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Outline Stat 332 

Regression Analysis  

Instructor:  Dr. Mahmoud Ibrahim 

Textbook:  

Applied Linear Regression Models, Fifth Edition by Kutner, Nachtsheim and Neter 

 كتاب مترجم للطبعة الرابعة   
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Course Scope and Contents: 

This course is an introduction to applied data analysis. We will explore data sets, 

examine various models for the data, assess the validity of their assumptions, and 

determine which conclusions we can make (if any). Data analysis is a bit of an art; 

there may be several valid approaches. We will strongly emphasize the importance 

of critical thinking about the data and the question of interest. Our overall goal is to 

use a basic set of modeling tools to explore and analyze data and to present the 

results in a scientific report. We then consider simple linear regression, a model 

that uses only one predictor. After briefly reviewing some linear algebra, we turn 

to multiple linear regression, a model that uses multiple variables to predict the 

response of interest. For all models, we will examine the underlying assumptions. 

More specifically, do the data support the assumptions? Do they contradict them? 

What are the consequences for inference? Also, we will explore some nonlinear 

models and data transformations. Finally, we discuss Linear regression based on 

the categorical with some applications 
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Course Calendar 

Week Date Topics Covered 

1 30/8/2020 Introduction and some basic concepts of probability and statistics 

2 6/9/2020 Definition of the Simple linear regression model with some applications 

3 13/9/2020 Estimation of the unknown parameters of the simple linear 

regression model 

4 20/9/2020 Properties of the least square method 

5 27/9/2020 Confidence estimation of the least square estimated of the 

coefficient of simple linear regression model. 

6 4/10/2020 Hypotheses Testing of the simple linear regression model 

7 11/10/2020 The efficiency of the simple linear regression model by using 

ANOVA 

8 18/10/2020 Predication and residual analysis of the simple linear regression 

model 

9 25/10/2020 Like-of-fit test  

10 1/11/2020 Multiple linear regression model 

11 8/11/2020 Estimation of the unknown parameters of the multiple linear 

regression model. 

12 15/11/2020 Hypothesis testing of the multiple linear regression model 

13 22/11/2020 Prediction and residual analysis of the multiple linear regression 

model 

14 29/11/2020 Stepwise regression 

15 6/12/2020 Linear regression based on the categorical with some application 
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Stat 332 

Regression Analysis 

 

Chapter 1  

Linear Regression with One 
Predictor Variable 

 

 

 Regression analysis is a statistical methodology that utilizes the 

relation between two or more quantitative variables so that a 

response or outcome variable can be predicted from the other, or 

others.  

 This methodology is widely used in business, the social and 

behavioral sciences, the biological sciences, and many other 

disciplines.  
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A few examples of applications are: 

 
1-  Sales of a product can be predicted by utilizing the relationship 

between sales and amount of advertising expenditures. 
 

2- The performance of an employee on a job can be predicted by 
utilizing the relationship between performance and a battery of 
aptitude tests. 
 

3- The size of the vocabulary of a child can be predicted by utilizing 
the relationship between size of vocabulary and age of the child 
and amount of education of the parents. 
 

4- The length of hospital stay of a surgical patient can be predicted by 
utilizing the relationship between the time in the hospital and the 
severity of the operation. 
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 Relations between Variables 
 
Functional Relation between Two Variables (mathematical relations) 
 

Example (1-1) 
 

                                                       Y=2X 
 

X                  Y (Dollars) 
Units          Sales 
75               150 
25                 50 
130              260 
 

 

 
 
 

Fig.(1.1) 
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 Statistical Relation between Two Variables 
 
 
 
Example (1-2) 
 
Performance evaluations for 10 employees were obtained at midyear and at year-
end. These data are plotted in Figure 1.2. Year-end evaluations are taken as the 
dependent or response variable Y, and midyear evaluations as the independent, 
explanatory, or predictor 
 
 

 
 

Figure (1.2) 
Example (1-3) 
 
Figure 1.3 presents data on age and level of a steroid in plasma for 27 healthy females 

between 8 and 25 years old. The data strongly suggest that the statistical relationship 

is curvilinear (not linear). The curve of relationship has also been drawn in Figure 

1.3. It implies that, as age increases, steroid level increases up to a point and then 

begins to level off. Note again the scattering of points around the curve of statistical 

relationship, typical of all statistical relations 
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What is the functional relations to describe Fig 1.2 and Fig 1.3? 
 

It is a regression relation or regression model! 
 
 
 Uses of Regression Analysis 

 
Regression analysis serves three major purposes:  
 
(1) description 
(2) control 
(3) prediction 
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 Regression and Causality 
 
The existence of a statistical relation between the response variable Y and the 
explanatory or predictor variable X does not imply in any way that Y depends 
causally on X.  
 
No matter how strong is the statistical relation between X and Y, no cause-and-effect 
pattern is necessarily implied by the regression model.  
 
For example, data on size of vocabulary (X) and writing speed (Y) for a sample of 
young children aged 5-10 will show a positive regression relation. This relation does 
not imply, however, that an increase in vocabulary causes a faster writing speed.  
 
Here, other explanatory variables, such as age of the child and amount of education, 
affect both the vocabulary (X) and the writing speed (Y). Older children have a larger 
vocabulary and a faster writing speed. 
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Simple Linear Regression Model with Distribution 

of Error Terms Unspecified 
 
Let 
 

                                                    (1.1) 
 
 

 
 
 

 
 
 

Remark: we will use the symbol   2 2( )i iVar       

 
 
Important Features of the  Model are: 
 

 
0 1

2 2

( )

( )

i i

i i

E Y X

Var Y Y
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Example (2‐4) 
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Alternative Versions of Regression Model 
 
 
The simple linear regression model is 
 

 
 
Alternative Versions of Regression Model is 
 

 
 
 
 

Estimation of 0 1and    
 
 
 

The least square method for estimating the unknown parameters of the simple 

linear regression model can be explained as follows: 
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,           (1.1) 

 

 

Differenatining (1.1) with respect to   0 1and   and equating to zero, we get 

 

 

 

Hence 
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Solving with respect b0 and b1, we get 

 

 

Which can be written as  
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1 1 2

2

0 0 1

n xy x y
b

n x x

b Y b X






 

 
  
 

  

  

   

 

Example 1  (Toluca Company Data) 
 

The Toluca company manufactures refrigeration equipment as well as many 

replacement parts. In the past, one of the replacement parts has been produced 

periodically in lots of varying sizes. When a cost improvement program was 

undertaken, company officials wished to determine the optimum lot size for 

producing this part. The production of this part involves setting up the production 

process (which must be done no matter what is the lot size) and machining and 

assembly operations. One key input for the model to ascertain the optimum lot size 

was the relationship between lot size and labor hours required to produce the lot. 

 

 To determine this relationship, data on lot size and work hours for 25 recent 

production runs were utilized. The production conditions were stable during the six-

month period in which the 25 runs were made and were expected to continue to be 

the same during the next three years, the planning period for which the cost 

improvement program was being conducted. 

 

The data is given in the book data website:  

http://www.stat.ufl.edu/~rrandles/sta4210/Rclassnotes/data/textdatasets/KutnerDat

a/Chapter%20%201%20Data%20Sets/CH01TA01.txt 
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Find the estimation of the simple linear regression model 

 

0 1Y X      

Solution 

 

The scatter plot for the data shows that the simple linear model represents a good fit 

for the data as follows: 
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Then it is easy to calculate 

 

Then 



16 
 

 

One can use R as follows: 

 

 

 

 

 

 

 

 

 

 

 

Or one can use the direct R command for regression as: lm(y~x) to get the same 

results. 

 

Call: 

lm(formula = y ~ x) 

Coefficients: 

(Intercept)            x   

       

 

mydata = read.table("TCD.txt", header=TRUE) 

# How to separate some variables the data file   

x=mydata$X 

y=mydata$Y 

x.bar=mean(x) 

y.bar=mean(y) 

print(c(x.bar,y.bar)) 

t1=sum((x‐x.bar)*(y‐y.bar)) 

t2=sum((x‐x.bar)^2) 

b1=t1/t2 

Call: 

lm(formula = y ~ x) 

Coefficients: 

(Intercept)            x   

      62.37         3.57   
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As we can see from the results the estimated linear regression model is 

Y = 62.4 + 3.57 X     (2) 
 

 Interpretation of the results 

 

1- When the lot size (X) increases by one units, the work hours (Y) increase 

by 3.57 hours.  

2- There is 62.4 hour of the work hours (Y) do not depend on the lot size (X). 

 

 The estimated simple linear regression model in equation (2) can be used 

to predict the work hours required for a certain lot size. For example, if 

the lot size is 85 units, then  

     Y = 62.4 + 3.57 * 85 = 365.85 hours. 

 

 We can use the alternative Model as:  
 

 

 

 The residual can be calculated at each point 

of the intendent variable x as 
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For example, when X=30 and X=80, we calculate 

the residuals as: 

 

 
 

From the Figure, we see that 
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Similarly, we can calculate the residuals at the all point of x to get 

i  e  i  e  i  e 

1  51.02  11  ‐45.17  21  103.53 

2  ‐48.47  12  ‐60.28  22  84.32 

3  ‐19.88  13  5.32  23  38.83 

4  ‐7.68  14  ‐20.77  24  ‐5.98 

5  48.72  15  ‐20.09  25  10.72 

6  ‐52.58  16  0.61       

7  55.21  17  42.53       

8  4.02  18  27.12       

9  ‐66.39  19  ‐6.68       

10  ‐83.88  20  ‐34.09       

 

These residuals can be calculated directly from R providing as: 

summary(model)$res 
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In the simple linear regression model: 

0 1

2

, 1, 2,...,

( ) 0, ( ) ( , ) 0 .

i i i

i i i j

Y X i n

E Var and Cov for all i j

  

    

   

     

Then 
2

0 1( ) ( )i i iE Y X and Var Y     . 

Let’s introduce some more notations: 

 

 

  

2 2 2

1 1

2 2 2

1 1

1 1

i

i

n n

xx i
i i

n n

yy i
i i

n n

xy i i i i
i i

S X X X nX

S Y Y Y nY

S X X Y Y X Y nXY

 

 

 

   

   

    

 

 

 

 

 

The least square estimates of 0 1,   are 

 


  

 


1
1 1

2

1

0 0 1

n

i i
xyi

n
xx

i
i

X X Y Y
S

b
S

X X

b Y b X









 
  



  



  

 

Properties of the fitted regression line 

 

The residuals     , 1, 2,...ii ie Y Y i      of the simple linear regression model  

satisfies the following properties  
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1- The sum of the residuals is zero i.e. 

1

0
n

i
i

e


  

Proof. 

   

 

0 1

0 1

0 1

1 1

1 1

( )

( )

0

ii i i i

i i

e Y Y Y b b X

Y b b X

nY nb nb X

nY n Y b X nb X

nY nY nb X nb X

    

  

  

   

   


  



 

 

2- The regression line always goes through the point  ,X Y . 

Proof. 

0 1 0 1 1 1i iY b b X b b X Y b X b X Y         

3- The sum of the observed values iY ; equals the sum of the fitted values  iY  

Proof. 


0 1 0 1

1 1 1 1

( )

( )

i i

i

Y b b X nb nb X

n Y b X nb X nY nb X nb X

nY Y
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4- The sum of the weighted residuals is zero when the residual in the ith trial is 

weighted by the level of the predictor variable in the ith trial  
1

0
n

i i
i

e X


  

Proof. 

 

   

 

  

0 1
1 1 1

1 1
1

1
1 1 1

2 2
1

1 1 1

1 1 1

1 1

( )

( )

( )

0.

i

n n n

ii i i i i i i
i i i

n

i i i
i

n n n

i i i i i
i i i

n n n

i i i
i i i

n n n

i i i i i
i i i

n n

i i i i
i i

e X Y Y X Y b b X X

Y Y b X b X X

Y X Y X b X X X

Y X Y X b X nX

Y X Y X Y Y X X

Y X nXY Y X nXY

  



  

  

  

 

    

   

   

   

    

   



  



  

  

  

 

 

 

5- A consequence of properties (1) and (4) is that the sum of the weighted 

residuals is zero when the residual in the ith trial is weighted by the fitted 

value of the response variable for the ith trial 
1

n

ii
i

e Y

 . 

Proof. 


0 1 0 1

1 1 1 1

( ) 0 0 0
n n n n

ii i i i i i
i i i i

e Y e b b X b e b e X
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Point Estimator of 2  

 

Under the assumption that the residuals  2(0, )i N  , the maximum likelihood 

methods can be used to derive the MLE of   2  as 

 


 2

2
1

( )
n

ii
i

Y Y
SSE

n n
 


 


  which is biased estimate for  2  

The unbiased estimate of   2  can be obtained as 


 2

2
2 1

( )

2 2 2

n

ii
i

Y Y
n SSE

S MSE
n n n

 


   

  


 which is called the residual mean square 

MSE 

Then      

2

SSE
MSE

n


  

 

Example 

 
We will calculate SSE for the Toluca Company example. The residuals were 
obtained earlier. From these results, we obtain: 

 

SSE = 54825  

Then 

2 54825
2384 and 2384 48.8 hours

25-2
MSE S S MSE        
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The sum of squared errors can be calculated from R results simply as: 

 

 

 

 

 

 

 

 

model=lm(y~x) 

summary(model) 

summary(model)$coef 

e=summary(model)$res 

sum(e^2) 
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Chapter 2 
Inferences in Regression 
and Correlation Analysis 

 

In the simple linear regression model: 

0 1

2

, 1, 2,...,

( ) 0, ( ) ( , ) 0 .

i i i

i i i j

Y X i n

E Var and Cov for all i j

  

    

   

     

Then 

2
0 1( ) ( )i i iE Y X and Var Y     . 

Let’s introduce some more notations: 

 

 

   

2 2 2

1 1

2 2 2

1 1

1 1

i

i

n n

xx i
i i

n n

yy i
i i

n n

xy i i i i
i i

S X X X nX

S Y Y Y nY

S X X Y Y X Y nXY

 

 

 

   

   

    

 

 

 

 

 

The point estimates of 0 1,   are 

 


  

 


1
1 1

2

1

0 0 1

n

i i
xyi

n
xx

i
i

X X Y Y
S

b
S

X X

b Y b X









 
  



  



                                               (2.1) 
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Properties of Point estimation of 1 0,   

 

The point estimation of the coefficients of the simple linear 

regression model in (2.1) can be written in linear combination 

forms of iY as follows: 


  

 

   

 

 

 

 
 

1 1 1
1 1

2 2

1 1

1

2

1

21

1

1

,

n n n

i i i i i
i i i

n n

i i
i i

n

i i
i

n

i
i

n
i

in
i

i
i

n

i i
i

X X Y Y X X Y Y X X
b

X X X X

X X Y

X X

X X
Y

X X

K Y

   

 











    
  

 






 
 
 
  
 



  

 










 


1 1

1

n

i i
i

b K Y


                                                        (2.2) 

 

where 
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 2

1

i

i n

i
i

X X
K

X X






                                                      (2.3) 

As we can see, the form of the point estimation of slope the 

simple liner model is given in a liner combination form of iY . 

 

Similarly,  


0 0 1

1

1 1

1

1

1

n

i i
i

n n
i

i i
i i

n

i i
i

n

i i
i

b Y b X Y X k Y

Y
X k Y

n

Xk Y
n

L Y




 





    

 

   
 





 




 

 


0 0

1

n

i i
i

b L Y


                                                        (2.4) 
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where 

1
i iL X K

n
                                                        (2.5) 

and iK  is given in (2.3). 

 

 

The coefficients iK  and iL satisfy the following properties: 

 

Lemma  

The coefficients  iK  given in (2.3) satisfies the following 

properties 
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Proof. 

 

 

 

 
 

 
 

 

 

2

2 2

1 1

2 2 2

1 1

2 2 21

1 1

1

i ii

i i in n

i i
i i

n n

i i in
i i

i i n n
i

i i
i i

X XXX X
K K X

X X X X

X XX X nX
K X

X X X nX
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Lemma  

The coefficients  iL  given in (2.5) satisfies the following 

properties 

 

1

1

2
2

21

1

1

0

1
i

n

i
i

n

i i
i

n

n
i

i
i

L

L X

X
L

n
X X













 









 

Proof. 

1 1

1
( ) 1 0 1

n n

i i i
i i

n
L X K X K

n n 

          

 

1 1 1 1

1 1
( )

0

n n n n

i i i i i i i
i i i i

L X X K X X X K X
n n

X X
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2 2 2 2
2

1 1 1

2 21
2

1 1

2

2

21 1
( )

2
1

1

( )

i i

i

n n n
i

i
i i i

n

in n
i

i i

i

K X
L X K K X

n n n

X K
X K

n n

X

n
X X

  



 

 
     

 

  

 


  


 



 

 

1- Unbiasedness of Point estimation of 1 0,   

 

 Lemma  

The point estimators of 1 and 0  are unbiased 

Proof. 

From (2.2), we have 


1 1

1

n

i i
i

b K Y


  then 
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1 1 0 1

1 1

0 1
1

0 1
1 1

1

( ) ( ) ( ) ( )

( )

.

n n

i i i i
i i

n

i i
i

n n

i i i
i i

E E b K E Y K X

K X

K K X

  

 

 



 



 

   

 

 



 



   

Similarly, from (2.4), we have 

 


0 0 0 1

1 1

0 1
1

0 1
1 1

0

( ) ( ) ( ) ( )

( )
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n n

i i i i
i i

n

i i
i
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i i i
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2- Variances 

 

Lemma  

The point estimators of 1 and 0  have the following 

variances, respectively 


2

1 1
2

( ) ( ) .
( )i

Var Var b
X X

  
  

 

 and 


2

2
0 0

2

1
( ) ( ) .

( )i

X
Var Var b

n
X X

 

 
 
   
   


 

Proof. 

From (2.2), we have 


1 1

1

n

i i
i

b K Y


  then 
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 2 2 2
1 1

1 1

2

2

( ) ( ) ( )

.
( )

i i

n n

i
i i

i

Var Var b K VarY K

X X

 


 

  




 

  

 

Similarly, from (2.4), we have 

 2 2 2
0 0

1 1

2
2

2
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1
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Example 

 

Consider the Toluca Company example, the variance of  1 0, 

are: 


2

1 1
2

2

( ) ( )
( )

2384
.12040

19800
( )

i

i

Var Var b
X X

MSE

X X

  


  






Hence the squared error of 1  is  

 
1 1. ( ) ( ) .12040 .3470S E Var     

 

Similarly, 
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2

2
0 0

2

2

2

2

1
( ) ( )

( )

1

( )

701
2,384

25 19800

685.34

i

i

X
Var Var b

n
X X

X
MSE

n
X X

 

 
 
   
   

 
 
  
   
 

  
 






 

Hence the squared error of  0  is  

 
0 0. ( ) ( ) 685.34 26.18S E Var   
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In the simple linear regression model: 

0 1

2

, 1, 2,...,

( ) 0, ( ) ( , ) 0 .

i i i

i i i j

Y X i n

E Var and Cov for all i j

  

    

   

     

Then 

2
0 1( ) ( )i i iE Y X and Var Y     . 

Let’s introduce some more notations: 
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i i
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The point estimates of 0 1,   are 
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2

1 1 1
2

( ) , . ( ) ( )
( )i

Var S E Var
X X

   
 

and 

  
2

2
0 0 0

2

1
( ) , . ( ) ( )

( )i

X
Var S E Var

n
X X

   

 
 
   
   

  

The unbiased estimate of 2  is 

 2 2 2

1

, , , 1, 2,...
2

n

ii i i
i

SSE
s MSE SSE e e Y Y i

n




      
   

3- Sampling distribution  
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3-1 Sampling distribution of 



1 1 1 1

11
. ( ). ( )

b

S E bS E

  


 
  and 




0 0 0 0

00
. ( ). ( )

b

S E bS E

  

 

  

Lemma 

Let  1b  is the estimator of the slop in the simple linear regression model, then 




1 1 1 1

11
. ( ). ( )

b

S E bS E

  


 
 has t distribution with (n-2) degrees of freedom. 

Similarly, 

Let 0b  is the estimator of the intercept  in the simple linear regression model, then 




0 0 0 0

00
. ( ). ( )

b

S E bS E

  

 

 has t distribution with (n-2) degrees of freedom. 

 

Interval Estimation 

 

This distribution of 



1 1 1 1

11
. ( ). ( )

b

S E bS E

  


 
  can be used to construct 100(1 )%  

confidence interval for 1 as follows 

 
1 1 / 2, 2 1. ( )nt S E    

 

Similarly, the distribution of 



0 0 0 0

00
. ( ). ( )

b

S E bS E

  

 

  can be used to construct 100(1 )%  

confidence interval for 1 as follows 

 
0 1 / 2, 2 0. ( )nt S E    
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Example 

 

Consider the Toluca Company example, find 95% confidence 

intervals for both of 1  and  0 . 

For such data, we have calculated 

 


2

1 1
2 2

2384
( ) ( ) .12040

19800
( ) ( )i i

MSE
Var Var b

X X X X

     
  

 

Hence the squared error of 1  is  

 
1 1. ( ) ( ) .12040 .3470S E Var     

Similarly,  

 
0 0. ( ) ( ) 685.34 26.18S E Var   

 

1 / 2, 2 0.975,23  2.068658=2.069nt t      

and  

 
1 03.5702, 62.4      

Then 95% confidence interval for 1 as follows 

 
1 1 / 2, 2 1. ( )

3.5702 2.069(0.3470)

nt S E  
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Hence    

12.85 4.29 
 

 

Similarly, then 95%  confidence interval for 0 as follows 

 
0 1 / 2, 2 0. ( )

62.4 2.069(26.18)

nt S E  


 

Hence    

08.25 116.57 
 

 

This can be done easily using R as: 

 

 

 

 

 

 

Hypotheses Testing 

This distribution of 



1 1 1 1

11
. ( ). ( )

b

S E bS E

  


 
  and




0 0 0 0

00
. ( ). ( )

b

S E bS E

  

 

  can be used to test 

some hypotheses concerning the coefficients of the simple linear regression model 

as follows: 

 

 

 

confint(model,level=0.95) #CIs for all parameters 



Dr. Khalaf Sultan    Regression Analysis (Stat 332) 

42 
 

 

 

i) Setup the hypotheses   

(0) (0)
0 1 1 1 1 1: :H vs H      

ii) Test statistic under H0 

1

(0)
1

0
1. ( )

b
T

S E b


    this statistic has t distribution with (n-2) d.f 

iii) Critical regions  

 

 

 

R.R: Rejection Region and A.R: Acceptance Region 

 

iv) Decision 

When the calculated 0T  belongs to the shaded areas, we reject the null  

hypothesis H0, otherwise Accept H0.    

 

 

 

 

 

Steps for testing  1  
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i) Setup the hypotheses   

(0) (0)
0 0 0 1 0 0: :H vs H      

ii) Test statistic under H0 

0

(0)
0

0
0. ( )

b
T

S E b


    this statistic has t distribution with (n-2) d.f 

iii) Critical regions  

 

 

 

R.R: Rejection Region and A.R: Acceptance Region 

 

iv) Decision 

When the calculated 0T  belongs to the shaded areas, we reject the null 

hypothesis H0, otherwise Accept H0.    

 

 

 

 

Steps for testing  0  
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Remarks:  

(1) In some applications, we may need to test 

0 1 1 1: 0 : 0H vs H    

and 

0 0 1 0: 0 : 0H vs H    

In these cases, you need to replace both of (0)
1  and  (0)

0 by zeros in the test 

steps. This  equivalents  testing the significance of the linear term ( 1 ) or the 

intercept term  0 . R output are designed for these cases.  

 

(2) In some applications, we may need to test 

0 1 1 1: 0 : ( ) 0H vs H     

and 

0 0 1 0: 0 : ( )0H vs H     

In these cases, you need to replace the critical regions to one-sided critical 

regions. 

 

(3) One may use the two-sided p-value approach: 02 (T )p value P T   , then 

reject H0 when p value   , otherwise accept H0. The one-sided p-value 

is 0(T )p value P T   , then reject H0 when p value   , otherwise 

accept H0.  
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Example: 

Consider the Toluca Company example, test the hypotheses  

0 1 1 1: 0 : 0H vs H    

and 

0 0 1 0: 0 : 0H vs H    

Testing  1   

i) Setup the hypotheses   

0 1 1 1: 0 : 0H vs H    

ii) Test statistics under H0 

1

(0)
1

0
1

3.5702 0
10.29

. ( ) 0.3470

b
T

S E b

 
       

iii) Critical regions  

0.05 / 2 0.025      

/ 2 / 22.069 2.069t and t      

 

R.R: Rejection Region and A.R: Acceptance Region 

iv) Decision: The calculated 0 10.29T   belongs to the shaded areas, then we 

reject the null  hypothesis H0  

These calculations can be conducted using the R output as: 
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Coefficients: 
            Estimate   Std. Error     t value    Pr(>|t|)     
(Intercept)   62.366     26.177   2.382   0.0259 *   
x                 3.570       0.347     10.290   4.45e-10 *** 
--- 
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 

As we can see from the results that, T=10.29. Also, the p-value=0.000<0.05, then 

reject H0. 

Testing 0  

i) Setup the hypotheses   

0 0 1 0: 0 : 0H vs H    

ii) Test statistics under H0 

0

(0)
0

0
0

62.4 0
2.38

. ( ) 26.18

b
T

S E b

 
       

iii) Critical regions  

0.05 / 2 0.025      

/ 2 / 22.069 2.069t and t      

 

R.R: Rejection Region and A.R: Acceptance Region 

iv) Decision: The calculated 0 2.38T   belongs to the shaded areas, then we 

reject the null  hypothesis H0 . 

As we can see from the results that, T=10.29. Also, the p-value=0.026<0.05, then 

reject H0. 
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Recall: 

In the simple linear regression model: 

0 1

2

, 1, 2,...,

( ) 0, ( ) ( , ) 0 .

i i i

i i i j

Y X i n

E Var and Cov for all i j

  

    

   

     

Then 

2
0 1( ) ( )i i iE Y X and Var Y     . 

The point estimates of 0 1,   are 


  

 
1

1 01 0 1
2

1

,

n

i i
xyi

n
xx

i
i

X X Y Y
S

b b Y b X
S

X X
 



 
     





                                               

  
 


1 01

21 1

1

1
, , ,

n n
i

i i i i i i in
i i

i
i

X X
b K Y K L Y L X K

n
X X

 
 




     


 


                       

 
2 2

2
1 0

2 2

1
( ) , ( ) ,

( ) ( )i i

X
Var Var

n
X X X X

  

 
 
   
    

 
 

The unbiased estimate of 2  is 

 2 2 2

1

, , , 1,2,...
2

n

ii i i
i

SSE
s MSE SSE e e Y Y i

n
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Analysis of Variance Approach to Regression Analysis 

 

We now have developed the basic regression model and demonstrated its major uses. 

At this point, we consider the regression analysis from the perspective of analysis of 

variance. This new perspective will not enable us to do anything new, but the 

analysis of variance approach will come into its own when we take up multiple 

regression models and other types of linear statistical models. 

Types of sum of squared Errors 

Use the data in Toluca Company example, we show three types 
of sum of the squared errors as: 
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1‐ SSTO stands for total sum of squares 
 

 
n

2
i

i=1

SSTO= (Y -Y)  

 

2- SSE stands for error sum of squares 
 


n

2
i i

i=1

SSE= (Y -Y )  

 
 

3- SSR stands for regression sum of squares 


n

2
i

i=1

SSR= (Y -Y)  

 

Lemma: 

SSTO=SSR+SSE 
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Proof. 

 

 

 

But 

   
n n n

i i ii i i i
i=1 i=1 i=1

(Y -Y)(Y -Y ) (Y -Y)e Y e e 0 0 0i Y          

Then 

 
n n n

2 2 2
i ii i

i=1 i=1 i=1

SSTO= (Y -Y) (Y -Y) (Y -Y )

SSR SSE
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Types of sum of squared Errors 

4‐ SSTO stands for total sum of squares 
n

2
i

i=1

SSTO= (Y -Y)  

5- SSE stands for error sum of squares 


n

2
i i

i=1

SSE= (Y -Y )  

 

6- SSR stands for regression sum of squares 


n

2
i

i=1

SSR= (Y -Y)  

Lemma: 

SSTO=SSR+SSE 
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ANOVA tables are widely used; we shall usually utilize the basic type 
of the tables. 

F-test  

This test is basically depending on the ANOVA table and it works like t-
test (in the simple linear regression model). We summarize the test as 
given below: 
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i) Setup the hypotheses   

0 1 1 1: 0 : 0H vs H    

ii) Test statistic under H0 

0

MSR
F

MSE
    (From ANOVA table) 

this statistic has F distribution with (1,n-2) d.f 

 

iii) Critical region 

 

 

 

The shaded area is the rejection Region and the unshaded area is 

acceptance Region 

 

iv) Decision 

When the calculated 0F  belongs to the shaded area, we reject the null  

hypothesis H0, otherwise Accept H0.    
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P-value approach  

 

i)  Setup the hypotheses   

0 1 1 1: 0 : 0H vs H    

        

ii)  Calculate p-value   

0( )P value P F F    

 

Reject H0, otherwise, Accept H0 

 

Remarks:  

Since Both of F-test and t-test do the same job for testing  

0 1 1 1: 0 : 0H vs H    

So, there is a relation between 0 0F and T  as  ( 2
0 0 )F T  

 

Example  

Consider the Toluca Company example, Use F test (ANOVA) 

for testing the significance of the linear term in the simple linear 

regression model. 

 

From the data, we have 
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n
2

i
i=1

n
2

i i
i=1

n
2 2

i 1
i=1

SSTO= (Y -Y) 307203

SSE= (Y -Y ) 54825

SSR= (Y -Y)

307203 54825 252378 

xxb S SSTO SSE





  

  





  

Then The ANOVA Table is 

 

Source of 
Variation 

SS  df  MS  F0 

Regression  SSR=252378   1  MSR=252378  
0F =105.9  

Error  SSR=54825   23  MSE=2384    

SSTO  SSTo=307203   24     
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i)  Setup the hypotheses   

0 1 1 1: 0 : 0H vs H    

ii) Test statistic under H0 

0 105.9F     (From ANOVA table) 

this statistic has F distribution with (1,n-2) d.f 

 

iii) Critical regions  

 

 

 

The shaded area is the rejection Region and the unshaded shaded area is 

acceptance Region 

 

iv) Decision 

since the calculated 0 105.9 4.28F    belongs to the shaded area, we 

reject the null  
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P-value approach  

 

i)  Setup the hypotheses   

0 1 1 1: 0 : 0H vs H    

        

ii)  Calculate p-value   

0( ) 0.0000=.0000<0.05P value P F F     

 

Then Reject H0  

Remarks:  

Since Both of F-test and t-test do the same job for testing  

0 1 1 1: 0 : 0H vs H    

So, there is a relation between 0 0F and T  as  ( 2105.9 (10.29) )  
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Coefficient of Determination 
 

We saw earlier that SSTO measures the variation in the observations Yi , 

or the uncertainty in predicting Y, when no account of the predictor 

variableꞏ X is taken. Thus, SSTO is a measure of the uncertainty in 

predicting Y when X is not considered. Similarly, SSE measures the 

variation in the Yi when a regression model utilizing the predictor variable 

X is employed. A natural measure of the effect of X in reducing the 

variation in Y, i.e., in reducing the uncertainty in predicting Y, is to express 

the reduction in variation (SSTO - SSE = SSR) as a proportion of the total 

variation 

2 1
SSR SSE

R
SSTO SSTO

    

The measure 2R is called the coefficient of determination.  
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Remark 

The Correlation Coefficient between two variables 1 2Y and Y is given by 

 

 

cor(x,y) 

[1] 0.9063848 

 

tt=summary(model)$r.squared  

> sqrt(tt) 

[1] 0.9063848 
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Recall: 

In the simple linear regression model: 

0 1

2

, 1, 2,...,

( ) 0, ( ) ( , ) 0 .

i i i

i i i j

Y X i n

E Var and Cov for all i j

  

    

   

     

Then 

2
0 1( ) ( )i i iE Y X and Var Y     . 

The point estimates of 0 1,   are 


  

 
1

1 01 0 1
2

1

,

n

i i
xyi

n
xx

i
i

X X Y Y
S

b b Y b X
S

X X
 



 
     





                                               

  
 


1 01

21 1

1

1
, , ,

n n
i

i i i i i i in
i i

i
i

X X
b K Y K L Y L X K

n
X X

 
 




     


 


                       

 
2 2

2
1 0

2 2

1
( ) , ( ) ,

( ) ( )i i

X
Var Var

n
X X X X

  

 
 
   
    

 
 

The unbiased estimate of 2  is 

 2 2 2

1

, , , 1, 2,...
2

n

ii i i
i

SSE
s MSE SSE e e Y Y i

n
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Interval Estimation of the mean response when hX X  

 

 The mean response when hX X  is denoted ( )hE Y   

  The point estimation of the response mean is given by  


0 1h hY b b X   

 

 Sampling distribution of  hY :  

Since  0 1h hY b b X  and 

   0 0 0 1 1 1, ( ) , , ( )b N Var b b N Var b   , then  hY is normally 

distributed with mean  


0 1 0 1( ) ( ) ( ) ( )h h h hE Y E b E b X E Y X       

 and 

 


0 1 1

2
1 1

2 22

( ) ( ) ar( ( ))

( ) ( ) ( ) 2( ) ( , )

( )
0

h h h

h h

h

xx

Var Y Var b b X V Y b X X

Var Y X X Var b X X Cov Y b

X X

n S



    

    


  

 

 

because  



Dr. Khalaf Sultan    Regression Analysis (Stat 332) 

62 
 

1
1 1

1

1

2
2

1 1

1
( , ) ( , )

1
( , )

1
( )

1
0

n n

i i i
i i

n

i i i
i

n

i i
i

n n

i i
i i

C o v Y b C o v y k y
n

k C o v y y
n

k V ar y
n

k k
n n



 





 







  

 





 

 

Then 



 

2 2
2 ( ) ( )1 1

( )

. ( ) ( )

h h
h

xx xx

h h

X X X X
V ar Y M SE

n S n S

S E Y V ar Y


    

      
   

  

Lemma 

The statistics 



( )

. ( )

h h

h

Y E Y

S E Y


  had t distribution with (n-2) degrees of 

freedom. For more details, see the book (page 54). 

 

This lemma enables us to construct 100(1 )%   confidence interval about 

the response mean hY as follows: 

 

 
1 / 2, 2 . .( )h hnY t S E Y 
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Example 

 

Consider the Toluca Company example, find 90% confidence 

interval for the response mean ( )hE Y  when  65hX  . 

From the data, we have 


h 0 1 hY =b +b X = 62.37 + 3.5702(65) = 294.4  

 



 

2 2( )1 1 (65 -70.0)
( ) 2 384 [ + ] = 98.37

25 19800

. ( ) ( ) 9.918

h
h

xx

h h

X X
Var Y MSE

n S

S E Y Var Y

 
   

 

 
 

For a 90 percent confidence coefficient, we require t(.95; 23) = 1.714. 

Hence, our confidence interval with confidence coefficient .90 is by  

 
1 / 2, 2 . .( )h hnY t S E Y 

 

294.4 - 1.714(9.918)< ( )  294.4 + 1.714(9.918)hE Y   

277.4< ( ) 311.4hE Y   
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We conclude with confidence coefficient .90 that the mean number of 

work hours required when lots of 65 units are produced is somewhere 

between 277.4 and 311.4 hours. We see that our estimate of the mean 

number of work hours is moderately precise. 

 

 

 

One may use R commands: 

newx = data.frame(x=100) 

predict(model, newx, level=0.90,interval="confidence")  
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Predicting a Future Observation When X is Known 

We consider now the prediction of a new observation Y corresponding to 

a given level X of the predictor variable. 

If  ,, 10  were known, we’d know that the distribution of responses when 

X=Xh  is normal with mean hX10    and standard deviation  . Thus, 

making use of the normal distribution (and equivalently, the empirical 

rule) we know that if we took a sample item from this distribution, it is 

very likely that the value fall within 2 standard deviations of the mean. 

That is, we would know that the probability that the sampled item lies 

within the range ),( 1010   hh XX  is approximately 0.95. 

In practice, we don’t know the mean hX10    or the standard deviation .  

However, we just constructed a (1-α)100% Confidence Interval for E{Yh},  

 

The prediction error is for the new observation is the difference between 

the observed value and its predicted value: 
^

( ) hh newY Y . Since the data are 

assumed to be independent, the new (future) value is independent of its 

predicted value, since it wasn’t used in the regression analysis. The 

variance of the prediction error can be obtained as follows: 
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2^ ^
2 2

( ) ( )
2

1

2
2

2

1

( )1
{ } { } { } { }

( )

( )1
1

( )

h
h hh new h new n

i
i

h
n

i
i

X X
Var pred Var Y Y Var Y Var Y

n
X X

X X

n
X X

 







 
        
   

 
    
   





 

and an unbiased estimator is: 

2

2

1

( )1
{ } 1

( )

. { } ( )

h
n

i
i

X X
Var pred MSE

n
X X

S E pred Var pred



 
    
   



  

 

A (1‐)100% Prediction Interval for New Observation When X=Xh 



























n

i
i

h
h

XX

XX

n
MSEntY

1

2

2^

)(

)(1
1)2;2/( . 
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Example (book: page.59) 
 

 

 

 

 

 

In this example 
 


h 0 1 hY =b +b X = 62.37 + 3.5702(100) = 419.4  

 

 

2

2

1

( )1
{ } 1 2587.72

( )

. { } ( ) 50.87

h
n

i
i

X X
Var pred MSE

n
X X

S E pred Var pred



 
     
   

 

  

 

For a 90 percent confidence coefficient, we require t(.95; 23) = 1.714. 

Hence, our confidence interval with confidence coefficient .90 is by  


1 / 2, 2 . .(Pred)h nY t S E 
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( )419.4 - 1.714(50.87)<  419.4 + 1.714(50.87)h newY   

( )332.2 < 506.6h newY   

With confidence coefficient .90, we predict that the number of work hours 

for the next production run of 100 units will be somewhere between 332 

and 507 hours 

 

R commands: 

newx = data.frame(x=100) 

predict(model, newx, level=0.90,interval="predict")  
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Diagnostics and 
Remedial Measures 

Recall: 

In the simple linear regression model: 

0 1

2

, 1, 2,...,

( ) 0, ( ) ( , ) 0 .

i i i

i i i j

Y X i n

E Var and Cov for all i j

  

    

   

     

Then 

2
0 1( ) ( )i i iE Y X and Var Y     . 

The point estimates of 0 1,   are 


  

 
1

1 01 0 1
2

1

,

n

i i
x yi

n
x x

i
i

X X Y Y
S

b b Y b X
S

X X
 



 
     





                                               

  
 


1 01

21 1

1

1
, , ,

n n
i

i i i i i i in
i i

i
i

X X
b K Y K L Y L X K

n
X X

 
 




     


 


                       

 
2 2

2
1 0

2 2

1
( ) , ( ) ,

( ) ( )i i

X
Var Var

n
X X X X

  

 
 
   
    

 
 

The unbiased estimate of 2  is 

 2 2 2

1

, , , 1,2,...
2

n

ii i i
i

SSE
s MSE SSE e e Y Y i

n




      
   



Dr. Khalaf Sultan    Regression Analysis (Stat 332) 

70 
 

 

When a regression model, such as the simple linear regression model is 

considered for an application, we can usually not be certain in advance 

that the model is appropriate for that application. Anyone, or several, of 

the features of the model (conditions), such as linearity of the regression 

function or normality of the error terms, may not be appropriate for the 

particular data at hand. Hence, it is important to examine the aptness of 

the model for the data before inferences based on that model are 

undertaken. In this part, we discuss some simple graphic methods for 

studying the appropriateness of a model.  

We also consider some remedial techniques that can be helpful 

when the data are not in accordance with the conditions of regression 

model. One of these techniques is the transformations. 

Transformations for Nonlinear Relation Only 

 

We first consider transformations for linearizing a nonlinear regression 

relation when the distribution of the error terms is reasonably close to a 

normal distribution and the error terms have approximately constant 

variance. In this situation, transformations on X should 

be attempted. The reason why transformations on Y may not be desirable 

here is that a transformation on Y, such as Y' = y , may materially change 

the shape of the distribution 
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of the -error terms from the normal distribution and may also lead to 

substantially differing 

error term variances. 

The following Figure contains some prototype nonlinear regression 

relations with constant error variance and also presents some simple 

transformations on X that may be helpful to linearize the regression 

relationship without affecting the distributions of Y. Several alternative 

transformations may be tried. Scatter plots and residual plots based on 

each transformation should then be prepared and analyzed, to decide 

which transformation is most effective 
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Example (page 129) 

 

Data from an experiment on the effect of number of days of training 

received (X) on performance (Y) in a battery of simulated sales situations 

are presented in the following table, columns 1 and 2, for the 10 

participants in the study. A scatter plot of these data is shown. Clearly the 

regression relation appears to be curvilinear, so the simple linear 

regression model does not   be appropriate. Since the variability at the 

different X levels appears to be fairly constant, we shall consider a 

transformation on X. Based on the prototype plot in (a), we shall consider 

initially theꞏ square root transformation 

X' = x  The transformed values are shown below: 
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To examine further whether the simple linear regression model (2.1) is 

appropriate now, we fit it to the transformed X data. The regression 

calculations with the transformed X data are carried out in the usual 

fashion, except that the predictor variable now is X'. We obtain the 

following fitted regression function: 

 

Y = -10.33 + 83.45X' 
 

Form this model, we see that 
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1- No strong indications of substantial departures from normality are 

indicated by this plot.  

2- The coefficient of correlation between the ordered residuals and 

their expected values under normality, .979.  is substantially larger 

and supports the reasonableness of normal error terms. Thus, the 

new simple linear regression model appears to be appropriate here 

for the transformed data. 

 

The fitted regression function in the original units of X can easily be 

obtained, if desired: 

 

Y = -10.33 + 83.4S x  
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Diagnostics and 
Remedial Measures: Continue.  

Recall: 

In the simple linear regression model: 

0 1

2

, 1, 2,...,

( ) 0, ( ) ( , ) 0 .

i i i

i i i j

Y X i n

E Var and Cov for all i j

  

    

   

     

Then 

2
0 1( ) ( )i i iE Y X and Var Y     . 

The point estimates of 0 1,   are 
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( ) ( )i i

X
Var Var

n
X X X X

  

 
 
   
    

 
 

The unbiased estimate of 2  is 
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When a regression model, such as the simple linear regression model is 

considered for an application, we can usually not be certain in advance 

that the model is appropriate for that application. Anyone, or several, of 

the features of the model (conditions), such as linearity of the regression 

function or normality of the error terms, may not be appropriate for the 

particular data at hand. Hence, it is important to examine the aptness of 

the model for the data before inferences based on that model are 

undertaken. In this part, we discuss some simple graphic methods for 

studying the appropriateness of a model.  

We also consider some remedial techniques that can be helpful 

when the data are not in accordance with the conditions of regression 

model. One of these techniques is the transformations. 

Transformations for Nonnormality and Unequal Error Variances 

 

Unequal error variances and nonmorality of the error terms frequently 

appear together. To remedy these departures from the simple linear 

regression model, we need a transformation on Y, since the shapes and 

spreads of the distributions of Y need to be changed. Such a 

transformation on Y may also at the same time help to linearize a 

curvilinear regression relation. At other times, a simultaneous 

transformation on X may be needed to 

obtain or maintain a linear regression relation. 
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Frequently, the nonmorality and unequal variances departures from 

regression model take the form of increasing skewness and increasing 

variability of the distributions of the error terms as the mean response E 

{Y} increases. For example, in a regression of yearly household 

expenditures for vacations (Y) on household income (X), there will 

tend to be more variation and greater positive skewness (i.e., some very 

high yearly vacation expenditures) for high-income households than for 

low-income households, who tend to consistently spend much less for 

vacations.  

The figure below also presents some simple transformations on Y that 

may be helpful for these cases. Several alternative transformations on Y 

may be tried, as well as some simultaneous transformations on X. Scatter 

plots and residual plots should be prepared to determine the 

most effective transformation(s). 
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Example (page 132) 

 

Data on age (X) and plasma level of a polyamine (Y) for a portion of the 

25 healthy children in a study are presented in columns 1 and 2 of Table 

3.8. These data are plotted in Figure 3.16a as a scatter plot. Note the 

distinct curvilinear regression relationship, as well 

as the greater variability for younger children than for older ones. 
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On the basis of the prototype regression pattern in Figure 3.15b, we shall 

first try the logarithmic transformation Y' = log10(Y). The transformed Y 

values are shown in column 3 of Table 3.8. Figure 3.16b contains the 

scatter plot with this transformation. Note that the transformation not only 

has led to a reasonably linear regression relation, but the variability at the 

different levels of X also has become reasonably constant. To further 

examine the reasonableness of the transformation Y' = log10( Y), we 

fitted the 
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simple linear regression model (2.1) to the transformed Y data and 

obtained: 

 

Y' = 1.135 - .1023X 

 

A plot of the residuals against X is shown in Figure 3.16c, and a normal 

probability plot of the residuals is shown in Figure 3.16d. The coefficient 

of correlation between the ordered residuals and their expected values 

under normality is .981. For a = .05, Table B.6 indicates that the critical 

value is .959 so that the observed coefficient supports the assumption of 

normality of the error terms. All of this evidence supports the 

appropriateness of regression model (2.1) for the transformed Y data. 
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F- Test for Lack of Fit 

 

In this part, we take up a formal test for determining whether a 

specific type of regression function adequately fits the data. 

 We illustrate this test for ascertaining whether a linear 

regression function is a good fit for the data under some 

assumptions. 

 

Assumptions 

The lack of fit test assumes that the observations Y for given X 

are: 

(1) independent of errors 

(2) the error is normally distributed 

(3) The distributions of Y~have the same variance σ2 

 

The lack of fit test requires repeat, observations at one or more 

X levels. These data can be obtained as: 

1- In non-experimental data, these may occur by chance, as 

when in a productivity study relating workers' output and 
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age, several workers of the same age happen to be 

included in the study.  

2- In an experiment, one can assure by design that there are 

repeat observations. Repeat trials for the same level of the 

predictor variable, of the type described, are called 

replications. The resulting observations are called 

replicates. 

 

Example [see text book page.120] 

In an experiment involving 12 similar but scattered suburban branch 

offices of a commercial bank, holders of checking accounts at the offices 

were offered gifts for setting up money market accounts. Minimum initial 

deposits in the new money market account were specified to qualify for 

the gift. The value of the gift was directly proportional to the specified 

minimum deposit. Various levels of minimum deposit and related gift 

values were used in the experiment in order to ascertain the relation 

between the specified minimum deposit and gift value, on the one hand, 

and number of accounts opened at the office, on the other. Altogether, six 

levels of minimum deposit and proportional gift value were used, with 

two of the branch offices assigned at random to each level. One branch 

office had a fire during the period and was dropped from the study. The 

data are given below: 
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The simple regression model is estimated as  

 

50.72251 + 0.48670XY   

 

R-results 

 

 

 

 

Coefficients: 

            Estimate Std. Error t value Pr(>|t|) 

 

> summary(aov(model)) 

            Df Sum Sq Mean Sq F value Pr(>F) 

x            1   5141    5141   3.139   0.11 

Residuals     9  14742    1638    

 

Coefficients: 

            Estimate Std. Error t value Pr(>|t|) 

(Intercept)     50.7225    39.3979   1.287     0.23 

x             0.4867     0.2747   1.772     0.11 

 

Residual standard error: 40.47 on 9 degrees of freedom 

Multiple R-squared:  0.2586,    Adjusted R-squared:  0.1762  

F-statistic: 3.139 on 1 and 9 DF,  p-value: 0.1102 
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A scatter plot, together with the fitted regression line, and the other 

results indications that a linear regression function is inappropriate. Here 

we can us the for Lack of Fit     to test this.  

 

F-Test for lake of fit  

 

Let the simple regression model (the reduced model) in the from  

0 1 , 1, , ,i i iy x i n        

While the true model (Full model) in the form 

 

, 1, , ,i i iY i n     

, 1, ,i i iY i n      the true model and i  might not be 
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ix10   .  

Now if the used model is not the true model ( 0 1i ix    ), then 

ii xbby 10
ˆ   based on the simple linear regression model cannot be an 

accurate predicted. value of iu .  

Thus, 0 1
ˆ .i i i i i i i ie y y b b x s          .  

Then, the mean residual sum of squares  

222
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is no longer a sensible estimate of 
2 .  

 

To resolve this problem, we could try to obtain repeat observations with 

respect to the same covariate. Let  


111211 ,,, nyyy   1n  repeated observation at ;1x  


222221 ,,, nyyy   2n  repeated observation at ;2x  

                   

1 2, , ,
cc c cny y y   

mn  repeated observation at ;cx   

 

Note:  
1

c

j

j

n n


 .  

 

In view of the repeated observation the full model can be 

formatted as: 

ij j ijY     
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To fit the full model to the data, we require the least squares or maximum 

likelihood estimators for the parameters j   . It can be shown that these 

estimators of j  are simply the sample means jY  as follows 

 

 

2 2

1 1 1 1
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j jn nc c

ij ij j
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The degrees of freedom of the SSPE is 

 

The reduced model 

 

 

 

 

 

 



Dr. Khalaf Sultan                                            Regression Analysis (Stat 332) 

89 

 

 

 

 

 

 

Then, we summarize the test steps as follows: 

Let the given data as follows 

 

1X  
1X  

….. 
cX  
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1
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Y
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1Y  2Y  …. cY  

From the data we calculate the following quantities 

 

hence 
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Step 1:  

   0 0 1 1 0 1: :ji j ji jH E y x vs H E y x      

 Step 2: 

Calculate the test statistic 
*F from the ANOVA table 

Step 3:  

Calculate the critical region F(1-α, c-2, n-c), where c-2 and 

n-c are the degrees of freedom (from AONVA table) 

Step 4:  

Decision: 

 

   

 

All what we need now is to construct the ANOVA Table as follows: 
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The ANOVA table  

 

 

 

 

Example [see text book page.120] 

In this example, we see 

 

 

 

These sums of squares are then added over all of the X levels  

(j = 1, ... , c).  

For the bank example, we have: 

SSPE == (28 - 35)2 + (42 – 35)2 + (112 - 124)2 + (136 - 124)2  

+ (160 - 155)2+ (150 - 155)2 + (152 - 152)2 + (156 - 140)2  
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+ (124 - 140)2+ (124 - 114)2 + (104 - 114)2 

= 1148 

dff=n-c=11-6=5 

 

( ) 14741.6, 2 9RSSE R SSE df n      

 

 

SSLF=SSE-SSPE= 14741.6 – 1148=13593.6 

 

Then ANOVA Table is 

 

Source df SS MS F 

SSR 1 5141 5141 F1=5141/1637.956=3.138668 

SSE n-2=9 14741.6 1637.956  

Lack of fit c-2=6-4=4 13593.6 3398.4 F*=3398.4/229.6=14.80139 

Pure error n-c=11-6=5 1148 229.6  

SSTOT 10 19882.6   

 

 

If the level of significance is to be a = .01, we require F(.99;4, 5) = 11.4. 

Since 

F* =MSLF/MSPE=13593.6/1148= 14.80 > 11.4, we conclude H0, that 

the regression function is not linear.  

This, of course, accords with our visual impression from scatter plot. The 

P-value for the test is .006  reject  simple linear model is not good fit 

for the given data. 
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install.packages("olsrr") 

library(olsrr) 

x=c(125,100,200,75,150,175,75,175,125,200,100)  

y=c(160,112,124,28,152,156,42,124,150,104,136)  

fit=lm(y~x)   

ols_pure_error_anova(fit) 
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In general, we use the following procedure to fit simple regression 

model when the data contain repeated observations. 

 

1. Fit the model, write down the usual analysis of variance table. Do 

not perform an F-test for regression ( 0H : 01  ). 

2. Perform the F-test for lack of fit. There are two possibilities.  

(a) If significant lack of fit, stop the analysis of the model fitting 
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and seek ways to improve the model by examining residuals. 

(b) If lack of fit test is not significant, carry out an F-test for 

regression, obtain confidence interval and so on. The residuals 

should still be plotted and examined for peculiarities.   

 

Example: 

X Y 

90 81,83 

79 75 

66 68,60,62 

51 60,64 

35 51,53 

43189,44249,43161,657,629
10

1
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i yxyxyx . 

Thus, total sum of squares:  
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  residual sum of squares (reduced model) 44.11866.9561.1084   

 

Pure error sum of squares:  

X 

90: 2)8283()8281()(,82
2

8381 22
2

1

2

111 


 
i

i YYY . 

79: 0)7575( 2   

66: 

67.34)33.6362(

)33.6360()33.6368()(,33.63
3

626068

2

22
3

1

2

333






 
i
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51: .8)6264()6260()(,62
2

6460 22
2

1

2

444 


 
i

i YYY  

35: 2)5253()5251()(,52
2

5351 22
2

1

2

555 


 
i

i YYY  

Then, pure error sum of squares=2+0+34.67+8+2=46.67 

     Lack of fit sum of squares=118.44-46.67=71.77 
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Source df SS MS 

Regression 1 965.66 965.66 

Lack of fit 3 71.77 23.92 

Pure error 5 46.67 9.33 

Total                     9                 1084.1             

 

41.556.2
33.9

92.23
05.0,5,3  fF  

  Not significant!! That is, the simple linear regression is adequate. The standard 

F-test for regression can be carried out. 
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Matrix Approach to Simple 
Linear Regression Analysis 

Recall:  

In the simple linear regression model: 

0 1

2

, 1, 2,...,

( ) 0, ( ) ( , ) 0 .

i i i

i i i j

Y X i n

E Var and Cov for all i j

  

    

   

     

Then 

2
0 1( ) ( )i i iE Y X and Var Y     . 

The point estimates of 0 1,   are 
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The unbiased estimate of 2  is 
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Basic Definitions of the matrices and operations 

 

The matrix A of with r rows and c columns will be represented either in 

full 
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Regression Examples 
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Regression Examples 
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Matrix multiplications 
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Regression Examples 
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Vector and Matrix with All Elements Unity 
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Example 
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Regression Example 
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Random Vectors and Matrices 
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Regression Example 

 

 

Variance-Covariance Matrix of Random Vector 
 

If we have p random variables we can put them into a random vector as 

 '1

11 12 1

21 22 2
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n
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ij ji i j ii i
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Regression Example 
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Some Basic Results 
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Simple Linear Regression Model in Matrix Terms 

 

 

 

 

Let us repeat these definitions and also define the  vector of the 

regression 
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Then 

 

 

and the conditions are 
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Matrix Approach to Simple 
Linear Regression Analysis 

Least squared estimation 

 

The simple linear regression model and be formed in the matrix form as 

 

2, ( ) 0, ( ) ,Y X E Var I         

where 

 

 

 

 

Now, we apply the least squared method t 

o find the estimation of the vector  as follows: 

2
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Equating to the zero vector, we get 

 




0 0 1

1 1

( ' ) '
b

b X X X Y
b







  
     

      

 

where 
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Example 

We shall use matrix methods to obtain the estimated regression 

coefficients for the Toluca Company example. The data On the Y and X 

Variables. Using these data, we define the Y observations vector and the 

X matrix as follows: 
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One can use R code direct to get the estimates as: 

mat <- scan('a.txt') 

mat <- matrix(mat, ncol = 2, byrow = TRUE) 

mat[,1] 

mat[,2] 

length(mat[,1]) 

one=as.vector(rep(1, 25)) 

x=cbind(one,mat[,1]) 

y=mat[,2] 

b=solve(t(x)%*%x)%*%t(x)%*%y 

b 
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Recall: 

The simple linear regression model and be formed in the matrix form as 

 

2

2

,

( ) 0, ( ) ,

( ) , ( ) ,

Y X

E Var I

E Y X Var Y I
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The Fitted Values and Residuals 

 



Dr. Khalaf Sultan    Regression Analysis (Stat 332) 

119 
 

 

 

Example 

 

 

 

It can be easily calculated using R as: fits=x%*%b 
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The matrix H is symmetric and has the special property (called 

idempotency): 

 

                          HH=H  

 

In general, a matrix M is said to be idempotent if MM = M. 
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Residuals 

 

 

 

It can be easily calculated using R as: Res= y-fits  
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Now 

2

2

2

( ) (( ) ) ( ) var( )( )

( ) ( ) '

( ) ( ) '

( ) ( ),

Var e Var I H Y I H Y I H

I H I I H

I H I I H

I H MSE I H







    

  

  

   
 

 

where 

/( 2) ' /( 2).MSE SSE n e e n     

' .SSE e e  

 

Analysis of Variance Results 
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hence 

' ' ' .SSE Y Y b X Y   

 

Remark: SSTO=SSE+SSR 

 

Example 

For Toluca Company example, find the SSE, SSTO and SSR 
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1
' ( ' ) 2745173  2437970

= 307203

1
SSR=b'X'Y- ( ' ) 2690348-243790=252378

SSTO Y Y Y JY
n

Y JY
n

   


 

Remark:  

SSTO=t(y)%*%y-t(y)%*%J%*%y/25 

SSR=t(b)%*%t(x)%*%y-t(y)%*%J%*%y/25 

Sums of Squares as Quadratic Forms 
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Recall: 

The simple linear regression model and be formed in the matrix form as 

2

2

,

( ) 0, ( ) ,

( ) , ( ) ,

Y X

E Var I

E Y X Var Y I

 

  

 

 

 

 
 

where 

 






 

0 0 1

1 1

1

( ' ) '

, ( ' ) '

b
b X X X Y

b

Y Xb X HY H X X X X












  
     

    

   
 

 

2

2

2

( ) (( ) ) ( ) var( )( )

( ) ( ) '

( ) ( ) '

( ) ( ),

Var e Var I H Y I H Y I H

I H I I H

I H I I H

I H MSE I H
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/( 2) ' /( 2).MSE SSE n e e n     

'

' ' ' .

SSE e e

SSE Y Y b X Y


   

1
' ( ' )

1
SSR=b'X'Y- ( ' )

SSTO Y Y Y JY
n

Y JY
n
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Inferences in Regression Analysis 

 

Lemma 



 1

( )

( ) ( ' )

E

Var MSE X X

 

 



  

 

Proof 

 

 1 1

1

( ) ( ' ) ' ( ' ) ' ( )

( ' ) '

.

E E X X X Y X X X E Y

X X X XB

I






 



 





 

 

This show that the Least square estimate of   is an unbiased estimator. 
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 1

1 1

1 2 1

2 1 1

2 1

2 1

1

( ) [( ' ) ' ]

( ' ) ' ( )[( ' ) '] '

( ' ) ' [( ' ) '] '

( ' ) ' ( ' )

( ' )

( ' )

( ' ) .

Var Var X X X Y

X X X Var Y X X X

X X X X X X

X X X X X X

X X I

X X

MSE X X













 

 

 





















 

 

This can be written as 

 1( ) ( ' )Var MSE X X    

 

 

 

Or 
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 1( ) ( ' )Var MSE X X   

 

 

Example: 

For Toluca Company example by matrix methods, we get 

 2 1( ) ( ' )Var X X    
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Mean Response 

 

 

 

 1

1 1

1 2 1

2 1 1

2 1

1

( ) ( ' ) [ ' ( ' ) ' ]

' ( ' ) ' ( )[ ' ( ' ) '] '

' ( ' ) ' [ ' ( ' ) '] '

' ( ' ) ' ( ' )

' ( ' )

( ' ( ' ) ).

h h h

h h

h h

h h

h h

h h

Var Y Var X b Var X X X X Y

X X X X Var Y X X X X

X X X X X X X X

X X X X X X X X

X X X X

MSE X X X X
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Example  

For Toluca Company example, the variance of the mean of the response 

when X=65 can be calculated using the matrix form as  

( ) ' ar( )h h hVar Y X V b X  

 

Which is the same result as that obtained before. 

 

Prediction of New Observation 

 

 Proceeding similarly, we get  

 

 1( ) (1 ' ( ' ) ).new h hVar Y MSE X X X X   
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Multiple Linear Regression 
 
In This chapter, we generalized the simple linear regression model as 

 

 

 

 

 

 

This model can be specialized for different cases as follows 
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1- Simple linear model when p=2 

0 1 1 ,Y X      

 

2- Model with some Qualitative Predictor Variables 

0 1 1 2 2 ,Y X X        

  

This model cab be used in different applications such as: 

 

 

3- Polynomial regression 
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4- Transformed Variables 

 

 

5- Interaction Effects 
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6-Combination of Cases 

 

 

 

 

General Linear Regression Model in Matrix Terms 
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Estimation of Regression Coefficients 

 

 

 

Hence 
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The prove is similar to the simple linear model in the matrix form. 

 

Example: Multiple Regression with Two Predictor Variables (Dwaine 
Studios) 
 

Dwaine Studios, Inc., operates portrait studios in 21 cities of medium size. 
These studios specialize in portraits of children. The company is 
considering an expansion into other cities of medium size and wishes to 
investigate whether sales (Y)- thousands- in a community can be 
predicted from the number of persons aged 16 or younger in the 
community (X1)- thousands- and the per capita disposable personal 
income in the community (X2 )- thousands. Data on these variables for 
the most recent year for the 21 cities in which Dwaine Studios is now 
operating are shown below: 
 

city  X1  X2  Y 

1  68.5  16.7  174.4 

2  45.2  16.8  164.4 

3  91.3  18.2  244.2 

4  47.8  16.3  154.6 

5  46.9  17.3  181.6 

6  66.1  18.2  207.5 

7  49.5  15.9  152.8 

8  52  17.2  163.2 

9  48.9  16.6  145.4 

10  38.4  16  137.2 

11  87.9  18.3  241.9 

12  72.8  17.1  191.1 

13  88.4  17.4  232 

14  42.9  15.8  145.3 

15  52.5  17.8  161.1 

16  85.7  18.4  209.7 

17  41.3  16.5  146.4 

18  51.7  16.3  144 

19  89.6  18.1  232.6 

20  82.7  19.1  224.1 

21  52.3  16  166.5 
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# How to read txt file in R  

mat <- scan('DSD.txt') 

mat <- matrix(mat, ncol = 3, byrow = TRUE) 

X1=mat[,1] 

X2=mat[,2] 

Y=mat[,3] 

n=length(mat[,1]) 

one=as.vector(rep(1, n)) 

X=cbind(one,X1,X2) 

b=solve(t(X)%*%X)%*%t(X)%*%Y 

model=lm(Y~X1+X2) 

summary(model) 

 

then we obtain 

68.9 1.46 1 9.37 2.Y X X     

The model coefficients can be interpreted as: 

1- There is -68.9 of the sales when X1 and X2 are zeros  

2- When in population size increases by one unit (thousand), the sales 

increases by  1.46 thousand with fixed income. 

3-  When in income increases by one unit (thousand), the sales 

increases by 9.37 thousand with fixed population zise. 
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Multiple Linear Regression 
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Estimation of Regression Coefficients 
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Statistical inference for the multiple linear model 

 

Lemma: 

 

Lemma 



 1

( )

( ) ( ' )

E

Var MSE X X

 

 



  

 

Proof 

 



Dr. Khalaf Sultan    Regression Analysis (Stat 332) 

144 
 

 1 1

1

( ) ( ' ) ' ( ' ) ' ( )

( ' ) '

.

E E X X X Y X X X E Y

X X X XB

I






 



 





 

 

This show that the Least square estimate of   is an unbiased estimator. 

 

 1

1 1

1 2 1

2 1 1

2 1

2 1

1

( ) [( ' ) ' ]

( ' ) ' ( )[( ' ) ']'

( ' ) ' [( ' ) ']'
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X X X Var Y X X X

X X X X X X
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Example: (Dwaine Studios) 
 

Form the estimated model, we get  

 

 

Hence,  

 

' 2180.927
121.1626

21 3 18

SSE e e
MSE

n p
   

   

and  

 

 1( ) ( ' )Var MSE X X   
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Take the square root of the diagonal we get 

 

 

 

 

0 0

1 1

2 2

( ) ( ) 3602 60.017

( ) ( ) 0.0448 0.212

( ) ( ) 16.514 4.06

SE Var

SE Var

SE Var

 

 

 

  

  

  
 

 
 
Calculate the variance in Dwaine Studios, Inc. data. 
# How to read txt file in R  

mat <- scan('DSD.txt') 

mat <- matrix(mat, ncol = 3, byrow = TRUE) 

X1=mat[,1] 

X2=mat[,2] 
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Y=mat[,3] 

n=length(mat[,1]) 

one=as.vector(rep(1, n)) 

X=cbind(one,X1,X2) 

b=solve(t(X)%*%X)%*%t(X)%*%Y 

model=lm(Y~X1+X2) 

 

e=model$residual 

SSE=t(e)%*%e 

MSE=SSE[1,1]/18 

varb=MSE*solve(t(X)%*%X) 

SEb0=sqrt(varb[1,1]) 

SEb1=sqrt(varb[2,2]) 

SEb2=sqrt(varb[3,3]) 

summary(model) 

 

Confidence Interval of the multiple linear regression model 

coefficients 

 

The 100(1 )% confidence interval for the model coefficients can be 

obtained by 

 
1 / 2, ( ), 0,1, 2,....,i in pt SE i p     
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Example: (Dwaine Studios) 
 

Form the estimated model, calculate 95% C.Is for the model coefficients 

 

68.9 1.46 1 9.37 2.Y X X     

 

 

   
0 0 0 01 / 2, 0.975,18( ) ( )

68.9  2.1(60.017)

( 195.94, 56.14)

n pt SE t SE      

  
 

 

 

   
1 1 1 11 / 2, 0.975,18( ) ( )

1.46  2.1(0.212)

(1.01, 1.91)

n pt SE t SE      

 


 

 

   
2 2 2 21 / 2, 0.975,18( ) ( )

9.37  2.1(4.06)

(0.84, 17.90)

n pt SE t SE      

 


 

 

 

confint(model,level=0.95) #CIs for all parameters 
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Multiple Linear Regression 
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Estimation of Regression Coefficients 
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SSE
MSE

n p


  

 

Hypothesis Testing  

 

To test the coefficients of the multiple linear regression model, we 

follow the standard steps as: follows: 
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Step 1: The hypotheses  

(0)
0

(0)
1

: , 0,1,2,....,

: ( )

i

i

i

i

H i p

H or

 

 

 

    

   

Step 2: The test statistic  




(0)

, 0,1, 2,....,
. ( )

ii
i

i

T i p
S E

 




   

 
 
Step 3: The Critical regions 

 
Use the quantiles of t distribution to find the critical regions corresponding the 
null hypnosis   (0)

1 : , ,
iiH or     respectively, as  

1 / 2, 1 / 2, 1 , 1 ,( , ) ( , , ), ( , ) ( , )n p n p n p n pt t t or t                 

 
 
Step 4: The decision: Reject H0, if the calculate test statistic in step 2 

belongs to the corresponding critical region.    

 
p-value approach:  
one can use p-value approach testing the hypotheses.  
 
Remark: 
Testing the significance of any of the coefficient is equivalent testing 
whether that   coefficient is zero.  
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Example: (Dwaine Studios) 
 

Test the significance of coefficients in the Dwaine Studio data (use  = 

5% if it is not given). 

68.9 1.46 1 9.37 2.Y X X     

In this model, we run the test as follows: 

 

Testing 0  

 Step 1: The hypotheses  

0 0

1 0

: 0

: 0

H

H





  

   

Step 2:  

The test statistic  


 

0
0

0 0

0 68.9 0 68.9
1.147

60.017. ( ) . ( )
T

S E S E


 
   

      

 
Step 3:  

The Critical regions 

The critical region in this case is  

1 / 2, 1 / 2, 0.975,18 0.975,18( , ) ( , , ) ( , ) ( , )

( , 2.101) ( 2.101, )

n p n pt t t t            

      

Step 4:  

The test statistic belongs to the acceptance region, then accept H0. 
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Testing 1  

Step 1: The hypotheses  

0 1

1 1

: 0

: 0

H

H





  

Step 2:  

The test statistic  

 


 

1
1

1 1

0 1.46 0 1.46
6.88

0.212. ( ) . ( )
T

S E S E


 
 

     

 
 
Step 3:  

The Critical regions 

The critical region in this case is  

1 / 2, 1 / 2, 0.975,18 0.975,18( , ) ( , , ) ( , ) ( , )

( , 2.101) ( 2.101, )

n p n pt t t t            

      

Step 4:  

The test statistic belongs to the rejection region, then reject H0. 

 

Testing 2  

Step 1: The hypotheses  

0 2

1 2

: 0

: 0

H

H
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Step 2:  

The test statistic  




2
2

2

0 9.37 0 9.37
2.31

4.06 4.06. ( )
T

S E



 

     

 
Step 3:  

The Critical regions 

The critical region in this case is  

1 / 2, 1 / 2, 0.975,18 0.975,18( , ) ( , , ) ( , ) ( , )

( , 2.101) ( 2.101, )

n p n pt t t t            

      

Step 4:  

The test statistic belongs to the rejection region, then reject H0. 

 

Also, one can use p-value approach 

 

The R-results in this example as: 

Coefficients: 

            Estimate Std. Error t value Pr(>|t|)     

(Intercept) -68.8571    60.0170  -1.147   0.2663     

X1            1.4546     0.2118   6.868    2e-06 *** 

X2            9.3655     4.0640   2.305   0.0333 *   

--- 

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 
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ANOVA TEST (F-test) 

 

Step 1: The hypotheses  

0 1 2 1

1

: ... 0

:

p

i j

H

H for i j

  

 
   

   

Step 2:  

The test statistic  

MSR
F

MSE
  

 
 
Step 3:  

The Critical regions The critical region in this case is  

1 , 1,( , )p n pF      

Step 4:  

If the test statistic belongs to the rejection region, then reject H0. 

Example: (Dwaine Studios) 
 

Test the significance of model in the Dwaine Studio data (use  = 5% if 

it is not given). 

68.9 1.46 1 9.37 2.Y X X     

In this model, we run the test as follows: 
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Step 1: The hypotheses  

0 1 2

1 1 2

: 0

:

H

H

 
 

 
  

Step 2:  

The test statistic  

 

 
 

24015.28 / 2
99.1

21180.93/18

MSR
F

MSE
    

 

Step 3:  

The Critical Region: The critical region in this case is  

1 , 1, 0.95,2,18( , ) ( , ) (3.55, )p n pF F         

Step 4:  
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If the test statistic belongs to the rejection region, then reject H0. The 

model is significant.  

Also, one can use p-value in such test. 

 

R-results are: 

F-statistic:  99.1 on 2 and 18 DF,  p-value: 1.921e-10 

 

 

 

coefficient of multiple correlation 

The coefficient of multiple correlation is given by  

 

2 0.917 0.96R R    
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Then  

. ( ) 7.656 2.77hS E Y    

90% CI for the mean of Y is 
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(1 / 2, ) . ( )h hn pY t S E Y   

191.10 ± 2.101 (2.77) 

 

 

 

 

For City A, we have 

 

A 100(1 )%  CI  for newY  

 
(1 / 2, ) . ( )new newn pY t S E Y   

 . ( ) var( ) 121.626 7.656 11.35new hS E Y MSE Y      
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1 / 2 , . ( )new newY t n p S E Y   

 

 

Similarly, For City B, we have 

 

 

 

 

R code 

mydata=read.table("Dwaine Studios.txt",header=TRUE) 

Y=mydata$Y 

X1=mydata$X1 

X2=mydata$X2 

n=length(X1) 

model=lm(Y~X1+X2) 

summary(model) 

one=matrix(1,n) 

X=cbind(one,X1,X2) 

b=solve(t(X)%*%X)%*%t(X)%*%Y 

p=3 
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J=matrix(1,21,21) 

#  SSTO=Y'Y - 1/n(Y'JY) 

SSTO=t(Y)%*%Y-1/n*(t(Y)%*%J%*%Y) 

SSE=t(Y)%*%Y-t(b)%*%t(X)%*%Y 

SSR=SSTO-SSE 

MSR=SSR/(p-1) 

MSE=SSE/(n-p) 

F=MSR/MSE 

RS=SSR/SSTO 

R=sqrt(RS) 

vb=vcov(Model) 

MSE[1,1]*solve(t(X)%*%X) 

Xh=c(1, 65.4, 17.6) 

Yh=t(Xh)%*%b 

vYh=t(Xh)%*%vb%*%Xh 

vYh[1,1] 

seYh=sqrt(vYh[1,1]) 

vYnew=MSE+vYh[1,1] 

seYhnew=sqrt(vYnew) 

newx = data.frame(X1=65.4, X2=17.6) 

predict(Model, newx, level=0.95,interval="confidence")  

predict(Model, newx, level=0.95,interval="predict")  
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model=lm(Y~X1+X2) 

summary(model) 

anova(model) 

r=model$res 

sum(r^2) 
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Multiple Regression II 
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Estimation of Regression Coefficients 
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The Extra Sum of Squares 

 

An extra sum of squares measures the marginal reduction in the error sum 

of squares when one or several predictor variables are added to the 

regression model, given that other predictor variables are already in the 

model. Equivalently, one can view an extra sum of squares as measuring 

the marginal increase in the regression sum of squares when one or several 

predictor variables are added to the regression model. We first utilize an 

example to illustrate these ideas, and then we present definitions of extra 

sums of squares and discuss a variety of uses of extra sums of squares in 

tests about regression coefficients. 

Example (Book: page 256) Body fat example, 
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From the example, we define 
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Uses of Extra Sums of Squares in Tests 
for Regression Coefficients 

 

 

 

 

We, now show that this can also be done using the extra sum of squares. 
Let us consider the first-order regression model with three predictor 
variables: 
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And this can be compared with the critical region F(1, n-4) to have the 

decision.  

Remark:     F-statistic in this case also equal to (t-statistic)2 

Example: 

In the body fat example, can we remove the X3 from the model? 

Solution 

1- H0: B3=0     vs     H1: B3≠0 

2-  
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3-  

 

Remark: if we use t-test we see that 

 

 

Test whether Several Coefficients 
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Example: 

In the body fat example, can we remove the X2 and X3 from the model? 
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Multiple Regression II 
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Summary of Tests Concerning Regression Coefficients 
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Test whether a Single Bk = 0 

 

Test whether Some Bk = 0 
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Remark: 

The partial F* for several Bk=0 can be formed in terms of  R2 as 

 

1 1 1

1 1 1*

1 11 1

1 1 1 1

1 1

1 1 1 1

1 1
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(

q p q
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p q
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n p
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SSE X X

n p
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p q SST
SSE X X
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2 2 2
1 1 1 1

2 2
1 1
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p q F R

R F
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X X R X X R R
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R X X R
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Coefficients of Partial determination  

 

Two Predictor Variables 
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General Case 
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Coefficients of Partial Correlation 

 

 

install.packages("asbio") 

library(asbio) 

lm1=lm(y~x1) 

lm12=lm(y~x1+x2) 

partial.R2(lm1, lm12) 
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Standardized Multiple Regression Model 

 

The standardized regression model  is as follows: 
 

 
where the response variable Y* and the independent 

variables Xi
* are given by 
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* *, , 1, 2...., 1,
i

i i
i

Y X

X XY Y
Y X i p

S S


     

 

 

The relation between the coefficients of the original 

model and standardized model are 

 



Dr. Khalaf Sultan    Regression Analysis (Stat 332) 

186 
 

Estimated Standardized Regression Coefficients 

Let 

 

and 

*
1
*
2

*
n

y

y
Y

y

 
 
 
 
 
  

  

Then 
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It can be shown that for the transformed variables, X'Y and X'X 
become 
 

' 'XX yxX X r and X Y r   

 

 

and hence 

 

 

12 1, 1 1

12 23 2, 1 2

1, 1 2, 1 (1 )(1 ) , 1

1

1
, ,

( , ), ( , )

p y

p y

XX Y X

p p p p y p

ij i j yi i

r r r

r r r r
r r

r r r r

r corr X X r corr Y X





    

   
   
    
   
   
      

 



 



Dr. Khalaf Sultan    Regression Analysis (Stat 332) 

188 
 

 

Example: In Dwaine Studios example data 

 

 

and 
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R:Code 

mydata=read.table("Dwaine Studios.txt",header=TRUE) 

Y=mydata$Y 

X1=mydata$X1 

X2=mydata$X2 

n=length(X1) 

one=as.vector(rep(1, n)) 

X=cbind(one,X1,X2) 

Model=lm(Y~X1+X2) 

library(QuantPsyc) 

lm.beta(Model) 
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Regression Model Selection 
 
 

Likelihood function 
 
In the multiple linear regression model, we have 

 
 

 

 
As we can see, the error term is follow normal distribution with mean 0 
and variance σ2, then we can write 
 

𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 2𝜋𝜎 / exp 
𝑌    ...  

2𝜎
 

 
When replace 𝜎  by its estimate (s2

n= SSE/n) and the model coefficients 
by their estimates, we get 
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𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝐿 2𝜋𝑆𝑆𝐸/𝑛 / exp 
𝑌 𝑌
2SSE/n

 

then 
 
-2Log L = n[ log(2 𝜋 + log(SSE/n)+1] 
 
 

Akaike's An Information Criterion 

Generic function calculating Akaike's ‘An Information Criterion’ for 
one or several fitted model objects.  
 
Akaike’s Information Criterion is usually calculated with software. 
The basic formula is defined as: 
AIC = -2(log-likelihood) + 2K 
Where: 
 K is the number of model parameters (the number of variables in the 

model plus the intercept). 
 Log-likelihood is a measure of model fit. The higher the number, the 

better the fit. This is usually obtained from statistical output. 
 
or small sample sizes (n/K < ≈ 40), use the second-order AIC: 
AICc = -2(log-likelihood) + 2K + (2K(K+1)/(n-K-1)) 
Where: 
n = sample size, 
K= number of model parameters, 
Log-likelihood is a measure of model fit. 
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formula -2*log-likelihood + k*npa,  

where npar represents the number of parameters in the fitted model,  

 k = 2 for the usual AIC,  

or k = log(n) (n being the number of observations). This can be used when n/p<40.  

 
i.e 
 
AIC=-2log L + 2(p+1), 
 
Where 
 
L is the likelihood function 
p is the number of parameters in linear model and we add one because 
we have sigma^2 to be estimated.     
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How to know if the model is best fit for your data? 

The most common metrics to look at while selecting the model are: 
 

STATISTIC CRITERION 

R-Squared Higher the better (> 0.70) 

Adj R-Squared Higher the better 

F-Statistic Higher the better 

Std. Error Closer to zero the better 

t-statistic Should be greater 1.96 for p-value to be less than 0.05 

AIC Lower the better 

BIC Lower the better 

Mallows cp Should be close to the number of predictors in model 

MAPE (Mean absolute percentage 
error) 

Lower the better 

MSE (Mean squared error) Lower the better 

Min_Max Accuracy => 
mean(min(actual, 

Higher the better 

 
 
 



Dr. Khalaf Sultan    Regression Analysis (Stat 332) 

194 
 

In this part we use AIC as a criterion to the model selection.  
 
 
Example: Use the mtcars data to select the best model 
 
https://gist.github.com/seankross/a412dfbd88b3db70b74b 
 
 
Using  
Stepwise: Backward selection 
Stepwise: Forward selection 
Stepwise: Combination of Forward and Backward selection 
 
 
R code: 
data(mtcars) 
d=mtcars 
head(d) 
FitAll=lm(mpg~., data=d) 
summary(FitAll) 
 
p=length(FitAll$coef) 
n=length(d$mpg) 
SSE=sum((FitAll$res)^2) 
 
AIC=n*(log(2*pi)+1+log(SSE/n))+2*(p+1) 
 
 
logL=as.numeric(logLik(FitAll)) 
AIC=-2*logL+2*(p+1) 
 
AIC(FitAll) 
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#========== Backward============= 
step(FitAll, direction="backward") 
 
#======== Forward ==================================     
Fitstart=lm(mpg~1,data=d) 
summary(Fitstart) 
step(Fitstart, direction="forward", scope=formula(FitAll)) 
#============== Both ============================== 
 
Fitstart=lm(mpg~1,data=d) 
summary(Fitstart) 
step(Fitstart, direction="both", scope=formula(FitAll)) 
#=============================================== 
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R:Code 

mydata=read.table("Dwaine Studios.txt",header=TRUE) 

Y=mydata$Y 

X1=mydata$X1 

X2=mydata$X2 

n=length(X1) 

one=as.vector(rep(1, n)) 

X=cbind(one,X1,X2) 

Model=lm(Y~X1+X2) 

library(QuantPsyc) 

lm.beta(Model) 

 

 

 

 

 

 

 


