secf tan®) _/M
r2y/2% —4 v (2sech)? 2tanf J 8sec2f tanf

:/ 1 d0z/cost9d0:sin9+c
sec 0
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2
0=—.
cos o “

x> -4
From the triangle :
. VaZ—4 b
sinf = —— . )
x

1
/xQ\/x2—4 do = T

./ﬂdx.[s}

2 +2x — 8

Solution : Using the method of partial fractions.

224+2x -8 (z—-2)(x+4) x-2 z+4
3x+1 A1 (LL'+4) A2 ($—2)

(x—2)(x+4) (@-2)(xz—-4) (@+4)x-2)"

Putx:2,then:3(2)+1:A1 (2+4) — 7:6141 — Al:g

Put 2 = —4 ,then: 3(-4)+1=43 (-4-2) = —11=—-6A4,

7 1 11 1
6 x_2dm+€ x+4d$

7 11
:61n\x—2|+€1n\x+4|+c.

'/x—i-l\s/g?dx' 2]

d 1
Solution : / mr = / - dx
x + \5/5 T+ 3

using the substitution z = u3 , hence u = 23 .

ol

dx = 3u? du .

dx 3u? 3u? 3u?
r= [ ———Tdu= 3 du= [ ——5——5 du
x4 3 ud + (ud)? ud +u u (u?+1)

U 3 2u 3 9 3 2
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6. /sin5x cosb z dx . [2]
Solution :

/sin5 x cos®z dx = /sin4 z cos®z sinz dz

. 2 . 2 .
= / (sm2 :1:) cos®z sinz dr = / (1 — cos? :z:) cos®z sinz dx
Using the substitution v = cosx .

du=—sinz = (—1) du=sinz dz .

/(1—008295)2 cos® z sinx dx:/(l—u2)2 u® (—1) du

:—/(1—2u2+u4) u® du:—/(u6—2u8+u10) du

- u7 2u9+u11 + - COS7£L'+ COSQ$ COSH£E
B 7 9 11 - 7 9 11

+c.

Third Part [17 marks]| .

oo
1. Determine whether the improper integral / z et dz converges or di-
0
verges. [3]

Solution :

[e'e] 5 t -1
/ z el™ dx = lim z el dr = lim ( / e —21) dm)
0 t—o0 0 t—o0 2 0

_ a1t _

= lim <1 [elfx] ) = lim (1 [ })

t—oo \ 2 0 t—oo \ 2

-1 e
=5 0-d=3-

The improper integral converges.

Note that lim elft2 =0.
t—o0

2. Sketch the region bounded by the graphs of the curves y = 4 — 22 and
y =x + 2, then find its area . [3]
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Solution :

y = 4 — x? represents a parabola opens
downwards, with vertex (0,4)

y = x + 2 represents a straight line passes
through (0,2) , with slope equals 1 .
Points of intersection between y = 4 — z°
andy=x+2:

r+2=4—2°> = *4+2-2=0

= (z+2)(z—-1)=0 = z=-2,z=1

y=x+2

1 1 8 11 8 1 9
:——+2—(—2—4>:——+2—+6:—3+8—2:

3 2 3

3"

. Sketch the region bounded by the graphs of the curves y = 4—z2 , y = x+4
and x = 2, then find the volume of the solid generated by revolving this

region about the z-axis. [3]

Solution :

y = 4 — x% represents a parabola opens
downwards, with vertex (0,4).

y = x + 4 represents a straight line passes
through (0,4) , with slope equals 1 .

x = 2 represents a straight line parallel to the
y-axis and passes through (2,0) .

Note that z = 2 intersects y = 4 — z?
at the point (2,0) .

y=x+4

(3]
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Using Washer method :
2 2
V:?T/ [(x+4)2—(4—a:2)2} dmzﬂ'/ [(2® + 8z +16) — (16 — 8z* + 2)] dx
0 0
2 2
:ﬂ'/ (x2+8m+16—16+8x2—x4) d.I:ﬂ'/ (—x4+9x2+8x) dx
0 0
25 2 95 0°
=7 {—5 + 32° + 4x2} =7 [(—5 +3(2)% + 4(2)2> - <—5 +3(0)% + 4(0)2”

0

—w(?’2+24+16) —7r<352+40> —7r<_32+200> _ 1687

) ) 5)

. Find the arc length of y = v/1 — 22, fromax=—-1tox=1. [3]

Solution :
r 1 _ —
W g V1—a2

1 _ 2 1 2 1 (1—22) 2
x x x°) +x
L= 1 —_— dr = A\[14+ —— de = —d
/_1\/ +(\/1£L'2> * /_1 +17.’,E2 v /_1 1— 22
1 1
1 1 1
= W —— dx = —— dx=[sin"!
/_1 1.2 T /_1 T T [sm x]il

=sin (1) —sin"!(-1) = g — (—%) = g +

(—2z)

s
—=m.
2

. Convert the polar equation r = 8sin # 4 6 cos § into a Cartesian equation.
2]

Solution :

r=8sinf+6cos = 12 =8(rsinf)+6(rcos) = x?+y*=8y+6a
— 22 —6r+y°—8y=0 = (22 —62+9)+ (y> -8y +16) =9+ 16
= (v -3)%+(y—4)? =5

It represents a circle centered at (3,4) , with radius equals 5 .

. Sketch the region inside the curve r = 2 + 2cos @ and outside the curve
r =3, then find its area. [3]
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Solution :

r = 242 cos 0 represents a cardioid symmetric
with respect to the polar axis.

r = 3 represents a circle centered at the pole,
with radius equals 3 .

Points of intersection between r = 2 + 2 cos 6
and r=3:

2+2cosfh =3 =— 2cosf =1
p 1 0 s 0 5%

= cosf=—- — 0=— = — .
2 3’ 3

Note that the shaded region is symmetric with respect to the polar axis.

1 Ed Ed
A:2<2/3 [(2—}—20059)2—(3)2} d9> :/3 [4+ 8cosf + 4cos® 0 — 9] db
0 0

™ ™

3 3 1 20
:/3 [75+8C080+4C0829] d@z/3 {5+8cos9+4<+c20s>} do
0 0

™

2/3 [-5 + 8cosf + 2+ 2cos 20 d02/3 [-3 + 8cosf + 2cos20] db
0 0

= [_30+8sin9+sin29]§ =[-30 +8sinf + 2sind cos@}(j%

= [73 (g) + 8sin (g) + 2sin (g) cos (g)] —[—3(0) 4 8sin (0) + 2sin (0) cos (0))]
= —7r+8<\£§> +2<\§> (;)] —[040+0]
:—7r+87\/§+§=—77+¥.
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