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Limit of a fucntion

Limit of a fucntion

Iff:DH[Ranchﬁ. We say the limit of f at cis L If

Ve>0 46>0:
xe€D, 0<|z—c|<d =|flx)—L|<e

We write
lim f(x) =L

r—c

or f(x) — Lasx — c .
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Limit of a fucntion

Limit of a fucntion

(1)
lim4x +1=13
x—3
Q If ) 4
¢ x+3
f(””)_{o z=3
then
lim f(z) =9
x—3
()
1 1
lim — = -
r—3 T
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Limit of a fucntion

Remarks

Q If we can find § > 0 such that |f(z) — L| < ¢ then any
d" € (0,9) will work.
@ To prove that lim f(z) = L It suffices to show

Tr—cC

Ve>0 36>0: =ze€D,
O<|z—c|<d =|flx)—L|<ae

where a > 0 does not depend on x nor ¢.
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Limit of a fucntion

Limits and Sequences

If f: D— RandcEe D. Then the following statements are
equivalent.

Q lim f(x) =L
Tr—cC

@ For every sequence (z,,) in D sucht that x,, # ¢ for all n € N
and x,, — c then the sequence (f(z,,)) converges to L.
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Limit of a fucntion

Limits and Sequences

If f: D— R and ¢ € D, and let we define
S:={(z,) C D:x, #c,x, = c} then
Q |If there is a sequence (x,,) in S such that (f(z,,)) diverges,
then liin f(z) does not exist.

@ If there are two sequences (z,,) and (y,,) in S such that
lim f(z,) # lim f(y,) then lim f(z) does not exist.
r—cC r—cC r—cC
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Limit of a fucntion

Limits and Sequences

2 o7
2]
lim sgn(z)
z—0
1 >0
sgn(z) =< 0 =0
-1 <0
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Limit of a fucntion

Limits and Sequences

1
lim sin —
x—0 X

lim f(z)

r@={ 4 Lea
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Basic Theorems

Basic Theorems

Let f: D— Rand ce D. If lim f(z) exists then it is unique.
Tr—cC
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Basic Theorems

Basic Theorems

Let f: D—R ce€ D. If f has a limit at ¢ then f is bounded in
a neighborhood U of ¢,
i.e., there is an M > 0 such that

|f(x)| <M  VzeUnD\{c}
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Basic Theorems

Basic Theorems

Let f: D — R ceD. If lim f(z) = L and L # 0 then there is
Tr—cC
a neighborhood U of ¢, and M > 0 such that

|f(z)]>M  VxeUnD\{c}
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Basic Theorems

Basic Theorems

Let f,g: D — R, ceD. If lim f(z) = L and lim g(z) = K
h r—cC T—cC
then

Q lim[f(z)+g(x)] =L+ K

Tr—cC

@ lim[f(x) - g(x)] = LK

T—c
. fl@) L
elfK#o,thenilg}:m—%
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Basic Theorems

Basic Theorems

Let f,g: D — Rand ¢ € D. If lim f(z) = L and lim g(2) = K
T—C xr—cC
and there is a neighborhood U of ¢, such that

flx) <g(z)  VeeUnD\{c}

then

L<K
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Basic Theorems

Sequeeze Theorems

Let f,g,h: D — Rand cé€e D. If there is a neighborhood U of ¢,
such that

f(2) <g(@) <h(x) Ve eUnD\{c}

and lim f(x) = lim h(xz) = L then

Tr—cC Tr—cC

lim g(xz) = L

r—cC
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Basic Theorems

Squeeze Theorem

@ If p is a polynomial then lim f(x) = f(c) for all ¢ € R

T—>C
x2+2
1m
z—1 x+1
22 -5 +6
i R
1

Q lim zsin —
z—0 X
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Basic Theorems

Squeeze Theorem

Q@ limsind =0
6—0
Q limcosf =1
6—0
@ lim sinf =sinf,, lim cosf = cosf,
0—0, 0—0,
sin 6
Q lim =1
6—0 0
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Extensions of Limits

Extensions of Limits

lim sgn(x)
z—0

sgn(z)

1 —05 05 1
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Extensions of Limits

Extensions of Limits

z—0 X
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Extensions of Limits

Extensions of Limits

lim sin —
x—0 xX
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Extensions of Limits

Right Limit

Definition
If f: D — R and cis a cluster point of DN (c,00). Then the
right hand limit of f at ¢ equals L if

Ve>0 46>0: ze€D,
0<z—c<d =|f(x)—Ll<e

and we Write
lim f(x)=1L

T—ct
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Extensions of Limits

Left Limit

If f: D— R and cis a cluster point of D N (—o0,c). Then the
left hand limit of f at ¢ equals K if

Ve>0 46>0: xz€D,
O0<c—z<d =|flr)—K|<e

and we write
lim f(z) =K

r—Cc™
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Extensions of Limits

The Limit

If f: D— R and ¢ € D then

lim f(z) = L < lim f(z) = lim f(z)=L

Tr—cC T—Cc
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Extensions of Limits

Right and Left Limits

fl)y=4 ve=2

what is lim f(x) ?
z—4

2]

does lim f(x) exist ?
z—0
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Extensions of Limits

Infinite limits

Letf:D—>[Randc€ﬁ then
Q lim f(z) = oo if
T—cC

VM eR 36§>0: z€D,
O<l|lz—c|<d = flx)>M

Q lim f(z) = —c0 if

T—cC

VMeR 36>0: ze€D,
O<lr—c|<d = flx)<M
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Extensions of Limits

Limits at infinity

Let f: D — R

Q If (a,00) C D then le f(z)=Lif

Ve>0 IMeR: zeD,
x>M =|f(x)—L|<e

@ If (—o0,b) C D then lim f(z) =1L if

Tr—r—00
Ve>0 I MeR: zeD,
z<M =|flx)—L|l<e
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Extensions of Limits

Infinite Limits
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