
 

Chapter #3: 

 Crystal Binding 
Lecture 5: Elasticity in Crystals 

 

1. Linear Elasticity and Hooke’s Law 
In three dimensions, stress and strain are generally tensors, and the linear relationship requires a set of elastic 

constants. We use tensors because strain and stress involve multiple directions and must be described consistently 

under a change of coordinate frame. In compact notation: 

σᵢ = Σⱼ Cᵢⱼ εⱼ     (i, j = 1, …, 6) 

Here Cᵢⱼ are the elastic stiffness coefficients. Their values depend on the material and its crystal symmetry. The 

inverse relationship uses the compliance coefficients Sᵢⱼ: 

εᵢ = Σⱼ Sᵢⱼ σⱼ,     with S = C⁻¹ 

The stiffness coefficients have units of pressure (Pa); the compliance coefficients have units of inverse pressure 

(Pa⁻¹). 

2. Stress and Strain as Tensors 

2.1 Stress 

The stress tensor is a second-rank tensor with components σᵢⱼ. Using the convention that the first index identifies 

the force direction and the second identifies the normal direction of the surface, σₓy is the x-directed stress acting 

on a surface whose normal is along y. 

We represent stress using a 3x3 matrix: 

𝝈 = (

𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧
𝜎𝑦𝑥 𝜎𝑦𝑦 𝜎𝑦𝑧
𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧

) 

In ordinary classical elasticity, when couple stresses are neglected, the stress tensor is symmetric: 

σᵢⱼ = σⱼᵢ 

It therefore has six independent components: three normal stresses (σₓₓ, σyy, σzz) and three shear stresses (σyz, σₓz, 

σₓy). 

2.2 Strain 

Strain describes the relative deformation of a material. It measures changes in length, angle, or volume rather than 

the overall translation of the body. For small displacements, the strain tensor is defined by 

εᵢⱼ = ½ (∂uᵢ/∂xⱼ + ∂uⱼ/∂xᵢ) 

where u is the displacement vector. The strain tensor is symmetric, εᵢⱼ = εⱼᵢ, and has six independent components. 

• Normal strains: εₓₓ, εyy, εzz describe extension or compression along the coordinate axes. 

• Shear strains: εyz, εₓz, εₓy describe angular distortion. 

We represent strain using a 3x3 matrix: 

𝝐 = (

𝜖𝑥𝑥 𝜖𝑥𝑦 𝜖𝑥𝑧
𝜖𝑦𝑥 𝜖𝑦𝑦 𝜖𝑦𝑧
𝜖𝑧𝑥 𝜖𝑧𝑦 𝜖𝑧𝑧

). 



 

For small deformation, the volume strain (fractional change in volume) is 

δ = ΔV/V ≈ εₓₓ + εyy + εzz 

A positive volume strain represents expansion; a negative volume strain represents compression. 

3. Voigt Notation and Elastic Constants 
In three-dimensional, crystal can experience several stress components simultaneously. In the general case, each 

strain component may depend on multiple stress components. 

We therefore write 

                    𝜎𝑖𝑗 = ∑ ∑ 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙𝑙=1𝑘=1  

Here, 𝐶𝑖𝑗𝑘𝑙 is the fourth-rank elastic stiffness tensor. Each index i,j,k,l can take the values 1,2,3 

corresponding to x,y,z. 

Since there are three possible values for each of the four indices, the tensor initially has 

34 = 81 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠 

In fact, these 81 components are not independent. 

 

In ordinary classical elasticity, the stress and strain tensors are symmetric: 

                                    𝜎𝑖𝑗 = 𝜎𝑗𝑖                       and                𝜀𝑘𝑙 = 𝜀𝑙𝑘 

These symmetries impose two corresponding symmetries on the stiffness tensor: 

                                   𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑗𝑖𝑘𝑙                 and            𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑖𝑗𝑙𝑘       

   Consequently, each stress pair and each strain pair has only six distinct combinations, rather than nine. We can 

therefore replace the four-index tensor by a 6𝑥6 matrix which has 36 components.  

 

However, because stress and strain are symmetric tensors, their six independent components are often written as 

six-component vectors. This convention is called Voigt notation. One common ordering is 

ε₁ = εₓₓ, ε₂ = εyy, ε₃ = εzz, ε₄ = εyz, ε₅ = εₓz, ε₆ = εₓy 

σ₁ = σₓₓ, σ₂ = σyy, σ₃ = σzz, σ₄ = σyz, σ₅ = σₓz, σ₆ = σₓy 

In Voigt notation, generalized Hooke’s law is 

σᵢ = Σⱼ Cᵢⱼ εⱼ 

For a general elastic material, the stiffness matrix has 36 entries but, because of the symmetry of elastic energy, at 

most 21 independent elastic constants. Crystal symmetry reduces this number. 

4. Elastic Strain Energy 

For linear elastic behavior, the strain-energy density is quadratic in strain. It is analogous to the energy stored in a 

stretched or compressed spring. 

u = ½ Σᵢ εᵢ σᵢ   = ½ Σᵢⱼ εᵢ Cᵢⱼ εⱼ      ( Think about the familiar spring-energy equation) 

Here u is elastic strain-energy density (J m⁻³), which has the same units as pressure. The total elastic energy is U 

= uV for a uniformly strained volume V. In the absence of additional couplings, the stiffness matrix is symmetric, 

Cᵢⱼ = Cⱼᵢ. 



 

 

In the following, we will focus on the elastic properties of cubic crystals, for which the x, y, 

and z axes are equivalent by symmetry. 

5. Elasticity of Cubic Crystals 
In a cubic crystal, the x, y, and z axes are symmetry-equivalent. Consequently, only three independent stiffness 

constants are required: C₁₁, C₁₂, and C₄₄. 

For a cubic crystal, the matrix takes the form: 

𝐂 =

(

 
 
 

𝐶11 𝐶12 𝐶12 0 0 0
𝐶12 𝐶11 𝐶12 0 0 0
𝐶12 𝐶12 𝐶11 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶44 0
0 0 0 0 0 𝐶44)

 
 
 
. 

 

C₁₁ = C₂₂ = C₃₃ 

C₁₂ = C₁₃ = C₂₃ 

C₄₄ = C₅₅ = C₆₆ 

 

Elastic 

constant 
Physical interpretation 

C11 
Relates normal stress to normal strain when the other normal strains are 

constrained to zero. 

C12 Describes coupling between normal strains along perpendicular crystal axes. 

C44 
Describes the response to shear deformation in the appropriate crystallographic 

coordinate system. 

 

 

 



 

In tensor notation, the normal-stress relations are 

σₓₓ = C₁₁ εₓₓ + C₁₂(εyy + εzz) 

σyy = C₁₁ εyy + C₁₂(εₓₓ + εzz) 

σzz = C₁₁ εzz + C₁₂(εₓₓ + εyy) 

 

 

6. Bulk Modulus of a Cubic Crystal 
A pure volume change corresponds, for small isotropic dilation, to equal normal strains along all three axes: 

εₓₓ = εᵧᵧ = εzz = δ/3,     δ = ΔV/V 

The bulk modulus B measures resistance to uniform compression. It is defined by 

B = −V (dP/dV) 

For a cubic crystal, the relationship between the bulk modulus and the stiffness constants is 

B = (C₁₁ + 2C₁₂)/3 

A large bulk modulus means that a relatively large pressure change is required to produce a given fractional 

change in volume. The compressibility is κ = 1/B. 

 

Homework: 

From the elastic strain-energy density (given in 4), prove that the bulk modulus B for a cubic crystal is given by: 

B = (C₁₁ + 2C₁₂)/3 

 

You also need to read the following to see more examples about the properties of elastic stiffness. 



 

7. Shear Deformation and Volume-Preserving Strain in Cubic Crystals 

 

➢ A pure shear deformation changes the shape without producing a first-order volume change. Cubic 

crystals can respond differently to distinct shear patterns, reflecting the fact that the shear stiffness C₄₄ 

need not equal (C₁₁ − C₁₂)/2. 

➢ For a volume-preserving normal-strain pattern, one example is 

εyy = εzz = −½ εₓₓ 

This gives εₓₓ + εyy + εzz = 0, so the volume strain is zero to first order. The two characteristic shear-related 

stiffnesses in a cubic crystal are C₄₄ and (C₁₁ − C₁₂)/2. 

 

 

8. Uniaxial Strain versus Uniaxial Stress 

These two conditions must be distinguished. 



 

8.1 Uniaxial strain (lateral strains constrained) 

If εₓₓ is nonzero but εyy = εzz = 0, then 

σₓₓ = C₁₁ εₓₓ 

This is a constrained deformation: lateral strains are prevented, and nonzero lateral stresses may be required to 

maintain the constraint. The energy density for this strain state is u = ½ C₁₁ εₓₓ². 

8.2 Uniaxial stress (lateral surfaces free) 

For a specimen under uniaxial stress along x with free lateral surfaces, σyy = σzz = 0. The material generally 

develops lateral strains εᵧᵧ and εzz. In this case, Young’s modulus is the ratio of axial stress to axial strain: 

Y = σₓₓ/εₓₓ 

Therefore, C₁₁ is not generally equal to Young’s modulus. This distinction is important when interpreting 

experiments and elastic constants. 

 

 

9. Young’s Modulus and Poisson’s Ratio 
Consider a crystal stretched or compressed along the x direction. If the lateral surfaces are free of stress, the 

crystal can change dimensions in the y and z directions as well. 

                     𝜎𝑦𝑦 = 𝜎𝑧𝑧 = 0 

By symmetry, 𝜀𝑦𝑦= 𝜀𝑧𝑧 . Applying these conditions to the cubic stress–strain equations leads to the 

expressions for Y and ν. 

 

Young’s modulus is  

Y = σₓₓ/εₓₓ 

Poisson’s ratio describes the lateral strain relative to the axial strain. For loading along x, 

ν = −εyy/εₓₓ = −εzz/εₓₓ 

The minus sign is used because a typical material contracts laterally when stretched longitudinally. For a cubic 

crystal under uniaxial stress with σyy = σzz = 0, the constants give 

Y = (C₁₁ − C₁₂)(C₁₁ + 2C₁₂)/(C₁₁ + C₁₂) 

ν = C₁₂/(C₁₁ + C₁₂) 

These expressions apply to a cubic crystal loaded along a cubic [100] direction under the stated uniaxial-stress 

conditions. 

 

I recommend that you to watch these videos to better understand: 

https://www.youtube.com/watch?v=NtTVEzZS3Bg 

https://www.youtube.com/watch?v=UQ4GnWACesY 

https://www.youtube.com/watch?v=5yZNKGxe0H8 

 

https://www.youtube.com/watch?v=NtTVEzZS3Bg
https://www.youtube.com/watch?v=UQ4GnWACesY
https://www.youtube.com/watch?v=5yZNKGxe0H8
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