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Chapter 1

Real Numbers

Supremum and Infimum

Bounded Sets
A subset A C R is:

o bounded above if there exists K € R such that x < K for all x € A;
o bounded below if there exists K € R such that z > K for all z € A;
e bounded if it is both bounded above and bounded below.
Remarks.
1. A is bounded if and only if there exists M > 0 such that |z| < M for all z € A.

2. A sequence is bounded above (resp. below) if and only if the set of its values is bounded
above (resp. below).

Supremum and Infimum

Let A CR.
o The supremum sup(A) is the least upper bound of A:

1. sup(A) is an upper bound of A;
2. if K’ is any other upper bound of A, then sup(A) < K.

o The infimum inf(A) is the greatest lower bound, defined analogously.

If they exist, sup(A) and inf(A) are unique.
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Examples

1. Closed interval: sup([a,b]) =b, inf([a,b]) = a.

2. Open interval: sup((a,b)) = b, inf((a,b)) = a. Proof: b is an upper bound. If K is
any upper bound, take x, = b —27"(b —a) € (a,b). Then z,, < K and x, — b, so
b< K.

3. A= {#:nEN}: sup(4) = 1.

4. A:{%:nGN},sup(A):%becauseggl<§forn7é3,and%:§€A.

Theorem 1 (s-characterizations) Let A C R be nonempty and bounded above/be-
low.
a) a =sup A iff
(i)r<aVreA and (it)Ve>03z.,€A: a—e<z.<a.
b) B =inf A iff
(i) <xVNreA and (i1))Ve>0Ty.€ A: f<y.<p[+e.

Proof. We prove (a); (b) is analogous. (=) If @ = sup A, then (i) holds by definition. If (ii)
failed, there would be £y > 0 such that x < a —¢q for all z € A, so a — g would be an upper
bound—contradiction to leastness. (<) Assume (i)—(ii). Let U be any upper bound of A.
From (ii), « —e < z. < U for all € > 0, hence e < U. Thus « is the least upper bound. =

Theorem 2 (Completeness Axiom) FEvery nonempty subset A C R that is
bounded above has a least upper bound sup A € R. FEquivalently, every nonempty
subset that is bounded below has a greatest lower bound inf A € R.

Remarks on the Completeness Axiom

o Failure in Q. The set A = {q € Q: ¢* < 2} is nonempty and bounded above in Q,
but it has no supremum in Q (its least upper bound in R is v/2 ¢ Q).

o Approximating sup A and inf A by points of A. If A # & is bounded above, there
exists an increasing sequence (a,) C A with a, 1 sup A. Construction: choose a, € A
with sup A — % < a, < supA and set s, = max{ay,...,a,}. Then s, € A, s, is
increasing, and s,, — sup A. Similarly, if A is bounded below, there exists a decreasing

(b,) C A with b, | inf A.

« Unbounded sets and extended reals. If A is unbounded above (resp. below), we
set sup A = +00 (resp. inf A = —00) in the extended real line R = R U {£o0}.



« Maxima and minima. If sup A € A, then max A := sup A is the (unique) mazimum
of A. If inf A € A, then min A := inf A is the (unique) minimum of A.

Basic consequences.

« Monotone Convergence for sequences. If (a,) is monotone and bounded, then
(a,) converges in R. Sketch: If a,, is increasing and bounded above, set L = sup{a,, :
n € N}. Then for every e > 0 there exists N with ayy > L — ¢, hence L — e < a, < L
forallm > N, so a, — L.

« Riemann integral (existence of best bounds). For a bounded function f on
la, b], define the lower and upper sums over a partition P by L(f, P) and U(f, P).
Completeness guarantees the numbers

L(f) =sup L(f, P),  U.(f) =mfU(f, P)

exist in R. We call f Riemann integrable when L*(f) = U,.(f), and this common value
is f; f. Without completeness, these sup /inf might not exist, and the definition would
not be rigorous.

« Measure and Lebesgue integral (built from inf /sup). For an arbitrary set
ECR,

m*(F) = inf{z el EC | Ik, I intervals}

k=1 k=1

exists by completeness. For a nonnegative measurable f,

/fduzsup{/sodu: 0<p<f, @simple}

also exists for the same reason. Thus both measure and integral rely essentially on the
least-upper-bound and greatest-lower-bound properties of R.

Conclusion. Completeness is not a cosmetic axiom: it is the structural feature of R that
ensures limits, integrals, and measure-theoretic constructions are well defined.

Limsup and Liminf of a Sequence

Limit points (subsequential limits) and Bolzano—Weierstrass

Definition 3 Let (a,) be a real sequence and R := R U {4o0}. A number L € R
is a limit point (or subsequential limit) of (a,) if some subsequence (an,) satisfies
ap, — L.
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Theorem 4 (Bolzano—Weierstrass) FEvery bounded sequence (a,) C R has a con-
vergent subsequence. Equivalently, every bounded sequence has at least one real limit

point.

Corollary 5 For a real sequence (ay,):
1. (ay) is bounded <= all its limit points lie in R (i.e. no £00).
2. (ay) converges in R to L <= it has exactly one limit point in R (and none at £o0).
3. If (ay,) is bounded, then the set of real limit points is nonempty and compact; moreover

liinﬁsogp a, = sup Lim(a,), liminf a, = inf Lim(ay,).
Proof sketch of Bolzano—Weierstrass. By boundedness, (a,) lies in a compact inter-
val [m, M]. The nested-interval (or bisection) argument produces a subsequence contained
in successively smaller closed intervals with lengths tending to 0; the unique point in the
intersection is the subsequential limit. m

Definition 6 For a real sequence (a,) define the tail sup/inf

b, := sup az, ¢, = inf ay, (n € N).
k>n k>n

Then (by,) is nonincreasing (possibly +00) and (c,) is nondecreasing (possibly —oo),

so the limits

limsupa, := lim b liminfa, := lim ¢
n_>oop " n—oo ' n—co " n—oo

always exist in R.

Equivalently, if Lim(a, ) denotes the set of all (finite) limit points of (a,) in R, then

hznﬁsolip a, = sup Lim(a,), hgri}golf a, = inf Lim(a,),
with the convention that sup() = —oo and inf ) = +oo if there are no finite limit points.

Basic properties and characterizations

Theorem 7 Let (a,) be a real sequence and set A := liminfa,, B := limsupa,, (in
R).

1. A<B.
2. (an) converges in R to L iff A= B =1L €R.

3. (Quantified bounds) For x € R:




If v > B, then AN Yn > N : a, < x.
If x < B, then VN In > N : a, > z.
If x < A, then AN Yn > N : a, > x.

If x > A, then VN dn > N : a, < x.

4. (Epsilon—test for limsup) If B € R then limsup a, = B iff
Ve > 0: (HNVnZN: an<B—i—5) and(‘v’NﬂnZN: an>B—5).

(The analogous statement holds for liminf.)

Examples
1. a, = (—=1)™ limsupa, = 1, liminf a, = —1 (two limit points).
2. a, = n: limsupa, = liminf a,, = +oo (diverges to +00).

3. a, = %: limsupa, = liminf a,, = 0 (converges to 0).

4. a, = (—1)”(1 + %) limsupa, = 1, liminf a, = —1.
Useful consequences

Proposition 8 If (b,) — b > 0, then

liminf(a,b,) = b liminf a,, lim sup(a,b,) = b limsup a,,.
n—00 n—0o0 n—oo n—oo

For b < 0 the equalities hold with liminf/limsup interchanged.

Exercise

1. Show that (a,) is bounded above iff +00 is not a (extended) limit point.
2. Prove Bolzano—Weierstrass: every bounded real sequence has a real limit point.

3. Decide whether the identities
lim sup(a,, + b,) = limsup a,, + lim sup b,, lim sup(a,b,) = (limsup a,,)(lim sup b,,)

hold in general; provide counterexamples if not.
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Proposition 9 (Ratio vs. Root for positive sequences) Let (a,),>1 be a se-
quence of positive real numbers. Then

1/n
n

< limsupal/™ < limsup iy (1.1)

n—00 n—00 Qp,

. . 41
lim inf
n—oo an

< liminfa
n—oo

. . a 1
Moreover, if lim,,_, Z:

are equal.

exists in R, then lim,,_, a,ll/ ™ also exists in R and both limits

Proof. The middle inequality in (1.1) is obvious.

Last inequality. Let A := limsup,,_, azzl. If A = oo there is nothing to prove. Assume

A < o0o. Fix p > A. Then, for n large enough, “Z—:l < p, hence

an < ayp™ N (n>N).
It follows that
a,/* < (anp™)"p — p (n— o0).
Thus limsup,, ., aX/™ < p. Since p > \ was arbitrary, we obtain

lim sup al/™ < \.

n—oo
First inequality. Let L := liminf, a}/”. Fix ¢ > 0. For n large enough we have
al/m>L—¢ ie.,

a, > (L—¢e)".
Hence I _—

(41 > ( B E) S
an (L—e)n
Taking lim inf on both sides yields
liminf & > [ —¢

n—o0 A,

Since € > 0 is arbitrary, this shows

. . Ap+1
lim inf

> liminf al/™.
n—oo &n n—o0

Conclusion. If the limit lim,,_, o “Z: L = [ € R exists, then (1.1) forces liminfal/" =
limsup al/™ = L, hence lim,, ,oca’/" = L. m

Corollary 10 From (1.1) it follows that if

. . anJrl
lim inf
n—oo a/n

> 1,

then
lim inf a/™ > 1.
n—0o0
That is, the ratio divergence criterion implies the root divergence criterion.

Remark 11 By (1.1), whenever limsup,,_,., = < 1, we also have limsup,,_,., al/™ < 1.

Hence there is no example of a sequence for which the ratio convergence criterion holds but
the root test does not.
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Real Series

Definition 12 (Convergent Series) A real series 372, a; is called a convergent se-

ries if the sequence of its partial sums (s,) converges. We define the value of the series
as the limit of its partial sums. In other words, if

lim s, = s
n—ooo " ’

we assign the value s to the series:

(o ¢] n

Zaj = lim Zaj = lim s, = s.
n—oo n—o0

j=1 j=1

Otherwise, if the sequence of the partial sums (sy,) diverges, the series > 0> a, is called
a divergent series.

Consider the series > 72, ﬁ The terms of this series can be rewritten as:

1 1 1
jG+1)  j j+1
Thus, the series can be expressed as:

ST ) (S

DI+ I\ i+l

for every j € N.

Now, considering the sequence of partial sums (s,,) for this series, many terms cancel out
due to the nature of the expression. Specifically, we have:

11 11 1 1 1 1
sn=2<.—. >=1—+—+---+n— =1-

= 22 3

Applying the limit to the sequence of partial sums, we obtain:

. ) 1
lim s, =1— lim =1.

Thus, the sequence of partial sums converges, and we conclude:

i b lim s, =1
=PIV VI R
In general, a real series that can be written in the form 332, (f(j) — f(j + 1)) for some
function f : N — R is known as a telescoping series. The partial sums of such a series
simplify to:
Sp=f(1) = f(n+1), forallneN,

which makes the series easier to analyze due to the cancellation of terms.
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Proposition 13 If the real series 3272, a; converges, then lim;_, a; = 0.

Proof. Since the series converges, by definition, the sequence of partial sums s, = >7_; a;
also converges, say s, — s € R. Note that a, = s, — s,_1. Taking the limit as n — oo on
both sides and applying the algebra of limits, we get:

lim a, = lim (s,, — $,,_1) = lim s,, — lim s,,_1 = s — s =0.

Thus, we have shown that lim,,_,., a,, = 0, completing the proof. m
Proposition 14 Let }72, a; and 3272, b; be convergent real series. Then:

1. For any A € R, the series } 72, Aa; converges, and its sum is equal to A 3772, a;.

2. The series Y52, (a; + bj) converges, and its sum is equal to 352 a; + 352, ;.

Since the convergence of a series is determined by its limiting behavior, we can safely ignore or
add any finite number of terms at the beginning of the series without affecting its convergence.
This leads to the following proposition:

Proposition 15 Let >72, a; be a real series.

1. If there exists N € N such that the series 3232 v a; converges, then the series
> 21 aj also converges, and its sum is given by

o) N-1 o)
doai=) a;+ ) a
j=1 j=1 j=N

2. If the series 3272, a; converges, then for any N € N, the series 3272 v a; also
converges.

Proof. We prove each assertion separately.

1. For n > N, consider the sequence of partial sums (¢,) where t,, = >>7_y a;. Let (s,)
be the sequence of partial sums where s, =37 ; a;. For n > N, we have

N-1
S, = Zaj—i—tn:K—l—tm
j=1

where K = Z;V:_ll a; € R is a real constant. Since (¢,) converges as n — oo, by the
algebra of limits, we conclude that (s,) also converges. Moreover, we have

~ N-1 )
Do = i s = Jim (K4 60) = K+ Jim b= 3004 3 o
i=1 =
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2. Fix N € N and for n > N, consider the sequence of partial sums (t,) where t,, =
Z?: ~ @j. Let (s,) be the sequence of partial sums for the series Z?L a; where s, =
%_1a;. Then, for any n > N, we have

N-1
t, = Sp — Zaj:sn—K,
=1

where K = Zj-vz_ll a; € R is a real constant. Since (s,) converges, by the algebra of

limits, we conclude that the sequence (t,) also converges.

Absolute and Conditional Convergence

Proposition 16 (Cauchy Criterion for Convergence of a Series) The real se-
ries ;2 a; converges if and only if for every € > 0, there exists an N € N such that
for every n > m > N, we have:

[Sn — Sm| = |@ms1 + Qo + -+ + an] <€

Definition 17 (Absolute Convergence) A real series 332, a; is said to be abso-
lutely convergent if the corresponding series of absolute values, 3232, |a;|, converges.

Definition 18 (Conditional Convergence) A real series 332, a; is called condi-
tionally convergent if 3222, a; converges but 332, |a;| diverges to infinity.

. J

An important distinction between absolutely convergent and conditionally convergent
series is that the terms of an absolutely convergent series can be rearranged without changing
the value of the series. However, in the case of a conditionally convergent series, the terms
can be rearranged in such a way that the rearranged series converges to any real number in
R or even diverges to £00. This result is known as the Riemann rearrangement theorem.

Alternating Series

To illustrate an example of a conditionally convergent series, we define alternating series.
As the name suggests, an alternating series is a real series where the terms alternate in sign.

Definition 19 (Alternating Series) A real series is called alternating if it takes
one of the following forms:

S(-1pby or So(-1p7,
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where b; > 0 for all j € N.

Theorem 20 (Alternating Series Test) An alternating series of the form

21 (=1)7b; or 352, (—1) 7 b;, with b; > 0, converges if the terms (b;) are decreasing

and b; — 0.

Proof. Without loss of generality (WLOG), consider the alternating series of the form
;’il(—l)j ~1b;, where the first term in the series is positive. Let (s,) denote the sequence of
partial sums. We analyze the subsequences of even-indexed and odd-indexed partial sums,
namely (sg,) and (s9,_1).
For the subsequence of even-indexed partial sums, by grouping some consecutive terms

together, we have:
Son = b1 — by +b3 — by + -+ boy1 —bop = by — (by — b3) — -+ — (b2n—2 — bap—1) — bap < by,
since b; > bj4; for all j € N. Additionally, we observe that:

S2(n+1) — S2n = —banqa + bapg1 > 0,

which implies that so(,11) > 89, for all n € N. Thus, the subsequence of even-indexed partial
sums (Sy,) is increasing and bounded above. By the monotone convergence theorem, the
subsequence (sg,) converges.

Using similar arguments, we can show that the subsequence of odd-indexed partial sums
(s2n—1) is bounded below and decreasing. Therefore, by the monotone convergence theorem,
the subsequence (sg,_1) also converges.

Furthermore, since —bsg, = $9, — So,_1, taking the limit as n — oo and applying the
algebra of limits, we obtain:

0= — lim by, = lim (89, — S9,,—1) = lim S5, — lim So9,,_1.
NS0 2n n—)oo( 2n 2n 1) N300 2n el 2n—1

Thus, lim,, .o S92, = lim,,_, So,_1, say s. Finally,it is the entire sequence of partial sums
(sn) converges to the same limit s. Hence, the series converges. m

Comparison Tests

For real sequences, we have seen that limits preserve weak inequalities, as demonstrated by
the sandwich lemma. These results can help us compare or bound the limits of a sequence
with those of commonly known sequences. We now extend this idea to series. By comparing
series that converge or diverge, we can apply these standard examples to test the behavior
of other series.

Direct Comparison Test

The first convergence test is the direct comparison test for series. The idea is simple and
intuitive: suppose we have two series with non-negative terms such that one series is term-
wise larger than the other. If the series with the larger terms converges, then the series with
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the smaller terms must also converge. Similarly, if the series with the smaller terms diverges,
the series with the larger terms must diverge as well. We state the following proposition:

Proposition 21 (Direct Comparison Test) Let >72, a; and >332, b; be two real
series such that 0 < a; < b; for all j € N.

N [o¢] N o0
1. If the series 3232, bj converges, then the series 372, a; also converges.

2. If the series 3272, a; diverges to oo, then the series 3232, b; diverges to oo as well.

Proof. Let s, = Z;;l a; and t, = ?:1 b; be the sequences of partial sums for the se-
ries 332, a; and Y352, b;, respectively. Since aj,b; > 0, both sequences (s,) and (t,) are
increasing. Moreover, the condition 0 < a; < b; implies that 0 < s, <, for all n € N.

We now prove the two assertions separately.

1. Since the series 372, b; converges, the sequence (t,) is bounded, say ¢, < M for all
n € N and some M > 0. Thus, s, <t, < M for every n € N. By the boundedness of
(sn), the sequence (s,,) must also converge, and therefore the series 222, a; converges.

2. Since 3272, a; diverges to oo, the sequence (s,,) diverges to co. As s, <t, foralln € N,
the sequence (t,) must also diverge to co. Therefore, the series >=1 b diverges to oo.

Proposition 22 (Limit Comparison Test) Let 3232, a; and 332, b; be two real se-
ries such that a; > 0 and b; > 0 for all j € N. Suppose that
big

lim =+ =1L

for some 0 < L < oo. Then, either both series converge or both series diverge. In

other words: -

[e.9]
Z a; converges <& Z b; converges.
j=1 j=1

Proof. Since lim;_,, Z—J = L, for e = % > 0, there exists N € N such that
J

Y

L
b, <§ for all j > N.

Equivalently, for any 7 > N, we have:

3L
§bj < a; < ?bj

We now prove the two implications separately:
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- (=)
Assume that the series 3272, a; converges. Therefore, the series %Z?‘;l a; =352 2q;

also converges by Proposition 7.2.8. Since 0 < b; < %aj for all 7 > N, by the direct
comparison test, the series 3372 \ b; converges. Finally, by Proposition 7.2.9, the full
series » 72, b; converges.

(«=):

Similarly, suppose that the series 3272, b; converges. Since 0 < a; < %bj forall j > N,
and the series >272 v %bj converges, the series > 72 v a; also converges by the direct
comparison test. Therefore, the full series >-72, a; converges as well.

Theorem 23 (Ratio Test) Let 372, a; be a real series such that a; # 0 for all
J€N. Let L = lim;_,o

aj41
1| > 0,

J

1. If L < 1, then the series converges absolutely.

2. If L > 1, then the series diverges.

Proof. We prove the assertions separately.

. Suppose that lim;_,

1. Suppose that lim; ., |[*22| = L < 1. Then, for € = % > 0, there exists an N € N
such that 11
an -
+1 —L‘ < —— foralln > N.
ay, 2
This implies that
an 1+ L
R P + for all n > N.
Qn
Denote r = L < 1, so that |a,41]| < 7 |a,| for all n > N. By induction, we can show
that |ap x| < 7 |ay| for all k € N.
Let us compare the tail of the series >72 x| |a;| = 332, [agy | With the geometric

series 37, r* lay|. Clearly, the geometric series converges since r < 1. By the direct
comparison test, since |ag | < ¥ |ay]| for all k € N, the tail of the series 332y |a ]|
also converges. Proposition 7.2.9 then implies that the entire series 372, |a;| converges,
meaning the series converges absolutely.

a1

= L > 1. By a similar argument as in the previous case, if

we choose € = % > (0, we can show that there exists NV € N such that

1—|—L<
2

Ap+1

for all n > N.

Qn

Denote r = 4L > 1, so that 0 < |ay| < 7¥|ay| < |agsn| for all k& € N. Since
r¥lay| — oo, we have |ay, x| — 0o as well. This implies that lim;_, |a;| # 0 and, by
Lemma 5.9.3, lim; . a; # 0. Thus, the series } 72, a; cannot converge by Proposition

7.2.5.
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Chapter 2

The Riemann Integral

1. Partition and Refinement of an Interval
Let [a,b] be a closed and bounded interval with a < b. A partition P of [a,b] is a finite
ordered set of points
P =A{xg,z1,...,2,}, a=x90< T < <Tp, =0,
which subdivides [a, b] into the n subintervals
[Tr_1, 28], k=1,2,...,n.

These subintervals are pairwise disjoint in their interiors and their union is [a, b].

[$0, $1I$17 $21$27 $3II37 $4I$4, $5]

Figure 2.1: Partition P of [a,b] into subintervals.
Let
P=A{xg,...,z,} with a=2y<---<z,=0.

A partition @ of [a,b] is called a refinement of P if P C @Q; that is, every point of P also
appears in (), and () may contain additional points inside the subintervals determined by P.

Example

Suppose
P ={a,x,x9,b}, a<x <Iy<b,
and we insert three additional points
¢ € (a, 1), ¢ € (x1,x2), g3 € (x2,b).
Then the refinement () is
Q=PU{q, %, @} =1{a,q,71,q,72,q3,b},

listed in strictly increasing order.

19
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q1 g2 qs3
e e e
la, 2] (21, 2] (22, b]

Figure 2.2: Refinement () of P by inserting ¢, ¢2, and g¢s.

2. Lower and Upper Sums

~

Definition 24 (Lower and Upper Sums) Let [ : [a,b] — R be a bounded function
and P = {xg,x1,...,2,} a partition of [a,b]. For each subinterval [xy_1,xg], define:

my = inf{f(z) | x € [xp_1, 2]}, My :=sup{f(z) |z € [xr_1,2x]}

Then the lower sum of f with respect to P is:

L(f,P)=> my- (zx — Th-1),
k=1
and the upper sum is:
U(f,P)=> M- (zx — p_1).

e
I
&

3. Properties of Riemann Sums

Lemma 25 (Properties of Lower and Upper Sums) Let f : [a,b] — R be a
bounded function. Then:

1. For every partition P,

L(f,P) <U(f,P).
2. If Q) is a refinement of P, then

L(f,P) < L(f,Q) and U(f,P) 2 U(f,Q).

3. For any two partitions Py, P,

L(f, P) < U(f, ).

.

Proof.

1. Lower sum is always less than or equal to upper sum.
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For each subinterval [x)_1, x|, we define:
myg = inf{f(z) : x € [zp1, 2]}, My :=sup{f(z): x € [wp—1,zs]}.

Since my, < M, for all k, it follows that:

k=1 k=1
Example: Let f(x) =2 on [0,1], and let P = {0,0.5,1}. Then:
L(f, P) = 0%0.5+(0.5)%:0.5 = 0+0.125 = 0.125, U(f, P) = (0.5)%-0.5+(1)*-0.5 = 0.125+0.5 = 0.625.
So L(f, P) < U(f, P).

2. Refining increases lower sum and decreases upper sum.
A refinement ) of P adds points to subdivide the interval more finely. The infimum
over a smaller subinterval is at least as large as over the larger one (because we're
minimizing over fewer values), and similarly, the supremum over a smaller subinterval
is at most as large.

Hence:

L(f,Q) = L(f,P),  U(f,Q) <U(f,P).

Ezample: Use the same f(x) = 22 on [0,1], but refine P = {0,0.5,1} to Q =
{0,0.25,0.5,0.75,1}. You will find:

L(f,Q) > L(f, P), U(f,Q) <U(f, P).

3. Lower sum of one partition is less than upper sum of another.
Let R = P, U P,, which is a common refinement of both P; and P,. Then, by part (2):

SO:
L(fapl) S U<f7P2)

Ezample: Let P, = {0,0.5,1}, P, = {0,0.25,1}. Their union is R = {0,0.25,0.5, 1}.
Again using f(z) = 2%, you can compute and verify the inequality numerically:

Definition 26 Let f : [a,b] — R be bounded.
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1) Lower/upper integrals. Define

L(f) :=sup{ L(f, P) : P a partition of |a,b] },
U(f):=inf{U(f, P): P a partition of [a,b] }.

Because f is bounded, the sets inside the sup and inf are nonempty and bounded, so
by completeness of R the numbers L(f) and U(f) exist. Always L(f) < U(f).

2) Riemann integrability. We say f is Riemann integrable on [a, b] if L(f) = U(f).
In that case, the common value is the Riemann integral of f:

/abf(m) dx  (also written /ab ).




23

Upper sum

Lower sum

x
0 1 2 3 4 ) 6

Figure 2.3: Lower and upper sums for the function f(z) = % on [0, 6].

Intuitively, a bounded function f is Riemann integrable if we can approximate the area
under its graph from below (using lower sums) and from above (using upper sums) in such
a way that both approximations can be made arbitrarily close to each other by refining the
partition.

In the figure above:

« The green rectangles represent the lower sum L(f, P), constructed using the minimum
value of f on each subinterval.

o The red translucent rectangles represent the upper sum U(f, P), constructed using
the maximum value of f on each subinterval.

22

 The blue curve shows the graph of the function f(z) = %

As the partition becomes finer (i.e., we divide [a, b] into smaller subintervals), the lower
and upper rectangles better approximate the area under the curve. The difference between
the total areas of the upper and lower sums decreases.

This leads to the following fundamental characterization of Riemann integrability.
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Theorem 27 (¢—criterion) A bounded f is Riemann integrable on [a,b] iff for every
€ > 0 there exists a partition P such that

U(f,P) — L(f,P) < «.

Equivalently, we can make lower and upper sums as close as we wish by choosing P
fine enough.

Proof sketch. (=) Assume f is Riemann integrable, and let I = [° f(z)dx = L(f) =
U(f). Fix e > 0. By the definitions of sup and inf, choose partitions P;, P, such that

L(f, P) >I—g and  U(f, P) <1+g.

Let P be any common refinement of P, and P, (e.g. take the union of their points). By
refinement monotonicity, L(f, P) > L(f, P1) and U(f, P) < U(f, P»), hence

U(f, P) = L(f,P) <U(f, P) = L(f, ) <e.

(<) Conversely, suppose that for every e > 0 there exists a partition P with U(f, P) —
L(f,P) <e. Since L(f) = supg L(f,Q) > L(f, P) and U(f) = info U(f,Q) < U(f, P), we
have

0<U(f) = L(f) SU(f, P) = L(f, P) <e.

Letting ¢ — 0 gives U(f) = L(f), so f is Riemann integrable. m
Constant function. Let f : [a,b] — R be the constant function f(z) = ¢ with ¢ € R. For
any partition P = {a = zo < x1 < -+ < x, = b}, write Axy := x—x_1 and Iy := [zx_1, Tk

Then
myg :=1inf f = M, :=sup f =c¢ (k=1,...,n).
Iy Iy

Thus the Riemann sums coincide:

L(f,P) :imkAxk:ciAxk:c(b—a), U(f,P):iMkAxk:c(b—a).

k=1 k=1 k=1

Hence U(f, P) — L(f, P) = 0 for every partition P, so the e—criterion is trivially satisfied
and f is Riemann integrable. Since the common value is independent of P, we conclude

/abf(x) dx = c(b— a).

Corollary 28 Let f : [a,b] — R be bounded. For a partition P write U(f, P) and L(f, P)
for the upper and lower Riemann sums. The following are equivalent:

(i) f is Riemann integrable on [a,b];

(ii) there exists a sequence of partitions (P,) such that U(f, P,) — L(f, P,) — 0.
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Moreover, whenever (ii) holds,

[ F@)de = Jim L(f P) = im U(F,P.).

n—o00

Proof. Define the lower and upper integrals of f by

L(f) :=sup{L(f, P) : P a partition of [a, b},

U(f):=inf{U(f, P) : P a partition of [a, b]}.
Recall that f is Riemann integrable iff L(f) = U(f), in which case the common value equals
2 f
(i) = (ii). Assume f is Riemann integrable. Then for every e > 0 there exists a partition

P with U(f, P) — L(f, P) < e (e-criterion). Choose P, so that U(f, P,) — L(f, P,) < 1/n.
Then U(f, P,) — L(f, P,) — 0.

(ii) = (i). Assume there exists (P,) with U(f, P,) — L(f, P,) — 0. For every partition P
we have L(f, P) < L(f) < U(f) < U(f, P), hence

L(f,P) S L) SU(f) SU(f. Po)  forall m.

Therefore
0<U(f) = L(f) SU(f, P) — L(f, ) —= 0,

n—oo
so U(f) = L(f). Thus f is Riemann integrable and

[ f=0=v0).

Moreover, L(f, P,) < [°f < U(f, P,) and U(f, P,) — L(f, P,) — 0 imply, by the squeeze
theorem,

lim L(f, P.) /f_th(fP)

Remark. If f is integrable and || P,|| — 0, then necessarily U(f, P,) — L(f, P,) — 0 and the
same conclusions hold. m

We illustrate the above Corollary with the explicit example.

A partition P of [a, b] is uniform if all its subintervals have the same length. For n € N
set

n

pn:{a o+ ke g4 20 ...,a—i—"(bn_“):b}, |P]| = 2.

Let f:[0,1] — R, f(z) = 2?. For the uniform partitions
Po={ot 2wl Ae—t

f is increasing on each [, = |
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Hence the Riemann sums are

1 & s (m—Dn2n-1) 1 1 1
LR = L b= = =5 " 5 T g
1 &, nn+1)2n+1) 1 1 1
U P = g LW == =3+ 5, TG

Therefore

U(f.P.) — L(f, Pa) = = — 0,

n mn—oo

and, by the e-criterion,

/0 2?dr = lim L(f, Pa) = lim U(f, P,) =

n—oo

Theorem 29 FEvery monotone function f : [a,b] — R is Riemann integrable.

Proof. Suppose f is monotone increasing on [a,b]. Then f is bounded, since

fla) < f(z) < f(b) forall z € [a,b].

Let € > 0 be given. We want to find a partition P such that U(f, P) — L(f,P) < ¢
Choose ¢ > 0 such that

6(f(0) = f(a)) <e.

Now select a partition P = {xg,1,...,2,} such that the width of every subinterval
satisfies:
T —Tp1 <0 forallk=1,... n.

Since f is increasing, on each subinterval [z)_1, z)] we have:

mi = f(xr-1), M= f(xr),

so the difference between the upper and lower sums becomes:

U(f,P)—L Xn: My —my) (Tx — Tx-1) Zn: flzr_1)) (2 — zp—1).
k=1

k=1

Using the fact that xp — z,_1 < d, we estimate:
U(f,P)—L Z f(zr—1)) = 6(f(b) — f(a) <e.

Hence, by the integrability criterion (Lemma), f is Riemann integrable. m

Theorem 30 FEvery continuous function f : [a,b] — R is Riemann integrable.
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Proof. Since f is continuous on the closed interval [a, b], which is compact, the Extreme
Value Theorem guarantees that f is bounded and attains its maximum and minimum on
each subinterval of any partition. Furthermore, by the Uniform Continuity Theorem, f
is uniformly continuous on [a, b]. Therefore, for any € > 0, there exists ¢ > 0 such that:

€
poyl<s = If@) - FWl <
Let P = {xg,x1,...,2,} be a partition of [a, b] such that:
T —Tp1 <0 forallk=1,... n.

On each subinterval [x;_1, zx], the function f attains both its maximum M}, and minimum
my, (by continuity), and we have:

£
M, —my, < .
b—a

Thus,

n

U(f,P) - L(f,P) = ;(Mk — ) (2 — Tps) < fakfjm —o) = —(b—a) ==

Hence, by the e-criterion f is Riemann integrable. m

Generalization: Even though continuity guarantees integrability, the converse is not true.
A function can be Riemann integrable without being continuous everywhere.

Theorem 31 (Generalization) Let f : [a,b] — R be bounded and have only finitely
many points of discontinuity. Then f is Riemann integrable.

Sketch of proof. Let D = {c1,ca,...,cn} C [a,b] be the (finite) set of discontinuities of f.
Around each ¢;, construct an interval of length less than §/m such that the total contribution
to the upper-lower sum difference over these intervals is less than €/2. On the complement
of these intervals, f is continuous, so we apply the previous theorem to choose a partition on
that region giving error less than /2. Combining both partitions yields a global partition
P such that U(f,P) — L(f,P) <e. m

Example 32 (Discontinuous but integrable vs non-integrable) This ezample illustrates
how the nature and number of discontinuities affect integrability.

(a) Integrable with one discontinuity:
Exercise 33 Define f:[—1,1] = R by
1, =0,
fx) =
0, x#0.

1
Show that f is Riemann integrable on [—1,1] and compute / f(z)dx.
-1
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(b)
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Solution 34 For each n € N, consider the partition
P, = {—1, —a, o, 1},
which produces the subintervals

Since f =0 on [—1,1] \ {0} and f(0) =1, we have

11:

sup f=supf =0, inff=inff =0, sup f =1, inff=0.
I I3 I I3 I Iz
The lengths are
L] =1~ L=, |Ll=1-5.

2n) 2n

Therefore

L(f P =Y (i )T =0, UG P) =Y (sup )11 =11 = -

Integrability. Note that | P, = max{|I1, L], |I5|} = 1—5- /4 0, but this is irrelevant:
the Darboux criterion only requires, for each € > 0, some partition P with U(f, P) —
L(f,P) <e. Given e > 0, by the Archimedean property choose N € N with 1/N < ¢.
Then

1
U(fv-PN)_L(f7PN>:N <§g,
so f is Riemann integrable on [—1,1].

Value of the integral. For every n,

0=L(fP) < [ Fde < UGLP) =

Letting n — oo and using the squeeze theorem gives
1
/ f(x)dz =0.
—1

Not integrable: Define f :[0,1] — R by:

)1, 2 eqQ,
f<x>_{o, r € R\ Q.

This function is known as the Dirichlet function and is discontinuous at every point
in [0,1]. On every subinterval of any partition:

inf f=0, supf =1,
s0:
L(f,P)=0, U(f,P)=1 forallP.
Therefore,
U(f,P)—L(f,P) :17407

and f is not Riemann integrable.
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Theorem 35 Let f : [a,b] — R be bounded and let ¢ € (a,b). Then f is integrable on
[a,b] if and only if [ is integrable on both [a,c] and [c,b]. In that case:

/abf(:zc)dx:/acf(x)dx—i—/cbf(m)dm.

Remark 36 If f is integrable on [a,b], we define:

[r=-fr
/:f—o.

Then, for any three points a,b,c € I, where I C R is a compact interval and f : I — R is

integrable, we have:
b c c
[rehr=L7

We leave the verification as an exercise.

Also, for any c € [a,b], we define:
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Theorem 37 Suppose [ and g are Riemann integrable on |a,b], and let k € R. Then:

1. The function f + g is integrable, and

/(f—l—g dx—/f dx—ir/

2. The function kf is integrable, and

/abk;f(x)dx — k;/abf(.r)dx.

3. If f(x) < g(x) for all x € [a,b], then

[ i@ ar< [ g)ds

4. The function |f| is integrable, and

x)dx

< [l

Proof. We prove parts (1) and (4). Parts (2) and (3) follow from similar arguments and
are left as exercises.

(1) Linearity of the integral. Let f and g be integrable on [a,b], and let P be any
partition of [a,b] into subintervals [zy_1,zx], k =1,...,n
Define:
m£ = inf  f(x), M,f = sup f(x),

TE[Tp—1,Tk) TE[T)_1,Tk]

and similarly for g, and for f + g¢:

mi = _inf (f(z)+g(x), M= suwp (f(x)+g()).

€[@r—1,24] w€lrk_1,4]
From basic properties of infima and suprema over sets:
mi +md <m0 M < M+ M.

Multiplying by the subinterval length Ax, = z, — z,_1, and summing over all k, we
obtain:

L(f, P)+ L(g, P) < L(f + g, P), U(f+9g,P) <U(f,P)+Ulg, P).

Let € > 0. Since f and g are integrable, there exist partitions P; and P, such that:

U(f, ) = L(f, P) <5, Ulg, P2) = L(g, ) <

DO ™
DO ™
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Let P = P, U P, a common refinement. Then using monotonicity of upper and lower
sums under refinement:

U(f,P)<U(f, P), L(f,P)>L(f, P), andsimilarly for g.

Then:
U(f+9,P)<U(f,P)+Ulg, P) <U(f, ) +U(g, P») <U(f) +Ulg) +¢
L(f+g,P) > L(f,P) + L(9, P) = L(f, PA) + L(g, P») > L(f) + L(g) —
Thus:
U(f+9) <Uf)+Ulg), L(f+g)=L(f)+ L(g),
and since:

L(f+9) <U(f +9),
we conclude that:

L +9)=U +9) = [ @+ [ g(w)ds

So f + g is integrable and its integral is the sum of the integrals.

(4) Integrability of |f| and inequality.
First, note that since f is integrable, it is bounded, say |f(z)| < M for all x € [a,b]. Let
P be a partition of [a, b]. Define:

mf'= it |f)), M= swp |f(z)

w€[wk—1,7%] w€lz)_1,k]
Since | f(x)| is Lipschitz continuous with respect to f(x) (triangle inequality), we have:
]\/[/,Lf| —mLf‘ < M,f—mi.
Summing over all subintervals gives:
U(|fl, P) = L(|f[, P) < U(f, P) = L(f, P).
Now, since f is integrable, for any € > 0, there exists a partition P such that:
U(f,P)=L(f,P)<e = U(f,P)-L(f],P) <e.

So | f] is also integrable.
To prove the inequality:

x)dz

< [l

—|f(@)] < fz) < [f(2)].
Integrating all parts and using the order property (proved in part 3), we get:

/|f |dg;</ dm</|f )| d,
‘/ z)dr| < /\f )| dz.

observe that for all z € [a, b]:

which implies:
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Riemann Sums
Let f : [a,b] — R be a function, and let
P ={xg, x1, ..., x,}

be a partition of the interval [a,b]. For each k € {1,...,n}, choose a point & € [z)_1, Tk,
§=(&,. .., &) called a mark (or tag).

Definition 38 (Riemann Sum) 7The Riemann sum of f with respect to P and £ is
defined as:

n

S(f, P,€) = f(&) (zr — zp—1).

k=1

Definition 39 (Norm of a Partition) The Norm of a partition P =
{zo, z1, ..., T} is defined by:

1Pl := max (zx — zk-1).

Theorem 40 (Convergence of tagged Riemann sums) Let f : [a,b] — R be
Riemann integrable. For a partition

P:a=xy<x1<---<x,=0, ||P||—1I£1’?X(xk—xk 1),

and any choice of tags & = (&1, ..., &) with & € [rr_1,xk], define the Riemann sum

S P.E) =3 F(E) (v — wum).
k=1

Then for every € > 0 there exists 6 > 0 such that for all partitions P with |P| <
and for all choices of tags &,

xz)dr — S(f,P,§)| <e

Equivalently,

\|1131Hm05(f L E) = /bf(x) dx (uniformly in the choice of tags &).

Proof. Write U(f, P) = ZZ:1<SUP[xk_1,xk] ) (xr—xp—1) and L(f, P) = >0 (inflp, | 20 f) (xr—

xk_1). For any tags £ one has

L(f,P) < S(f,P.§) < U(f,P).
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Since f is Riemann integrable, for every € > 0 there exists 0 > 0 such that |P|| < ¢ =
U(f,P)— L(f, P) <e. Combining the two displays gives

(. P.&) = [2f| U, P)— L(f,P) <

as required. m

Example

Fix a > 0 and for n € N take the uniform partition x; = %“, k=0,...,n, with right-endpoint
tags &, = xp. Then

- i@ e-n =300 - m R =50 = T

Hence/ xdm:a—.
0 2

Exercise 41 Let f € Rla,b]. Show that

. b—ad k(b—a)\ ?
LD <a+ - )—/af(:v)dx.

Proof. Set A, = =% and = = a + kA,. Then ||P,|| = A, — 0 and

(a . k:(bn— a)) _ z”: F@) Au = S(f, Py €79,

the right-endpoint Riemann sum (£, = ). By the theorem (with arbitrary tags), S(f, P,, £184) —

Jf =
For the left-endpoint sums define (& = xj_1)

b_aan< k(b - a)> :f:f(xk_lmm 2p = a+ kA,
k=1

b
Then L, — / f asn — oo as well. lllustration (f(z) =z on [0,1]).

1k n—l 1 1
Z— —>f:/xdaj,
2 0

nkO

Z:z n+1_>1

1

n

Applications: write each limit as an integral (and evaluate).
1.

"1 "1 L dx
nggokz::anr LS z::n +k/n o 1+x !
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2.
Ca ok a1 (k/n)
1 SN - W)
nggokz::lnurkz nggo;nljt(k/np
O
—Jo 1+x2d$

1 Nk
= Eln(l—i—x)

0

1
= —In2.
2

4. The Fundamental Theorem of Calculus

This central theorem states that the operations of differentiation and integration are, in a
sense, inverses of each other.

Theorem 42 (Fundamental Theorem of Calculus)

1. Let f : [a,b] — R be integrable and let F : [a,b] — R be differentiable with
F'(z) = f(z) for all x € [a,b]. Then

b
/a f=F() - F(a).
2. Let g : [a,b] — R be integrable and define

Gla) = /jg(t) dt, z€la,b]

Then G is continuous on [a,b]. Moreover, if g is continuous at ¢ € |a,b], then G
is differentiable at c, and

G'(c) = g(o).

In part (1), the function F' is called an antiderivative of f.
Proof of Theorem 42. (1) Let P = {xg, x1,...,z,} be a partition of [a,b]. By the Mean
Value Theorem, for each interval [xj_1, x|, there exists ¢ € (xx_1,x) such that

F(ay) = F(og-1) = F'(te) (@ — 2-1) = f(te) (@ — 2p-1).-

Since my, < f(ty) < My, we get

The sum Y-}7_; f(tx)(xx — xk_1) is a telescoping sum equal to F'(b) — F'(a), hence

/abf: F(b) - Fl(a).
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(2) Suppose |g(z)| < M on [a,b]. For any z,y € [a, b],

|G(z) = G(y)| =

x Yy
fo- ]

<

Yy

/ Ig|‘ < M|z —y|.
Y

This shows that GG is uniformly continuous.

Now suppose g is continuous at ¢ € [a,b]. Then for x # ¢:

G(z)—G(c) 1 /Ig(t) it

Tr —cC r—cC

Given € > 0, by continuity of g at ¢, there exists § > 0 such that |g(t) — g(c)| < € whenever
|t —¢| < 0. Then for 0 < |z — | < §:

Usual Antiderivatives

All antiderivatives are up to an additive constant +C.
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Integrand f(x)

An antiderivative F(z)

Conditions / Notes

Powers & logs

n

8

SR

—

ax + b)"
1

ar+b
Inx

Exponentials
ex

ea:c

al‘

Trigonometric
sinx
cos T
tan x
cotx

SeC2 x

csc? x
secx tanx
cscx cotx
secx

CSC T

1
—1In |az + b
a

zlnxr —x

e®

1
Z 0
a

a;v

Ina

—Ccos T
sinx

—In | cos z

In | sin z|

tanx

—cotx

secx

—cscx

In|secz + tan z|

In | cscz — cot x|

Inverse trig (standard forms)

1
vV 11— 22

1+ 22
1$

2 2
a +1ac

a2 — 22
1
22 _ g2
Hyperbolic
sinh z
cosh x
tanh x
sech? z
csch? z
sech z tanh x

csch x cothx

arcsin x

arctanx

1 x

— arctan—

a a
. T
arcsin—
a

1
—In
2a

r—a

T +a

cosh
sinh x
In(cosh x)
tanh x
—cothzx
— sechx
— cschx

Inverse hyperbolic (log forms)

1
241
1
2 —1

1

arsinhz = In(z + Va2 + 1)
arcosh || = In(|z| + V22 — 1)

1 4+

n#—1.
x # 0.
a#0, n#—1
a#0.

x> 0.

a # 0.
a>0,a#l.

also In | sec z|.
also —In|cscz|.

dx
Al —_—
s J V1—22

a > 0.
a>0, |z| <a.

a>0, x# +a.

|z| > 1.

— arccos x.
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Theorem 43 (Integration by Parts) Let f,g : [a,b] — R be differentiable on [a,b]. If
1.4 € R(la,b]) (Riemann integrable), then

[ 1@ d@) e = 10190 - f@gt0) ~ [ @) gte) de (520

Proof. Let h = fg. By the product rule, A’ = f'g+ f¢’. By the Fundamental Theorem of Calculus
and the assumed integrability of f/, ¢, we obtain

b b
h(b) — h(a) :/a h'(z) dz :/a (f'(=)g(x) + f(z)g'(2)) dz.
Rearranging gives (8.20). m

Example 44 FEvaluate the integral

1
I:/ ze® dx.
0

Solution. We apply integration by parts with

fl@)=2, g@) =" = [f(z)=1, g(z)=e"
By Theorem 43,

1
—/ 1-ede=(1-e' —0)— (e! = ¢).
0 0

Thus

I=e—(e—1)=1.

Theorem 45 (First Substitution Rule) Suppose ¢ is differentiable on [a,b] and its
derivative ¢'(t) is continuous. If f is continuous on the range of p, then

v (b)

[ sen e wae= [ f@yan

v(a)

Example 46 FEvaluate
w/2
I :/ sin?(t) cos(t) dt.
0

Solution. Let ¢(t) = sin(t). Then ¢'(t) = cos(t), and when t = 0, ¢(0) = 0; when t = 7,
©(5) = 1. Thus, by Theorem 45,

w/2 1 311
I:/ sin?(t) cos(t dt:/xzdx: ) =L
[ sin®(t) cos(ydt = | 5l,=3

Theorem 47 (Second Substitution Rule) Let f : [a,b] — R be continuous, and let ¢ :
[, B] = [a,b] be differentiable with continuous derivative. Then
b 8 /
| t@ydo = [ fe0) @0 dt.
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Example 48 FEvaluate
4
I :/ VvV dx.
0

Solution. Let p(t) = t2, so that ¢'(t) = 2t. Whent = 0, p(0) = 0; when t = 2, ¢(2) = 4.
Thus, by Theorem 47,

4 2 2
I:/ \/;de:/ \/ﬁztdt:/ 262 dt.
0 0 0

Since V2 =t fort >0, we compute

Theorem 49 (Mean Value Theorem for Integrals) If g : [a,b] — R is continuous,
then there exists ¢ € (a,b) such that

[ 9=06-a)

Proof. Apply the Mean Value Theorem to the function z — [ g, which by the Fundamental
Theorem of Calculus is an antiderivative of g. m

Exercise 50 Suppose f is continuous on [0,00) and limy_,o f(z) = a. Show that

1
lim —
r—00 I

x
/ fH)dt = a.
0
Hint. Fiz N large and use the mean value theorem for integrals on [N, x].

Proof. Fix e > 0. Since lim,_,~ f(z) = a, choose N so large that |f(t) —a| < € for all t > N. For
x > N, write
1 = N 1 (N x—N 1 z
- t)ydt = — — t)dt t)dt.
| rwae==5 [ rwa + == — [ r

X

By the mean value theorem for integrals (continuity of f), there exists &, € (IV,x) such that

— [ = fe).

Hence

x X

xTr — N
1/0 Ft) dt = %mN + PN pe), where my = Jb/o £(b) dt.

Subtract a and estimate:

<

N z— N
— |f
T

1 /* N N
[ war—a| < ima + (€)—al + ~ lal < > (jmxl +lal) +5,
z Jo T T

X

because &, € (N, x) implies | f(&;) — a|] < . Letting x — oo, the first term tends to 0, so the whole
expression is < € in the limit. Since € > 0 is arbitrary, the limit equals a. =



Improper Integrals

In this section, we study improper integrals, which arise in two main situations:
¢ One of the integration limits is infinite,
o The function becomes unbounded (e.g., has a vertical asymptote) at a boundary point.

We will consider these two cases in detail.

Case 1: Integration over an Infinite Interval

39

Definition 51 Let f : [a,00) — R be a function that is Riemann integrable over every finite

interval [a, R], for a < R < co. If the limit
R
lim f(z)dx

R—o0 Jq

exists and is finite, then the improper integral is said to converge, and we define

/aoo f(z)dz := lim /aRf(:U) dx.

R—o00

Similarly, for a function f :(—o0,a] — R, we define

/a f(z)dz = lim /Raf(a:)dac,

—00 R——o0

provided the limit exists.

Example

Consider the integral

We compute:

Taking the limit as R — oo, we get:

< 1 b ifs>1
/ —dr = s—1’ ’
1 diverges, if s <1.
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Case 2: The Function is Unbounded at an Endpoint

Definition 52 Let f : (a,b] — R be a function that is Riemann integrable over every interval
[a+e,b], for 0 <e <b—a. If the limit

b
lim x) dx
liom a+af( )

exists and is finite, then the improper integral is said to converge, and we define

b b
/a f(z)dzx := lim f(z)dz.

eNO Jate

Example

Let us evaluate

For s # 1, we compute:

Now take the limit as e — 07:

Hence,
1 b ifs<1
/ —dr={1-35’ ’
0 z* {diverges, if s > 1.

We now consider the general case of improper integrals over open intervals.

Definition 53 Let f : (a,b) - R, where a € RU {—o0} and b € RU {0}, be a function
that is Riemann integrable over every compact subinterval [a, 5] C (a,b). Let ¢ € (a,b) be
arbitrary. If both of the improper integrals

/acf(x)da: ::Clti\nz/acf@)da /be(m)da: :z}gi}r})/cﬁf(m)dx

converge, then the integral over the full interval is called convergent, and we define:

/abf(ac)dx = /acf(x) da:+/cbf(:v) dx.

Note that this definition is independent of the choice of the intermediate point ¢ € (a,b).
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Examples
Example 1

According to previous examples, the integral

diverges for all s € R.

Example 2
The integral
1 1
[
~1vV1— 22
converges. We compute:

0 1 1—¢ 1
z = lim ———dz + lim

1 1
—d ——dx
/—1 V1— 22 eNOJ 14¢ V1 — 22 eNO0Jo V1 —22

= —limsin~*(—1+4¢) + limsin (1 — ¢)
e\0 eNo0

=—(-p+3=r

Example 3
The integral

[m1+x2 o

o0 1 0 1 L |
/ dr = lim dx + lim dx

also converges:

oo 1+ 22 Rooo J_p 1+ 22 R5ooJg 14 22
= — lim tan"!(—=R) + lim tan"'(R)
R—o0 R—o0
- (-pti=n

Comparison Test for Improper Riemann Integrals.

Let I = [a,00). Suppose that f,g : I — R are continuous non-negative functions such that
0< f(x) <g(z)foral xzel.

)
1. If [ g(z) dx exists, then [ ° f(x)dz also exists.
2. If [ f(x) dx diverges, then [ g(z)dz also diverges.

A similar result can be proven for I = (—o00, a] and improper integrals over this domain.
Proof. We prove each assertion separately. Since f and g are continuous over [a,0), these
functions are Riemann integrable over the interval [a, t] for any finite ¢t > a.

1. Since f and g are non-negative, by the ordering property and additivity of integrals, for any

t > a we have
t 0

/atf(l‘) dz < /:g(fn) dr < lim ) g(z) dz :/a g(z) dz.
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Moreover, the integral function F(t) = [! f(x)dz on [a,00) is an increasing function. Thus, the
limit of F'(t) as ¢ — oo exists since F(¢) is bounded by the finite number [ g(z) d.
2. For any t > a, we have the ordering

/atf(x)dx < /atg(x) dx.

Taking the limit ¢ — co on both sides, since [;° f(x)dz diverges, it must approach co. Thus, we
conclude that lim; o [, (f g(z) dz = oo, implying that [ g(z) dx also diverges. m

Limit Comparison Test for Improper Riemann Integrals

Let I = [a,00). Suppose that f,g: I — R are continuous positive functions. Suppose further that

im m =

for some 0 < L < oco. Then either both improper Riemann integrals [ f(z)dz and [.° g(z)dx
exist, or both diverge. In other words,

/ f(x) dx exists <:>/ g(z) dx exists.

Theorem 54 (Integral Test) Suppose f : [1,00) — [0,00) is decreasing and Riemann
integrable on [1,b] for all b > 1.

(i) The series Y o2 f(n) is convergent if and only if the improper integral [° f(t)dt is
convergent.

(ii) If the series is convergent, then for every n € N,

[ iwa s s g < [T rwa

+1 k=n-+1

Proof. (i) Since f is decreasing and integrable over [k — 1, k], we have

0 < [ gwar < gk-1  kz2) (2.1)

Summing (2.1) from k = 2 to k = n gives

n n n—1
S k) < / fyde < S k).
k=2 1 k=1

If >72, f(k) converges, then the rightmost bound shows [{* f is bounded above by the series’ sum;
hence [ f converges. Conversely, if [ f converges, then the leftmost bound shows the partial
sums » ;o f(k) are bounded, and since f > 0 they form an increasing sequence; thus Y 7~ f(k)
converges.
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(ii) Summing (2.1) from k =n+ 1 to k =m (m > n) yields
m m m—1
> s < [T rwd <Y k).
k=n+1 " k=n

Rewriting the middle term by shifting limits,
m+1 m m
[ s < > g < [ s
n+1 k=n+1 n
Letting m — oo (and using (i) for existence of the improper integral) gives
[twae < > g < [ pw
n+1 k=n-+1 n

which proves (ii). O

Exercises: Improper Integrals
1. Evaluate the following improper integrals:

1
(a) / log x dx
0

Solution. This is improper at = 0. Integrate by parts (or use a known primitive):
/log:cdx =zloge —ax+C.

Hence

1logxda: = lim {xlogw—az}: = (1'0— 1) — lim (eloge —¢) = —1,

0 e—0t e—0t

since eloge — 0 as € — 0T,

2 1
b d
(b) /1 xlogx *

Solution. Improper at z = 1. With u = logx, du = dz/z, so

1 1
/ dx:/fduzlog‘q”—|—C:10g(logx)—|—0.
xlogx U

Thus

2 1 2
/1 Tlog s dx = 81_1{(1)1+ [log(log x)} T log(log 2) — El_1}1(1)1+ log(log(1 +¢)).

Since log(1 +¢) ~ e — 0T, we have log(log(1 + €)) — —oo, hence the integral

2 1
/ dx = 400 (diverges).
1 xlogx
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0 1
(C> Lm 1 +JZ’2 dl‘

Solution. Use arctan z:

/O:O 1+1x2dx = {arctanx}cio = g — (—g) = .

0 dx
(@ /0 Vo (x+1)

Solution. Let z =t (t > 0). Then dz = 2tdt and /z = t:

/OO dx /OO 2t dt 2/00 dt 2{3 ctan t}oo 5 T
- = - = - = T — =T
0 ﬁ(l‘—f—l) 0 t(t2+1) o t241 0 2

(@) /2 dx
P
Solution. Set z = 2sinf, de = 2cosfdf, and V4 — 2 = 2cosf with 0 € [—7/2,7/2]:
/2 dx _/”/2 2(:0800%’_/”/2 g =
oA —22  Joapp 20080 Jonpp
Exercise 55 Suppose f € R(a,c) for allc > a (i.e. f is Riemann integrable on every finite interval
[a,c]). Prove the equivalence of the following statements:

(a) f has a convergent improper integral on [a,o0), i.e.

o0 t
/ f(x)dx := lim / f(x)dx exists (as a finite real number).

t—o00

(b) For every e > 0 there exists N > a such that for all b,c > N,

/bcf(:v)d:v

Proof. Define the function of the upper limit

<e.

F(t) ::/:f(x)dx, t>a.

By assumption F'(t) is well-defined for all ¢ > a.
(a)=(b). Assume tlim F(t) = L € R. Let € > 0. Then there exists N > a such that for all u > N,
—00

|F(u) — L| <eg/2.
Hence for any b,¢ > N,

| @) da
Thus (b) holds.

= |F(c) = F(b)| < |F(c) — L| + |[F(b) — L| <£/2 + ¢/2 =c.
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(b)=(a). Assume (b). We show that (F'(t)),.  is a Cauchy net (equivalently, the limit lim; e F(t)
exists). Fix £ > 0 and choose N as in (b). Then for all b,c > N,

< e.

F©) ~ FO) = | [ fla)do

Hence the values F'(t) form a Cauchy family for large ¢, and since R is complete, there exists L € R
with
lim F(t) = L.

t—00
By definition, this means the improper integral / f(x)dx converges (to L). Thus (a) holds.
We have proved (a) <= (b). m
Exercise 56 Suppose f,g € R(a,c) for all ¢ > a, and |f(z)| < g(x) for all x € [a,00). If

o0
/ g(z) dz is convergent, prove that/ f(x) dx is also convergent. Use this to prove the existence
a

a
©  dx
the int l/ .
of the integra e

Proof. Assume |f| < g on [a,00) and [ ¢ < oo. By the Cauchy criterion for improper integrals,
for every € > 0 there exists N > a such that for all b,¢ > N,

/bcg(x) dx

‘/bcf(x)dm

Hence [,° f(x) dx satisfies the Cauchy criterion and therefore converges. Moreover, [ |f(z)|dz <
[° g(x) dz < o0, so the convergence is absolute.

©
(Application to /0 : _:;4). Let f(z) = Hﬁ on (0,00).

Near 0: f is continuous on [0, 1], hence Riemann integrable there.
On the tail [1,00): For z > 1,

:/bcg(x)dz:<6.

Then, for all b,¢ > N,

< /bc\f(x)]dx < /bcg(a:)dx < e.

Since
/Oodx_[ 1 r@_l
1ot | 323, 3%

dz converges. Combining with integrability on [0, 1], we conclude

1424

the comparison above shows [

>~ d
/0 1:;4 exists (is finite).
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Example 4: Evaluation of the Dirichlet Integral

® sinx
/ dx.
0 T

Although the integrand is undefined at x = 0, we extend it continuously by defining:

We evaluate the improper integral:

This makes the function continuous on [0,00). We define the sine integral function:

Si(x) ::/ Sl—ntdt.
o t

The function Si(x) is continuous for all x > 0, although it cannot be written using elementary
functions.
The integrand 22 changes sign on each interval [nm, (n 4+ 1)7], and we define:

(n+1D)m o3
/ sm:vdx .

T x

Ap =

Then (a,) is a decreasing sequence with a,, — 0, and:
n—1
Si(nm) = Z(fl)kak.

k=0

By the Leibniz criterion (alternating series test), this sum converges, so:

/ 0T dr = lim Si(nm)
0

T n—00

exists.
To evaluate the limit, we consider:

/2 o
S ()\71') :/ sin(Az) i,
2 0 T

by the substitution ¢ = Az.
Define the auxiliary function:

( ) %7siix’ .’E#O,
xTr) =
g 0, x=0.

Then ¢ is continuous on [0, 7/2], and we decompose the integrand:

sin;)\x) _ si:ii)\;) + sin(A\z) - g(x).

We now use the following key result:
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Theorem 57 (Riemann’s Lemma) Let f € C'([a,b]). Then:

b
lim /a f(z)sin(kx) dz = 0.

|k|—o00

Proof. Let F (k) := f; f(z)sin(kx) dz. For k # 0, we integrate by parts:

f(x)cos(kx)p 1

b
P = -L / /() cos(kz) da.

If |f(z)| < M and |f'(z)] < M, then:
2M  M(b—a) 2M+ M(b—a)

|F(k)] < -+ + = —0 as k| — oo.
|| || ||
[
We apply this lemma with f(z) = g(z) € C([0,7/2]), which gives:
w/2
lim sin(Az) - g(z) dz = 0.
A—00 /0
Hence,
/2 & /2 &
lim SOT) 4~ lim sinAz)
A—00 /0 x A—00 /0 SIn x

We now evaluate the remaining limit. For every integer n > 1, the following identity holds:

sin((2n + 1)z)
sin

=1+2 Z cos(2kx).
k=1

Integrating term-by-term over [0, 7/2], and noting that each cos(2kx) integrates to zero, we get:
/7r/2 sin((Q?I + 1)) dp — /W/Q L — z
0 sin x 0 2
Taking the limit n — oo, we conclude:

*®sinx T
/ de.=—. 1
0 x 2

The Gamma Function

Definition 58 (Euler’s Integral Representation of the Gamma Function) For z >
0, the Gamma function is defined by

I'(x) ::/ t* et dt.
0

o0
Convergence of the improper integral I'(z) = / t*~Le~t dt] We show carefully that the
0

integral converges for all z > 0 by splitting it at a convenient point (say 1):

[e%) 1 o)
/ tx_le_tdt:/ tx_le_tdt—l—/ t*~tet gt .
0 0 1

(%) (+)
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The integral (x). Since e* <1 for all ¢ > 0,
0<t™ et <™ (0<t<).

Hence, by comparison,
zq1 1

1 1 t
/t“’—le—tdt < / tx_ldt:[] = <oo iffz>0.
0 0 ) x

This also shows the necessity of x > 0: for x < 0, the model integral fol t*~1dt diverges (the

exponent at ¢t =0 is < —1).

The integral (xx). There are two standard (equivalent) ways to bound the tail.

Method A: Limit/comparison. Using the well-known limit

lim t*tle ™t =0

)
t—o00

by the definition of a limit there exists 7' > 1 such that
t*tle7t <1 forallt>T.

Equivalently, for ¢ > T,

e—t é t—($+1) = tl‘—le—t S t:v—l . t—(af}-‘rl) — t_2.

Therefore
® o1t 2 1
/ tTT e dt < / tTdt = = < o0.
T T T
The finite piece flT t*~le=! dt is also finite because the integrand is continuous on [1,7T].

Method B: For any integer m > 1, the series e/ = > 72 %k, implies

et > forallt >0 = et < mlt™™,

m
= m!
Choose an integer m > x + 1. Then for ¢t > 1,
-1 — —1— -2
t*lemt < It < ol
since t — 1 — m < —2. Hence

o0 oo
/ et dqr < m!/ t72dt =m! < oo.
1 1

Both () and (**) converge for x > 0, so the improper integral I'(z) = [;°t*"le~!dt is finite
exactly for z > 0.

Theorem 59 (Functional Equation and Factorial Formula) For all z > 0,

Iz+1)=2zl(x).
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In particular, for alln € N,
I'(n+1)=nl

Proof. Consider R
/ t*e tdt for 0 <e < R.
g

Integration by parts with u = t*, dv = e~'dt (hence du = xt*~'dt, v = —e~?t) yields

R t=R R
/ et dt = —tme_t‘ +x/ = le=t gt
1>

€ t=e

Letting e — 0 and R — oo, the boundary terms vanish because limg_,o R¥e % = 0 and lim._,g e%e "¢ =
0. Thus,
(z+1) =al(x).

Moreover,

r(1):/ etdt =1,
0

so by iteration we obtain I'(n 4+ 1) =n!l. =

Remark The Gamma function I' : (0,00) — R extends the factorial function to the positive
reals in the sense that I'(n+1) = n! for integers n. The functional equation alone does not determine
I" uniquely; an additional property such as logarithmic convexity is needed for full characterization.

Exercises

Exercise 1. Let

fa) = {1, T € [0,%),

0, ze€l[i 1]

1
Show that f is Riemann integrable on [0, 1] and compute / f(x)dx.
0

Solution.
Fix £ > 0 and consider the partition

On this partition, the only discrepancy between upper and lower sums occurs in the small interval

[% -5, %], where the function jumps from 1 to 0. Thus
Hence

Therefore f is Riemann integrable.
Finally, by the squeeze theorem,

1
< / f(z)dz < } foralle>0.
0

D=
[Nell0)
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Letting ¢ — 0, we conclude

1
/ f(z)dz = 3.
0
Exercise 2. Determine whether
x, x€Q,
f(z) = x € [0,1],
0, z¢Q,
is Riemann integrable on [0, 1].
Solution. Let P = {xq,...,z,} be a partition of [0, 1]. Since each interval [zj_1, z)]| contains
irrational points, we always have
inf f=0,
[zr—1,2K]

so that

n

L(f,P)=>_inf f(x—ap1)=0 forallP,

i1 [Th—1,7k]

and therefore supp L(f, P) = 0.
On the other hand, since rationals are dense, the supremum of f on [zj_1,zx| is attained
arbitrarily close to xj, hence

sup f = xg,
[Th_1,78]

and thus

n
U(f,P)= Z Tr (T — Tp—1).
k=1
A direct computation shows
wr(op — 1) = §(@f — 27-) + 52k — 2p1)?,

and summing over all k yields

[a)
IN
=
bl
=

|
D=

Il
[N
M=
>
N0
IN
D=
v

N

>
>

Il
t\lﬁ
]

It follows that

Collecting the results,



51

Since the upper and lower Riemann integrals differ, the function f is not Riemann integrable on
[0, 1].

Remark. Because f(x) = 0 on all irrationals and the rationals form a set of measure zero, the
Lebesgue integral exists and equals

1
/ f(x)dx =
0
Exercise 3. Decide whether
2z, x € |0, %),
f@) = 1
$_27 T € [Eal]v

is Riemann integrable on [0, 1] using an explicit sequence of partitions P,,. Then compute / f(z)dx
0

Forn € N, set h = % and take
P,={0,h,2h,.... 5,5 +h,....1},  |PJ|=h—0.
No subinterval crosses the jump at x = %
On [0, 3], f(z) = 2z is increasing, so on I, = [(k — 1)h, kh] the minimum is 2(k — 1)h:
n

L(f,[o,%],Pn):kZ::l@(k’_l Z -1) _h2n( : 1):n4;1.

On [%, 1], f(x) =  —2 is increasing, so on J; = [% +(j—1)h, % + jh] the minimum is —% +(—1h:

Y __3n Ry 3 n-1
L(f,[3,1 =D (54U =Dh) == h (1) = =+
j=1 j=1
Hence
Lfpy=n=t_ 3, n-1_30-1 3

4n 4 8n 8n 4

On [0, %], the maximum on [}, is 2kh:

n

1 2\ 2 n+1
U(f,10,4],Py) = (2kh) -h=2h*> "k =h’n(n+1) = .
k=1 k=1
On [3,1], the maximum on J; is —3 + jh:
= _ 3n 9 3 n+1
(f7 2a 7 z_:_*"i_]h __7h+h Z]__Z_‘_ {n .
j=1 J=1
Thus ( )
n+l 3 n+1 3n+1 3
(, Pa) = m 4’ sn 8 4
Note
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and 3 3 3

n—oo

Since for all n,

the squeeze theorem yields

0 8
Exercise 4. Suppose f,g : [a,b] = R and f(z) = g(x) for all x € [a,b). If f € R[a,b], prove that

g € Rla,b] and , .
/a g(x)dx = /a f(z)dz.

Solution. Both f and g are bounded, since they differ only at the single point b. Let M > 0
be such that |f(x)]|,|g(x)] < M on [a,b].
Because f € R]a,b], for any € > 0 there exists a partition @ of [a, b] with

U(f,Q) — L(f,Q) < 5.

Now refine ) by inserting b — § for some § > 0 to obtain a partition P. Refinement cannot increase
the gap, so
U(f,P) — L(f, P) < §.

The only difference between f and g occurs on the final subinterval [b — §,b]. On that interval,
the upper (resp. lower) sum of a bounded function A contributes at most M in magnitude. Hence

Choosing 0 < ;57 ensures that each difference is < 5. Therefore

Thus g € Rla, b].
Finally, since integrals are trapped between upper and lower sums,

b b
/a f(a:)dm—/a g(ﬂ?)dI‘ < maX{|U(f7P) _U(gvP)‘v |L(f7P) _L(g)P)H <e.

As e > 0 is arbitrary, we conclude
b b
/ f(x)dx = / g(z) dzx.

Remark. In general, if we modify the value of a Riemann integrable function at a finite set of
points, the function remains Riemann integrable and the value of the integral does not change. This
is because upper and lower sums depend only on suprema and infima over intervals, and changing
finitely many points cannot affect these values.

Example. Let

1, =0, A, r=0 (AeR),

g(w) = sinﬂﬁ7 2 € (0,1], fl@) = Sizx, z € (0,1].

X



53

The function ¢ is continuous on [0, 1], since

. sin x
lim
r—0t X

=1=g(0),

and therefore g € R[0,1]. Since f differs from ¢ only at the single point = 0, the remark applies,

giving , .
/0 f(x)dx :/0 g(z) dz.

Thus the value of the integral is independent of the choice of A.
b
Exercise 5. Let f : [a,b] — R be continuous and f(z) > 0 on [a, b]. If/ f(z)dx = 0, prove
that f(x) =0 for all = € [a, b]. ’

Solution. Suppose, for contradiction, that there exists xo € [a,b] with f(z¢) > 0. Set
m = f(z) > 0.
By continuity of f at zg, for ¢ = m there exists 6 > 0 such that
[z —aol <6 = |f(z)— f(z0)| <m.

From this inequality we obtain
f(x) > f(xo) —m =m,

so every point sufficiently close to z¢ has f(z) > m.
Now define
§ = min{d, o —a, b—x0} >0,

and set
I= [xo — 5/, xo + 5/]

Then I C [a,b] and f(z) > m for all z € I.
Next, introduce the auxiliary function

B flx), xzel,
ﬂ@_{m zél.

Clearly 0 < g(x) < f(x) on [a,b], so
b b
/ f(z)dz > / g(x)dr = /f(x) dx.
a a I
But since f(z) > m on I and |I| = 2§, we obtain
/f(;r)d:v > /md:c:m-m =2mdé’ > 0.
I I

Thus b
/ f(z)dx >0,

contradicting the hypothesis [ ; f(z)dz =0.
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Therefore no such xy can exist, and the only possibility is that

f(z) =0 forall x € [a,b].

Counterexample (necessity of continuity). Consider

1, =0,
-]
0, ze€(0,1],

on the interval [0, 1]. Here f(z) > 0 everywhere, but

[ sz =o

since changing the value of a function at a single point does not affect the Riemann integral.
Nevertheless, f(0) =1 # 0, so the conclusion fails if continuity is dropped.

Counterexample (necessity of nonnegativity). Consider the continuous function
f(z) = sin(27z), xz € [0,1].

It is continuous but changes sign: f(z) > 0 on (0,3) and f(z) < 0 on (3,1). Computing the
integral,

1 1
/ sin(27rz) de = [—% cos(27rac)}0 = —5(cos(27) — cos(0)) = 0.
0
Hence fol f(x)dz =0 but f #0.
Exercise 6. Let f : [a,b] — R be continuous. Assume that
b
/ f(z)g(x)dz =0 for every g € R(a,b).
Prove that f(x) =0 for all € [a,b].

Solution. Since f is continuous, we know f € R(a,b). Taking g = f in the hypothesis gives

/abf(a:)2d:c =0.

The function f? is continuous and satisfies f2(z) > 0 for all 2 € [a,b]. Applying the result of
Exercise 5 to f2, we conclude that

f(x)> =0 for all x € [a,b].

Hence f(z) = 0 identically on [a, b].

Remark (Hilbert space perspective). Consider the space R([0,1]) of Riemann integrable
functions on [0, 1], equipped with the inner product

(f,9) = /01 f(x)g(x) dx.
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Exercise 6 shows that if f € C([0,1]) satisfies

(f,g) =0 forall g € R([0,1]),

then necessarily f = 0. In other words, the orthogonal complement of the set of continuous functions
C([0,1]) inside the inner product space R([0,1]) is trivial:

([0, 1)* = {o}.

This means that continuous functions are “dense in the sense of orthogonality” within R ([0, 1]):
no nonzero function can be orthogonal to all continuous test functions.

Definition 60 (Metric and Metric Space) Let X be a set. A function p : X x X —
[0,00) is called a metric on X if, for all z,y,z € X,

(M1) Nonnegativity: p(z,y) > 0.

(M2) Identity of indiscernibles: p(xz,y) =0 < z =y.
(M3) Symmetry: p(z,y) = p(y, ).

(M4) Triangle inequality: p(x,z) < p(z,y) + p(y, 2).

The pair (X, p) is then called a metric space.

Exercise 7. Let C([a,b]) denote the space of real-valued continuous functions on [a,b]. For
fyg € C([a,b]), define

p(f,g) = /ab |f(z) — g(x)| da.
(i) pis a metric on C([a,b]) in the sense of (M1)—(M4).

(ii) Writing [|h|[1 = f: |h(z)| dz, we have p(f,g) = ||f — gllz1; i.e. p is the distance associated
with the L'-norm.
Proof. (M1) For each z, |f(z) — g(z)| > 0, hence p(f,g) = [’ |f — g|dz > 0.

(M2) If f = g, then |f — g| = 0 and p(f,g) = 0. Conversely, if p(f,g) =0 then ¢ :=|f — g| €
C([a,b]), » > 0 and ff¢ = 0. If ¢(zp) > 0 for some xp, continuity gives €, > 0 with ¢(x) > € on
(xo — 9,20 + 0) N [a, b], whence

b
/ ¢ > e-length((zo — 0,20 +9) N{a,b]) > 0,

a contradiction. Thus ¢ =0 and f =g.

(M3) |f — gl = |g — f| pointwise, so p(f, g) = p(g, f)-
(M) The pointwise triangle inequality gives |f — h| < |f — g| + |g — h| on [a,b]. Integrating
and using linearity /monotonicity of the integral,

b b b
p(f,h)Z/a f—h| < / If—g|+/a g—hl = p(f.9)+ plg, ).

This proves (i). For (ii), the equality p(f,g) = ||f — ¢g|/z1 is immediate from the definitions. m
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Exercise 8.
For n € N, define f, : [0,1] - R by

0, x < %,
fa(z) = n(x—%), t<z<istl
1, >34t
Show that for all m,n,
o) = [ 1=t ==~ L — 0
0 2m  2n! nm—oo

Solution Assume n > m and set t = x — % Then f, and f,, can differ only for t € (0, %]

Split into two regions.
(1)t € (0, n]: fn =mnt, fm, = mt, hence |f, — fm| = (n —m)t and

1/n _
/ (n—m)tdt = n-m
0

2n2

(2) te (%7 %] Jn =1, fmu = mt, so |fn - fm| =1-—mt and

1/m 1/m 1 1 m
1—mt)dt = |t — 2t = — 4
/1/n (1= m) [ 2 L/n 2m  n + 2n?

Adding the two contributions gives

-—m 1 1 m
) =T (L my L L
Hence p(fn, fm) — 0 as n,m — oo, so (fn) is Cauchy in the L' metric.

Remark With the inner product (f,g) = fo z)dz on R([0, 1]) Exercise from above
shows that the orthogonal complement of C([O 1]) is tr1v1al. C([0,1])*+ = {0}. On the other
hand, the metric space (C([0,1]), p) is not complete: in Exercise from above, (f,) is Cauchy but
converges pointwise (and in L') to the discontinuous step function 1(1/2,1), which is not in C([0, 1]).
The completion of (C([0,1]), p) is the Banach space L'(]0,1]) (functions modulo equality a.e.).

Exercise 9.
L | km 1 1. !
(a) nlggo Z —cos(—) = /0 cos(mz) dx = ;Sln(ﬂ'l‘)‘o =0.

=1 n n

R =1 1 L dx (R
(b) Jingogm:nh_{gogﬁm :A m :arctanx‘oz 1

2n 1.3 (2n)(2n+1)y2 2 2 4, 1
Sk 2n + 1 4+ 24+ 1
(¢) lim Zk;l: lim y: lim M: lim —n ' n* _ ~
n—oo  24n* n—00 24t n—oco  24n* n—00 24 6

Exercise 10. Suppose f € R(a,b) and ¢ € R. Define g: [a+ ¢,b+ ¢] = R by

glx)=f(r—c) (x€la+ecb+c]).
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Show that g € R(a + ¢,b+ ¢) and

/ab;cg(x) dr = /ab f(x)dx.

Solution Let P = {z9 < --- < z,,} be a partition of [a,b] and set Q = P+c = {y; := z;+c},
a partition of [a + ¢,b + ¢|. For each i,

[Yi—1,yi] = [Tic1 + ¢, 2 + ], Yi — Yi—1 = Tj — Ti—1,

and since g(t) = f(t — ¢) the ranges on corresponding subintervals agree:
{9(t) 2t € lyir, ]} ={f(s) : s € [wimr, wil}.
Hence m{ = m{ and M7 = Mif7 S0

n n

L(g,Q) =Y m{ (yi —yic1) = Y_m{ (@i —zi_1) = L(f, P),  U(g,Q) =U({, P).

i=1 i=1

Because f € R(a,b), for every € > 0 there is P with U(f, P) — L(f, P) < ¢; the corresponding @
then satisfies U(g, Q) — L(g,Q) < €, so g € R(a + ¢,b+ ¢). Taking the supremum of lower sums
and infimum of upper sums over all partitions (equivalently, translating partitions back and forth)

yields
b+c b
/ g(x)dx :/ f(x)dx.
a+c a

Exercise 11. Prove that the improper integral

*®gsinx
/ dx
0 T

o | sin x|
d
o

exists, but that

does not.
Solution
As x — 0, we have
sinzx
— 1.
T

Hence the integrand is continuous and bounded near 0, and therefore

1 .
sin
/ dx
0o

A .
I(A):/ ST .
1

T

converges.
Consider

Integrating by parts, with u = 1/z and dv = sinz dx, we get

cosx14 A cosx
14 =[-= ]1_/1 o
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The first term tends to cos(1) as A — oo since cos A/A — 0, and the second term converges

absolutely because
/°° | cos x|
dr < oo.
1

2

Therefore, limy_, I(A) exists, and the improper integral converges.
It is well known that )
/°° sin x d ™
= —.
0 2

X

Divide the integral into intervals of length

(n+1)m
/ |Sm$| / |smm] .
0 nmw

For = € [nm, (n+ 1)x], we have < (n + 1), hence

(n+1)7 | o} 1 (n+1)w
/ |smx]d$2/ | sin x| dx.
nmw X (7’L + 1)77 nm

But i
/ |sinz|dx = 2,
0
SO
(47 | sin z| 2
/ dxr >
nm T (Tl + 1)71’

Thus,

nm

/7”‘1)7r |smx| . 2 i 1
T+l

The harmonic series diverges, so the given integral diverges to 4o0.



Chapter 3

Uniform Convergence of Sequences of
Functions

In the mathematical literature, there are several different notions of convergence for sequences of
functions. In this chapter, we describe the two most important ones: pointwise convergence and
uniform convergence. (Other types also exist, such as L'-convergence, L2-convergence, etc.)

Uniform convergence

Definition 61 Let D C R, and let f, : D — R be a sequence of functions.

(a) We say that (f,) converges pointwise to a function f: D — R if, for every x € D,
the sequence of real numbers f,(x) converges to f(x):

Vz € D, Ye >0, AN = N(x,¢) such that |fn(x) — f(x)] <e Vn > N.

(b) We say that (f,) converges uniformly to f on D if:

Ve >0, 3N = N(e) such that |fn(z) — f(x)| <e Vz e D, Vn> N.

In logical quantifiers:
Pointwise convergence:

Vre DVe>03dNVn>N: |f(x)— fu(x)] <e,

or equivalently
Ve >0V e DINVYn>N: |f(z)— folz)] <e.

Uniform convergence:
Ve >03dINVz e DVn>N: |f(x)— fulx) <e,

or equivalently

Ve > 03N Vn> N: sup|f(z) — fu(z)| <e.
zeD

Note the dependence N = N(e,z) in the pointwise case vs. N = N(e) in the uniform case.
Uniform convergence always implies pointwise convergence; this is just the logical implication

(3N Va2 B(z,N)) = (Vz 3N B(z,N)).

59
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Supremum Criterion

Theorem 62 (Sup—norm characterization of uniform convergence) Let (f,)nen be
functions fr, : D — R and let f: D — R. Then f, — f uniformly on D if and only if

sup |fn(z) — f(z)| ——= 0.
D

n—o0

Proof. (=) Assume f, — f uniformly on D. By definition, for every ¢ > 0 there exists N such
that for all n > N and all x € D, |f,(x) — f(x)| < e. Taking the supremum over x € D gives

sup |fn(z) — f(x)| <e forallm > N,
xzeD

hence sup,cp |fn — f| = 0.
(<) Conversely, suppose sup,cp | fn(x) — f(x)| — 0. Let € > 0. Then there exists N such that
for all n > N,

sup | fu(z) — f(z)| <e.
xzeD

In particular, for every z € D we have |fn(z) — f(z)| < supyep |fu(y) — f(y)| < e. This is precisely
the definition of uniform convergence. =

Remark 63 Fquivalently, writing ||g|lco,p = sup,ep |g(z)| (the sup-norm on D), the theorem

states:

if. D
fn%f < an_fHoo,D_>0

Examples

Example 1 (powers on different domains). Let D; = [0,3], D, = [0,1), D3 = [0,1], and
fa(x) = 2™ Set f(x) :=lim, 00 fn(z) pointwise.

e On D and Do, f(xz) =0 for all = (since |x| < 1). Define

M, (D) := sup |f(z) = ful2)].

On Dl,

M,(D;)= sup z"=(1/2)" — 0,
0<a<1/2

so fn — f uniformly on Dj.

e On DQ,

My(Dg) = sup 2" =1,
0<z<1

because " — 1 as T 1 (the supremum is not attained). Hence no uniform convergence,
although f,, — f pointwise.

e On D3, the pointwise limit is
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which is discontinuous. Uniform convergence fails again; in fact we have a quantitative

obstruction: taking z, :=1— %,

[f(@n) = falzn)] = (1= )" —> e >0,

so M,(Ds3) > (1—2)" 4 0.

Example 2 . On D = [0,1] define

l—nz, 0<z<i 1, z=0
x: M — n7 :L': 9 b
Ju(@) {o, L<z<, /(@) {0, x> 0.
Then f, — f pointwise on [0, 1]. Moreover,
0 z=0o0rz>1
z) — folz)| =< -’
@ -pl= {70y

SO

M) = sup (1—na)=1,
O<z<l/n

(the supremum is approached as x | 0 but not attained). Hence convergence is not uniform, and
the limit f is discontinuous despite each f, being continuous.

Exercise 64 Suppose f, — f uniformly on D and g, — g uniformly on D. Show (or give
counterexamples, where appropriate):

1. (fn+gn) = f+ g uniformly on D.

2. (fngn) — fg uniformly on D (hint: assume boundedness or supply a counterezample).

Exercise 65 If f, converges uniformly to f on D and also uniformly to f on E, then it converges
uniformly to f on D U E.

If f : [a,b] = R converges uniformly on (a,b) and the sequences (f,(a)) and (fn(b)) converge,
show that f, converges uniformly on |a,b].

Geometric Picture
For D C R and real f, the e~band around the graph of f is
Ge(f) :={(z,y) e DxR: |y — f(x)] <e}.

Then f,, — f uniformly iff for each € > 0 there exists IV such that for every n > N, the graph of
fn is contained in G.(f).
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A Majorant Test for Uniform Convergence
Exercise 66 (Majorant criterion) If there exist numbers M, > 0 with M, — 0 and

|f(x) = fu(x)| < M, forallz e D, neN,

then fn, — f uniformly on D.

Exercise 67 Show that lim sin(nz)

s 0 uniformly for x € [0, 00).

Exercise 68 (Majorant criterion) If there exist numbers M, > 0 with M, — 0 and
|f(x) = fu(x)| < M, forallz e D, neN,

then fn, — f uniformly on D.

Proof. Taking suprema over x € D gives

sup |f(x) — fo(z)| < M, (n € N).
xzeD

Since M,, — 0, it follows that sup,cp |f(z) — fu(z)| — 0. By the supremum criterion for uniform
convergence, f, — f uniformly on D. =

Exercise 69 Show that lim 512n(ms)
n—oo N4 + 1;2

= 0 uniformly for x € [0, 00).

Proof. For every n € Nand x > 0,

sin(nx) 1 < 1
77,2+I'2 _n2+x2 — n2'
Hence
sin(nx 1
e
z€[0,00) I T +x ns n—oo

so the convergence to 0 is uniform on [0,00). m

Detecting Failure of Uniform Convergence

Exercise 70 The following are equivalent for a sequence (f,) and a function f on D:
1. fn # f uniformly on D.

2. There exist € > 0, a sequence (xy) in D, and integers ny < ng < --- such that |f(xg) —
frp(xg)| > € for all k.

3. There is a countable subset D1 C D such that f, / f uniformly on D1.
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Proof. (1) = (2): Negating uniform convergence yields

de>0VN In> N3z e D: |[f(x)— fulz)] > e

Choose ny, inductively with ny > k and corresponding x, € D so that |f(x) — fpn, (zx)| > €. This
gives (2).

(2) = (3): Let Dy := {z : k € N} (countable). If the convergence were uniform on Dj, then
SUpep, |f(x) — fu(x)| — 0, contradicting | f(xx) — fn, (z1)] > €.

(3) = (1): If convergence were uniform on D, then a fortiori it would be uniform on every
subset, contradicting (3). m

x cos(nx
Exercise 71 Show that lim 7< ) = 0 pointwise on [0,00) but not uniformly.
n—o00 r+n

Proof. Pointwise: Fix x > 0. Then

x cos(nx) x

i

r+n T x+n n—oo

so the limit is 0 for each = (and equals 0 trivially at « = 0).
Not uniform: Take z,, := nm. Then cos(nz,) = cos(n?7) = 1, hence

Ty, cos(nxy,) nw T

Tn + 1 nm+n w4+1°
Thus
x cos(nx) T
sup >
z€[0,00) | X +n m+1

for all n, so the suprema do not tend to 0; the convergence is not uniform. m

Exercise 72 If there exists a sequence (zy) with limy, o0 |f(xn) — fu(xn)| = ¢ # 0, then fn, A~ f
uniformly.

Proof. Uniform convergence implies sup,cp |f(z)—fn(z)| — 0, hence | f(zn)— fn(zn)| < sup,ep |f(x)—
fu(x)] = 0. This contradicts limy, o0 | f(2n) — fn(zn)| = ¢ # 0. Therefore the convergence cannot
be uniform. =

Uniform Cauchy Criterion

Definition 73 A sequence (f,) on D satisfies the uniform Cauchy condition if for every
€ > 0 there exists N such that for all n,m > N,

|fn(x) — fm(x)| <&  for every x € D.

Equivalently,

Ve >0 3N Vn,m > N : sup |fu(z) — fn(z)]| <e.
xzeD
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Theorem 74 (Uniform Cauchy criterion) A sequence (f,) converges uniformly on D
to some f if and only if it satisfies the uniform Cauchy condition.

Limitations of Pointwise Convergence

Pointwise convergence alone does not preserve important properties:

It does not preserve continuity.
It does not preserve limits.
It does not preserve integrals.

It does not preserve differentiability.

We illustrate this with detailed examples.

(a) Continuity is not preserved.

(b)

(c)

Consider the sequence f,(x) = z™ on [0,1]. Each f, is continuous, since it is a polynomial.

The pointwise limit is
0, 0<z<1,
fz) =
1, z=1.

At x = 1, the limit jumps from 0 (approached from the left) to 1 at the endpoint. Hence f
is not continuous, even though every f, is continuous.

This shows that pointwise convergence does not guarantee preservation of continuity.

Limits are not preserved.
Again, let f,(x) = 2" on (0,1).

- For fixed x € (0,1), we have lim,_,o fn(z) = 0. - But if we first let z — 17, then
lim,_,1- fn(z) =1 for every n.

Now compare the two iterated limits:

lim (lim f,(x)) =1, lim ( lim f,(z)) = lim 0=0.

n—o0 " gx—1- r—1— Moo x—1—

Since these two results differ, the order of limits cannot be interchanged under pointwise
convergence.

Integrals are not preserved.
Define

IN

n, 0<x %,
fn(@) = 1
0, n <z S 1.
Then f,,(z) — 0 for every fixed x € [0,1]. Thus the pointwise limit is the zero function.

However, compute the integral:

1 1/n 1
/fn(x)dx:/ ndr=n-—=1.
0 0

n



Therefore:

n—o0

1 1 1
lim / fn(z)dx =1, / lim f,(x)dz :/ O0Odx = 0.
0 0 n—oo 0

Since these are different, we see that pointwise convergence does not justify interchanging

limit and integration.

(d) Differentiability is not preserved.

falz) =22+ 21, z eR.

Each f, is differentiable everywhere (being a smooth function).

Consider

The pointwise limit is
lim_f,(x) = [2].

n—oo
But |z| is not differentiable at « = 0, because:

f2(0) = lim In =0 = -1, £1.(0) = lim [Pl =0 _

1.
h—0— h h—0+ h

Since the left and right derivatives differ, the derivative does not exist at 0.

Thus, differentiability is not preserved under pointwise convergence.

Hereditary Theorems

We call a statement a hereditary theorem if a certain property possessed by all f,, in the sequence
is “inherited” by the limit function f. Such properties include continuity, Riemann integrability,
differentiability, etc. Pointwise convergence is typically too weak to ensure inheritance (see section
above); uniform convergence has much better behavior. We begin with the prototype: continuity.
For analogous results concerning other properties, an additional issue appears, namely whether an

operation (integration or differentiation) can be interchanged with the limit.

Uniform Convergence and Continuity

Theorem 75 Let D C R and let f, : D — R be a sequence of continuous functions that
converges uniformly to a function f: D — R. Then f is also continuous.

In other words: the limit of a uniformly convergent sequence of continuous functions is itself
continuous.

Proof. Let x € D. We aim to show that f is continuous at x, i.e., for every £ > 0, there exists

0 > 0 such that
|f(x) — f(2)| <e forall 2’ € D with |[x — 2| <.

Since (fy) converges uniformly to f, there exists N € N such that

N = F© <5 forall g D.

Because fn is continuous at x, there exists § > 0 such that

|fn(z) — fa(2)] < % whenever |z — 2’| < 4.
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Then for such 2’ € K, we estimate:

(@) = f@)] < [f(2) = I (@) + v (@) = [ @)+ [fn (@) = £(2)]

<sHoti=c
3 3 3 7

This proves that f is continuous at z. Since x was arbitrary, f is continuous on D. =
Let D be any set of R. For a bounded function h : D — R, write

[Plloc = sup |h(x)].
xzeD
This gives a natural “distance” between two bounded functions:
p(f,9) = If = glloo = sup [f(z) — g(x)].
zeD

Uniform convergence of f, to f is exactly saying p(fn, f) — 0.
Let B(D) be all bounded functions on D, and let C(D) be those that are continuous .

Theorem 76 (Continuous limits stay continuous)

1. (Closedness) If f, € C(D) and f, — f uniformly on D, then f is continuous.
Equivalently: C(D) contains all its uniform limits.

2. (Completeness) If (fy,) is uniformly Cauchy (i.e. for every e > 0 there is N so
that sup,, | fn(x) — fm(z)| < € for all m,n > N) and each f, is continuous, then f,
converges uniformly to some continuous f. In short: every uniformly Cauchy sequence
of continuous functions has a continuous uniform limit.

Part (1) is the standard fact “uniform limit of continuous functions is continuous.” Part (2)
just says you don’t leave the world of continuous functions when taking uniform limits of good
approximations: uniform Cauchy =- uniform convergence to a continuous function.

Uniform Convergence and Integrability

We recall some Riemann—integration notions for a bounded function f : [a,b] — R. A partition is

P={xg,...,zp} witha =20 <x1 <- - <z, =b, and we write Ax; := z; — z;_1. Set
m; = inf  f(x), M;:= sup f(x), w; = M; —m; = sup |f(z) — f(y)].
$E[xi*17xi] Z‘E[J}i_hmi] a:,ye[xi_l,xi]

The lower and upper sums are

L(f, P) = imz A:IZZ', U(f, P) = iMZ A:L’i,
=1

=1

and they satisfy

U(f,P)—L(f,P)zzn:wiAxi, sup L(f,P) < ir}ng(f,P).
i=1 P
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The function f is Riemann integrable on [a, b] iff equality holds:

/bf(:v) dx = sup L(f, P) =inf U(f, P).
a P P

Riemann’s criterion. f is integrable iff for every ¢ > 0 there exists a partition P with U(f, P) —
L(f,P)<e.

Every continuous function on [a, b] is Riemann integrable. Moreover, if f is integrable then so
is |f|, and

[ s@ail < [(I@ar < 6-a) s (7@,

z€[a,b]

Theorem 77 (Hereditary theorem for integrability) Let [a,b] be a bounded interval.
If (fn) is a sequence of Riemann integrable functions on [a,b] that converges uniformly to f,
then f is Riemann integrable and

n—oo

lim /ab fn(z)dx = /abf(a:) dx.

Proof. First, if each f,, is continuous, then f is continuous and hence integrable. For the identity,
fix € > 0. Uniform convergence gives N with |f — f,| <& on [a,b] for all n > N, hence

[ nl< [1r-nise0-a

For general (not necessarily continuous) fy,, let w;(g) be the oscillation of g on [x;_1,z;]. For any
partition P and any n,

wi(f) < 2sup [f = fol +wi(fn)-

[a,b]

Multiply by Az; and sum. Choose n so that sup|f — f,| < e, and then a partition P with
Yiwi(fn)Ax; < e. Then >, wi(f)Az; < €(2(b — a) + 1), which ensures integrability of f by
Riemann’s criterion. m

Complex-valued case. For f : [a,b] — C, define integrability componentwise via fab f =
f; Rf+if f 3 f. The theorem remains valid.

Function space formulation. Let B([a,b]) be the (real or complex) vector space of all
bounded functions on [a, b], equipped with the sup norm

[flloo := sup |f(2)],

z€[a,b]

and the associated (sup) metric

p(f,9) = If —gllo = sup [f(z) — g(x)|.

z€[a,b]

Let R([a,b]) C B([a,b]) denote the subspace of (Riemann) integrable functions.
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Theorem 78 With respect to the metric p:
1. R([a,b]) is closed in B([a,b]).
2. (R([a,b]), p) is complete.
3. The linear functional I : R([a,b]) = K (with K =R or C) given by

I(f) = / s

is continuous (indeed, Lipschitz), with

b b
1D =10l =| [¢t=9| < [ =dl <= If = gl = (b= ) ol ).

Proof sketch. (1) If f, € R([a,b]) and f,, — f uniformly, then f is Riemann integrable and
[ fo — [ f. This is the standard “uniform limit preserves Riemann integrability” fact (prove via
upper/lower sums or via oscillations on a common partition). Hence R(]a, b)) is closed in B([a, b]).
(2) B([a, b]) is complete under p (a p—Cauchy sequence converges uniformly to a bounded limit).
A closed subspace of a complete metric space is complete, so (1) implies (R([a,b]), p) is complete.
(3) The displayed inequality shows I is (b — a)-Lipschitz, hence continuous (and bounded) on

(R([a,b]),p). m
Remark 79

e Density of continuous functions. Continuous functions are Riemann integrable, and are
dense in R([a,b]) under p (e.g. by approximating Riemann integrable f with step functions

and then smoothing). Thus C([a,b]) e _ R(la,b]).

e Characterization of Riemann integrability. A bounded f is Riemann integrable iff
the set of its discontinuities has Lebesque measure zero (Lebesque’s criterion). This gives a
practical test and clarifies why uniform limits of Riemann integrable functions stay integrable.

e Completeness comparison. (C([a,b)),| - |lcc) s also complete (a Banach space). We have
C([a,b]) € R([a,b]) C B([a,b]), with C([a,b]) and R([a,b]) both closed in B([a,b]).

e Operator norm of I. From the estimate above, ||| := sup <1 | fff| <b-a. In fact,
|| =b— a, attained by f = 1.

e Non-example (bounded but mot Riemann integrable). The Dirichlet function f =
1gn(a,p) 8 bounded but not in R([a,b]). It also shows R([a,b]) S B([a,b]).

Three possibilities under nonuniform convergence. If f, are Riemann integrable and
frn — f pointwise but not uniformly, then any of the following can happen:

1. f is not Riemann integrable.
2. f is Riemann integrable but [ f, /4 [ f.

3. f is Riemann integrable and [ f, — [ f.
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Example 80 (Case 1) Enumerate rationals in [0,1] as (rx)g>1 and set fn = 1g. 1. Then
fn — f pointwise where f = 1gno,1), but f is not Riemann integrable (every upper sum is 1, every
lower sum is 0). Each f, is Riemann integrable.

Example 81 (Case 2) Let f,(x) =n for 0 <z <1/n and f,(0) = fo(z) =0 for x > 1/n. Then
fn — 0 pointwise, each fr, and f =0 are Riemann integrable, but fol fm=1+40.

Example 82 (Case 3) Let f, = 1,1y on [0,1]. Then f, — 0 pointwise, each f, and f =0 are
Riemann integrable, and fol fan=1/n—0.

The dominated convergence theorem (Lebesgue) vastly strengthens the result above:

Uniform convergence and differentiability

For differentiability the hypotheses are subtler: we require uniform convergence of derivatives, plus
convergence at a single base point.

Theorem 83 (Hereditary theorem for differentiability) Let (f,) be differentiable on
a bounded interval [a,b] (right-derivative at a, left-derivative at b). Suppose (f)) converges
uniformly on [a,b], and for some x¢ € [a,b] the sequence (fn(x0)) converges. Then (fy)
converges uniformly on [a,b] to a differentiable f and f' = lim,_~ f} on [a,b]. If each f],
is continuous, then f’ is continuous.

Sketch under f, € C' . Let g = lim f/, (uniform limit, hence continuous). By the fundamental
theorem of calculus,

Fal@) = Falwo) + / £ () dt.

The right-hand side converges as n — oo by uniform convergence of f], (plus convergence of f,,(xg)).
Define f(x) :=lim f,,(z). Then

(@) = flzo) + [ g(t)dt,

Zo

so f is differentiable with f’ = g. Using the mean value estimate

(f = fu)(@) = (f = fu)(@)| < (b—a) sup [f'(t) = fr(t)],

t€[a,b]
and f,(a) = f(a), we get sup, |f(z) — fu(z)| — 0.
General proof idea. Define
fn(x) — fn(y)
bon() = oy x#y,
fa), T =y.

Each ¢y, is continuous on [a,b]. By the mean value theorem and uniform convergence of f},
the sequence (¢, ) is uniformly Cauchy, hence converges uniformly to a continuous ¢,. Using
() = (x —20)Puyn(x) + frn(zo) and convergence of f,(xo), one gets uniform convergence f,, — f.
Finally ¢, (y) = lim,—,y ¢y(x) = lim f (y), so f is differentiable with f’ = lim f; continuity of f’
follows if f] are continuous and converge uniformly. m



70 CHAPTER 3. UNIFORM CONVERGENCE OF SEQUENCES OF FUNCTIONS

Remark 84 Without convergence of (fn(z0)) at some point, neither uniform nor pointwise con-
vergence of (fn) is guaranteed. Indeed, if (c,) is a divergent scalar sequence and g, = fn + cn, then
(g97,) = (f}) and the other hypotheses remain true, but (g,) cannot converge pointwise on [a,b] while

(fn) does.

Example 85 Let
sin(nx)
_ —,

fu(z) =2 z €[0,1].

n

e Each f, is differentiable on [0,1]. At zo =0, we have

fa) =0~ _
so (fn) converges at the point xg = 0.
o Differentiating gives
cos(nx
o) =1 )
e Asn — oo, for each fired x € [0,1],
fr(x) — 1.

To check uniform convergence, compute the uniform error:

sup ]f,’l(x) —1] = sup M.
z€[0,1] z€[0,1] n

Since | cos(nz)| < 1 for all x, this gives

1
o ) -1< L o
xz€[0,1] n

Hence (f]) converges uniformly on [0,1] to the constant function 1.

e By the theorem, the sequence (f,) converges uniformly to a function f. Let us determine f.

For fixed z,
sin(nx)
fo(z) =2 — RO
Since |sin(nz)| < 1, we have
sin(nx) 1
2 S 3 —0
Thus
Jim fo () =
so the limit function is
flz) ==

The convergence is uniform because the error term is bounded uniformly in x by 1/n>.
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Theorem 86 Let v € D and suppose fn — f on D \ {z}. If

lim fn(t) =y

t—x

exists for each n € N, then
(i) (y) is convergent,
(ii) th_r)r;} f(t) exists and coincides with nh_{go by, i.e.,

lim lim f,(¢t) = lim lim f,(¢).

n—oo t—ax t—ax m—00

Proof. Let ¢ > 0. Since (f,) converges uniformly, it satisfies the Cauchy criterion, so there exists

N € N such that

m,n>N = |[fo(t) — fm(t)| <e forallte D\ {x}.

(9.8)

Now let ¢ — z in (9.8), and recall that the absolute value is a continuous function to conclude that

m,n>N = |l, —ln| <e,

which implies that (¢,) is a Cauchy sequence, and hence convergent. This proves (i).
To prove (ii), let £ = lim,, 0 £,,. Setting n = N and letting m — oo in (9.8) yields

[fn(t) = f(t)| <e forallt e D\ {a},

and in (9.9), it gives
|£N — é! S E.

Since fy(t) — ¢y as t — x, there is a 6 > 0 such that
te D\{z}, [t—z| <d = |fn(t) —INn| <e.

Using (9.10), (9.11), and (9.12), we obtain

[F(@) =4 < [f() = In@OI+ 1IN (@) — ]+ [en = €] < 3¢

for all t € D\ {z} such that |t — z| < ¢, which means lim;_,, f(t) =¢. =

(9.9)

(9.10)

(9.11)

(9.12)

Corollary 87 Suppose f, = f on I. If, for each n € N, f, is continuous at ¢ € I, then so is f.

Proof. We need only consider ¢ € I. In view of Theorem 8.6, we have

lim f(¢) = lim lim fy(t) = nlggo fale) = f(c),

t—c n—o0 t—c

which proves that f is continuous at c. m

Example 88 Let

x
() = : 0,1].
) =2, welo)
Then fn, — f uniformly on [0,1], where f(x) =0. At xg = 0 we have
ti (Y, 1o (0)) = i 1) =0 it o)) = i 0= 0.

Thus both iterated limits coincide, illustrating the theorem.

n—oo
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Exercises

Practical guide to study uniform convergence (sequences (f,)).

1.

10.

11.

Pointwise first. Compute f(z) := lim, o fn(x). If this fails anywhere, uniform conver-
gence is impossible.

. A Majorant Test for Uniform Convergence. Define

M, := sup | fn(z) — f(2)].
zeX

Then f,, — f uniformly <— M, — 0.

. Easy domination. If you can find numbers A,, | 0 with

[fu(z) = f(@)] < An (V2 € X),
uniform convergence follows immediately.
Uniform Cauchy (when f is unknown). (f,) is uniformly convergent on X <=

Ve >0 3N VYm,n > N : sup|fn(x) — fm(x)] <e.
zeX

. Test on a smaller set. If E C D and sup,cg |fn(x) — f(x)| # 0, then uniform convergence

fails on D.

. Witness to failure. To disprove uniform convergence, find £ > 0 and sequences (z) C D,

ng T oo with

|fri (i) — fze)| = € (VE).

Monotone 4+ compact = Dini. On compact D, if each f, is continuous, f, — f pointwise
with f continuous, and (f,,) is pointwise monotone in n, then f, — f uniformly (Dini).

. Uniform equicontinuity 4+ pointwise = uniform (on compact D). If (f,,) is equicon-

tinuous and uniformly bounded on compact D and f, — f pointwise, then f,, — f uniformly
(Arzela—Ascoli corollary).

Common bounding patterns.

o Factor out n—only pieces: |fn(x) — f(z)| < ay g(x) with a, | 0 and g bounded on D =
uniform.

o Squeeze by maxima: If |f, — f| < hy, and ||hpllec — 0, done.

o Localize oscillations: If oscillations live on shrinking sets £, with sup,c p\ g, |fo—f| — 0
and also sup,cp |fn — f| = 0, combine.

Uniform limits preserve structure. If f, are continuous (resp. uniformly continuous)
and f, — f uniformly on a metric space, then f is continuous (resp. uniformly continuous).

Interchanging limits (use only with uniformity).

o Integration: If f, are Riemann integrable on [a,b] and f,, — f uniformly, then [ f fn —
b
fa f
o Differentiation: If f] converge uniformly and f,(zo) converges for some zg, then f,, — f
uniformly and f’ = lim f),.
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Exercises
Ex 1.1 For f,(x) = 2™ on R: find the pointwise limit and decide on uniform convergence on relevant
domains.
sin(nz) e . .
Ex 1.2 For f,(z) = on (0,1): find the pointwise limit and decide on uniform convergence

Ex 1.3

Ex14

Ex 1.5

Ex1.6
Ex 1.7

Ex 1.8

Ex 1.9

Ex 1.10
Ex 1.11

Ex 1.12

Ex 1.13 (Dini)

Ex 1.14

Ex 1.15

Ex 1.16

(also on [a,1], 0 < a < 1).

For fn('r) =
(also on [a,1], 0 < a < 1).

on (0,1): find the pointwise limit and decide on uniform convergence

For f,(x) = 1" [0,1]: find the pointwise limit and decide on uniform convergence.
nx
na?
For fp(x) = Tz " [0,1]: show f, — f pointwise and decide on uniform convergence.
nx
For f,(x) = 2™(1 — ) on [0,1]: pointwise limit and uniform convergence.

For fp(x) =2™(1 —2™) on [0, 1]: pointwise limit and uniform convergence.
For

fa(z) = on [0,1] :

nx, x €[0,1/n],
0, ze€(1/n,1],

pointwise limit and uniform convergence.

For

[vee weam
f"(x)_{o, ve ], 0.1]

pointwise limit and uniform convergence.
If f, — f uniformly on D and on F, prove f, — f uniformly on D U E.
If f, — f and ¢, — ¢ uniformly on D, prove a.f, + 8¢9, — af + B¢ uniformly for all o, 5 € R.

If f, — f and g, — ¢ uniformly on D, and each f,, g, is bounded on D, prove f,g, — fg
uniformly. Give a counterexample if boundedness fails.

On compact D C R, if (f,,) is continuous, decreases pointwise to a continuous f, prove f, — f
uniformly. Show compactness is needed with f,,(x) = =™ on (0,1).

n

T
1+ "

For fn(r) =

on [0,2]: pointwise limit and (non)uniform convergence.

Construct f, : [0,1] — R, each discontinuous everywhere, with f,, — f uniformly for a
continuous f.

Let ¢ € C[0,1] and f,(z) = ¢(z)z™. Show f, converges uniformly on [0,1] iff ¢(1) = 0.
Deduce g, (z) = nz(1l —x)™ — 0 pointwise but not uniformly.
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Ex 1.17

Ex 1.18

CHAPTER 3. UNIFORM CONVERGENCE OF SEQUENCES OF FUNCTIONS

Define
n2337 WS [0, 1/71],
fo(z) = ¢ —n?(x—2/n), z¢€(1/n,2/n],
0, x € (2/n,1],

on [0,1]. Find the pointwise limit; decide uniform convergence; compare [ f,, vs. [lim f,.

n
1+ n2ap
compute fol fn —7 and compare with fol f

For p > 0, fn(z) = on [0,1]: (a) for which p does f,, — f uniformly? (b) For p =2,

Quick Checks

Ex 1.1

Ex 1.2

Ex 1.3

Ex 14

Ex 1.5

Ex 1.6

Ex 1.7

Ex 1.8

Ex 1.9

Ex 1.10

Ex 1.11

Ex 1.12

Pointwise: limz™ = 0 for |z| < 1; = 1 at x = 1; diverges for |z| > 1 or z = —1. Uniform:
Not uniform on (—1,1) (since sup(_; 1) [z"| = 1) nor on (—1,1] (limit discontinuous at 1).
Uniform on any [—a, a] with a < 1 since sup |z"| = @™ — 0. Trivially uniform on {1}.

Pointwise: |sin(nz)/(nz)| < 1/(nx) — 0, so f, — 0. Uniform: Not on (0,1) (take x, =
7/(2n) gives | f(25)| = 2/7). Uniform on [a, 1] for any a > 0 since supy, 3 | fn| < 1/(na) — 0.

Pointwise: 1/(nx + 1) — 0. Uniform: Not on (0,1) (at x,, = 1/n, value = 1/2). Uniform on
[a, 1] for a > 0 since sup < 1/(na +1) — 0.

Pointwise: x/(nz +1) — 0 on [0, 1]. Uniform: Yes. supjgqjz/(nz +1)=1/(n+1) — 0.

Pointwise: f,(z) 2 0, 0. Uniform: Yes. |f, — 22| AP S
ointwise: fn(z) = % at © =0, 0. Uniform: Yes. |f, —z°| =

0 " 14 na ’ ’ " l4nx ~ n+1

Pointwise: z"(1—x) — 0 on [0,1]. Uniform: Yes. maxy ;2" (1—z) = (niﬂ)nn%rl —et0=

0.

Pointwise: (1 — z™) — 0 on [0,1]. Uniform: No. max f, = 1/4 (at 2" = 1/2), so

sup | — 0] = 1/4 5 0.
Pointwise: — 0 on [0,1]. Uniform: No. sup f, = fn(1/n) =1 for all n.
Pointwise: — 0 on [0,1]. Uniform: No. sup f, = fn(1/n) =1 for all n.

For € > 0, take N = max(Np, Ng) from the two uniform convergences. Then supp g |fn —
f|l <eforn>N.

For € > 0, choose N = max(N¢, Ny) with supp |fn — f| < €/(2(Ja| + |B] + 1)) and similarly
for gn. Then supp |af, + Bgn — (af + Bg)| < €.

If supp |frn| < M and supp |gn| < K, then

Sup | frugn — fg] < K sup |fn = I+ 1 flloo sup lgn — g = 0.

Countererample: On D =R, f, = g, = x + 1/n converge uniformly to x, but |f,g, — 22| =

|22 /n + 1/n?| has unbounded supremum = not uniform.
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Ex 1.13 (Dini) Compactness = f,, | f with f continuous gives uniform convergence. Counterexample:
2™ on (0, 1) is not uniform.
n

X
Bx L4 falo) = 15—

1; hence not uniform on [0, 2].

—0forx<1,=1/2at z =1, and — 1 for x > 1. Limit is discontinuous at

Ex 1.15 Let f, = 1gnp,1)/n. Each f, is everywhere discontinuous, while sup |f,|=1/n — 0; thus
frn. — 0 uniformly (continuous limit).

Ex 1.16 f,(x) = p(z)z™. Uniform iff p(1) = 0: If uniform, limit must be continuous at 1, forcing

©(1) = 0. Conversely, if ¢(1) = 0, use continuity near 1 and geometric decay away from 1 to
n

get sup|fn| — 0. For g,(x) = nz(l —2)", supgn = ;15 (HLH) — 1/e # 0 = not uniform
(though pointwise — 0).

Ex 1.17 Pointwise f, — 0 on [0,1]. Not uniform: sup|f,| = n — oco. Moreover, fol fa=14A0=
fol lim f,, (no interchange without uniform integrable control).

nx

on [0,1]. Pointwise f, — 0 for all p > 0. Uniform:

e 0 < p < 2: uniform — 0 (max — 0).
e p = 2: not uniform; max f, = f,(1/n) =1/2.

e p > 2: not uniform; sup f, — oo.

Forpr/fnf (1+n)—>0—/0

Detailed Answers

Exercise 1. For each n € N, let f,(z) = 2™ on R. Determine the pointwise limit of (f,) and
decide whether the convergence is uniform on the given domain.

Solution

Pointwise convergence

For fixed x € R,

0, lz] <1,
lim 2" = {1, x =1,
n—oo
does not exist, x = —1or |z| > 1.
Thus (f,) converges pointwise to 0 on (—1,1), to 1 at = 1, and fails to converge at x = —1 or

any |z| > 1.

Uniform convergence. Uniform convergence on a set E implies pointwise convergence on
E. Hence any set on which we can even hope for uniform convergence must be contained in the
pointwise—convergence set. Therefore, it suffices to study uniform convergence only on subsets of
(—1,1] (in particular, sets containing —1 or any |z| > 1 are automatically excluded).

o On (—1,1] the convergence is not uniform. The pointwise limit on (—1,1] is
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which is discontinuous at x = 1, whereas each f,, is continuous. A uniform limit of continuous
functions must be continuous, so uniform convergence to f on (—1,1] is impossible.

e On (—1,1) the convergence is not uniform. We have

sup |z"| =1 foralln
ze(—1,1)

(since values arbitrarily close to 1 occur as x — 17), so the suprema do not tend to 0.

o For any 0 < a < 1, the convergence is uniform on [—a, a]
sup |z"| =a" —— 0,
z€[—a,a) n—oo

so fp — 0 uniformly on [—a,a]. More generally, if £ C (—1,1) satisfies sup,cp|z| < a < 1,
then sup,cp |2"| < a™ — 0 and the convergence is uniform on E.

o On the singleton {1}, the convergence is trivially uniform (to the constant 1).

Exercise 2. For each n € N, let f,(z) = sin(ne) on (0,1). Determine the pointwise limit of

(fn) and decide whether the convergence is uniform on the given domain.
Solution
Pointwise limit. For each fixed z € (0,1),

sin(nz)| _ 1

~ nx n—oo

na
s0 fn(x) — 0 pointwise on (0,1).

Uniform convergence.
The convergence is not uniform on (0, 1). Take x,, = 5~ € (0,1) for all large n. Then

| sin(na,)| 1

)| = = =2 40,

NTp n-m/(2n)

S0 SUPLe (1) | (@) 2> 2 for all n.

Uniform convergence away from 0. Let 0 < a < 1. Then for every z € [a, 1],
sin(nz)| _ 1
~ na’

nx

Hence supgejq 1) [fn(2)| < L 0, s0 f,, = 0 uniformly on [a,1]. More generally, if E C [a,1] for

some 0 < a < 1, then

1
— —0,
na n—oo

sin(nx)

zeE nx

so the convergence is uniform on every subset E C [a,]) with 0 < a < 1.

Exercise 4. For each n € N, let f,(z) =
n

1o (0,1). Determine the pointwise limit of

(fn) and decide whether the convergence is uniform on the given domain.
Pointwise limit.
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For every fixed x € (0, 1),
1

—_—
nr+1 n—oo

falz) =

so fn — 0 pointwise on (0,1).

Non—uniform convergence on (0,1). To show the convergence is not uniform, take the
sequence z, = + € (0,1). Then

1 1
fn(zn) = n ()11 2
Hence for every n,
1
sup |[fo(r) =0 > [fu(wn)] = 3 7— 0,
z€(0,1)

s0 fn - 0 uniformly on (0,1).

Uniform convergence away from 0. If a € (0, 1), then for z € [a, 1],

1 1
<

Oan(x)an+1 ~na+1 n—ooo

s0 fn — 0 uniformly on [a, 1]. More generally, for any E C [a, 1] the convergence is uniform on F
with the same bound. .

Exercise 5. For each n € N, let f,(z) = 1 on [0,1]. Determine the pointwise limit of
nx

(fn) and decide whether the convergence is uniform on the given domain.
For every z € [0, 1],

X

fnlx) = — 0,

~ nw+ 1 nooo

so fn — 0 pointwise on [0, 1].

Moreover, the convergence is uniform on [0, 1]. Indeed, for fixed n, the function x i 1 is
nx
1
i i 0, 1] (its derivative is ——— > 0), h
increasing on [0, 1] (its derivative is (nz +1)2 ), hence
su ‘ T ’ 1
xG[OI;)l] nr + 1 n —+ 1 n—oo

Thus supyg 7 [fn — 0| — 0, proving uniform convergence.

Exercise 6. 5

fole) = T we0.]
Pointwise limit: For x =0, f,(0) = 0. For z > 0,
72 9
fn(w)=m+% —
SO
f(z) = 2?

Uniform convergence: We must compute

sup |fn($) - xzf-
z€[0,1]
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Since f,,(z) < 22 for all x, we have

|fn($) - I2’ =z’ - fn(x)

Thus
2 _ ¢ () 9 nx? 22(1 + nx) — nad x?
z° — folz) =2° — = — ]
" 1+ nx 1+ nx 1+ nx
Hence
2 z?
sup |fn(x) — 2% = sup .
z€[0,1] zef01] 1 +nz
The function 7 fim is increasing in x € [0, 1], so the maximum is at x = 1:
sup |ful@) — 2| = —
" = .
z€[0,1] I+n
Conclusion: Since .
li —2?|= 1 =0
Ji o 1)~ = Jp g =0

the convergence f,, — f is uniform on [0, 1].
Exercise 7.
folz) =2"(1—2), zel0,1].

Pointwise limit: For 0 < x < 1, we have lim,_., " = 0, hence

lim f,(x)= lim 2"(1—2)=0.

n—oo n—oo

At z =1, f,(1) = 1"(0) = 0. Thus the pointwise limit function is
f(z)=0 on[0,1].
Uniform convergence: We compute

sup |fn(2) = f(z)| = sup fu(z).

z€[0,1] z€[0,1]

Since f,(0) = fn(1) = 0 and f,(x) > 0 for all z, the maximum occurs at a critical point.
Differentiate:
fi(x) =na™ 1 —xz) — 2™ = 2" (n — (n+ 1)z).

n

Setting f} (z) = 0 gives the unique critical point

At this point,

ful@n) = (nil)nn—lkl

n \" 1
s @) @I = ()

Hence
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Asymptotics: Note that

n \" 1 \"
n+1 n+1 n—00

sup |fn(z) = f(2)| == 0.

z€(0,1] n—00

Therefore

Since the supremum of the error tends to zero, the convergence is in fact uniform on [0, 1].
Exercise 8.
folz) =2"(1—2"), zel0,1].

Pointwise limit: For 0 <z <1, 2™ — 0, hence fp(z) = 0. At z =1, f,(1) = 0. Thus,
f(z)=0 on[0,1].
Uniform convergence: We have

sup |fo(z) = f(2)| = sup fu(z) =17, Vn.
z€[0,1] z€[0,1]

Since this supremum does not tend to 0, the convergence is not uniform. Exercise 8.
folz) =2"(1—2"), =zel0,1].
Pointwise limit: For 0 < z < 1, we know 2" — 0 as n — oco. Therefore
falz) = 2™ — 2*™ — 0.

At z =1, we have
fal)=1-1=0.

Thus, the pointwise limit function is
f(z)=0 on[0,1].
Uniform convergence: We compute

Sup |fn(‘r) - f(l')’ = sup fn($)7
z€[0,1] z€[0,1]
since f(z) =0 and f,(x) > 0.
Now
fulx) = 2™ — 2™

The derivative is
fi(x) = na™ 11 — 22™).

n

Hence f/,(z) = 0 if and only if 2" = 1, which gives

At this point,
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Therefore,

1
sup fn(x) = T Vn e N.
z€[0,1]

Since

sup [fule) — f(a)] = 7 £ 0.

z€[0,1]

the sequence (f,) converges pointwise to f(z) = 0 but the convergence is not uniform.

Exercise 9.
, € 1[0,1/n],
fo(e) = {naz T n
0, ze€(1/n,1].

Pointwise limit: - If x = 0, then f,(0) = 0 for all n. - If z > 0, then for sufficiently large n we
have x > 1/n, which implies f,(x) = 0. Hence

lim fn(z) =0, Vzel0,1].

n—oQ

Thus the pointwise limit function is
f(z)=0.

Uniform convergence: We compute

Sup |fn(m) _f($)| = sup fn(x)

z€[0,1] z€[0,1]
On [0,1/n],
fn(z) = na,

which is increasing in x. Its maximum is therefore attained at x = 1/n, giving

fa(l/n)=n-— =1.

SHE

On (1/n,1], fo(x) = 0. Therefore

sup fn(x) =1 for all n.
z€[0,1]

Conclusion: Since

the convergence is not uniform.
Exercise 10.

nr, x € |0,1/n|,
fn(m):{f €[0,1/n]

0, x € (1/n,1].

Pointwise limit: At x = 0, clearly f,(0) = v/n-0 =0 for all n. If x > 0, then for sufficiently
large n we have x > 1/n, which implies

fn(x) =0.

Therefore
lim fn(z) =0, Vzel0,1].

n—oo
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Thus, the pointwise limit function is

Uniform convergence: We compute

sup |fu(2) = f(2)| = sup fu(z),

z€[0,1] z€[0,1]

since f(z) =0 and f,(x) > 0.
On the interval [0,1/n], the function f,(x) = y/nz is increasing in z. Hence the maximum is

attained at x = 1/n, giving
fal/n)=/n-L=1.
On (1/n,1], we have f,(x) = 0. Therefore

sup fo(x)=1, VneN.
z€(0,1]

Since

sup |fn(x) — f(x)| =1 7= 0,

z€[0,1]

the convergence is not uniform.

Exercise 11. Suppose that (f,) converges uniformly to f on D and also converges uniformly
to f on E. Prove that (fy,) converges uniformly to f on D U E.

Solution. By definition of uniform convergence, for every € > 0 there exists N1 € N such that

n>N = sup|fa(z)— f(z)| <e
zeD

Similarly, since f, — f uniformly on E, there exists No € N such that

n=Ny = suplfa(a) - f(z)] <e.
zel

Now set
N = maX(Nl,Ng).

Then for every n > N, we have simultaneously

sup | fn(z) — f(2)] <& and sup|fu(z) — f(z)] <e.
zeD zeE

Therefore, for every x € DU F,

[fn(z) = f(z)| <e.

This implies
sup |falw) — f(z)] < e.

reDUE

Since € > 0 was arbitrary, it follows that f, — f uniformly on D U FE.
Exercise 12. Suppose that (f,) converges uniformly to f on D and (g,,) converges uniformly
to g on D. Prove that for all a, 5 € R, we have

afn + Ban i>af+ﬂg on D.
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Solution. Fix € > 0.
Since f, — f on D, there exists N1 € N such that

€
n>Ny = sup z)— f(z) < .
1 x€D|fn( ) f( )’ 2(|Oz|+|ﬁ|+1)
Similarly, since g, — g on D, there exists No € N such that
€
n> Ny, = sup z)—g(x) < .
2 »eD ‘gn( ) g( )‘ 2(|a|+|6’+1)

Let
N = max(Ny, Na).

Then for all n > N and all z € D,
[(afn(z) + Bgn(x)) — (af(x) + Bg(x))| = [a(fu(x) — f(z)) + Blgn(z) — g(2))]
< lallfo(x) = f(@)| + 8] [gn(z) — g(2)]

9

<e.

Taking the supremum over x € D gives

sup |(afu(2) + Bgn(x)) — (af (x) + Bg(x))] <e.

zeD

Since € > 0 was arbitrary, we conclude that
afn+ Bgn = af +Bg on D.

Exercise 13. Suppose f, — f and ¢, — g on D. If each f,, and each g, is bounded on D,
prove that (fngn) — fg on D. Give an example where f, = f and g, — g on D but (f,g,) does
not converge uniformly.

Solution.

Proof under boundedness. Since each f,, is bounded on D, the family { f,, } is uniformly bounded.
Thus, there exists a constant M > 0 such that

\fu(z)] < M, Vae D, VneN.
Similarly, since each g, is bounded, there exists K > 0 such that
lgn(z)| < K, Vaz €D, ¥neN.
For z € D,
fa(@)gn(@) = f(2)g(2) = (ful@) = f(2))gn(@) + f(2)(gn(2) — g()).
Taking absolute values,
(@) gn(z) = f(2)g(2)] < |ful@) = f(@)] - gn(@)] + [f(@)] - [gn(@) — g(2)].

Now take the supremum over xz € D:

sup | fn(2)gn(z) — f(2)g(z)| < K - sup |fu(z) = f(2)] + [|flloo - sup [gn(z) — g(z)|.
€D zeD €D
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Since f, — f and g, — ¢, both suprema tend to 0. Therefore

fngni>fg on D.

Counterexample when boundedness is missing.
Let D =R, define

1
fo(2) = gn(z) = 2 + —.
n
Then: - For each fixed z € R, f,(z) — f(z) = x and g,(x) — g(z) = x, uniformly (because
|fn(z) — f(x)| = 1/n is independent of x). So f, = f and g, — g on R.
But their product is

fn(@)gn(z) = (H? + %)2, fg(x) = 22

Thus

2z 1
w TRz

Fa(@)gn(@) — F@)g(a)] = |(x+ 1) —a? =

For each fixed x, this tends to 0, so (fngn)(z) = fg(x) pointwise. But

. 2 1
sup |-+ oo

TSI

= 00,

since x can be arbitrarily large. Hence convergence is not uniform.

Conclusion. If f, — f and g, — g uniformly and the sequences are uniformly bounded, then
fngn — fg uniformly. If boundedness is absent, uniform convergence of the product can fail, as
shown by the example above.

Exercise 15 (Dini’s Theorem). Let D be a compact set in R. Suppose (f,,) is a sequence
of continuous functions on D such that

- fa+1(x) < fo(z) for all x € D and n € N (monotone decreasing), - f,(z) — f(x) pointwise
for all z € D, - f is continuous on D.

Prove that f,, — f uniformly on D. Show by the example f,(x) = 2™ on (0, 1) that compactness
is necessary.

Solution. Let ¢ > 0. For each ¢ € D, since f,(c) = f(c), there exists N, € N with

n>N. = fn(C)—f(C)<

D™

Because f,, and f are continuous, the difference f,, — f is continuous. Hence there exists 6. > 0
such that

[z =] <bey €D = [(falz) = [(2)) = (fule) = f(e)] < 5.

Thus for n > N, and |z — ¢| < 4,

Fal@) = (@) < (Fale) = F(e) + 5 <=

The sets I. = (¢ — d.,c+ d.) N D form an open cover of D. Since D is compact, we can select a
finite subcover I, ,..., I, . Let
N =max(N¢,,...,Ne,,).

Then for all n > N and all x € D, we have f,(z) — f(x) < e. Because the sequence is decreasing,
falz) = f(2), s0
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Taking the supremum,
sup |fa(z) — f(@)| <&, ¥n >N,
z€D

which proves f, — f uniformly on D.
Counterexample. Take f,(x) = 2™ on (0,1). For each z € (0,1), fu(z) — 0, so the limit
function is f = 0. But
sup |fn(xz) — 0= sup 2" =1,
z€(0,1) z€(0,1)
since " — 1 as x — 1~ for all n. Thus the convergence is not uniform.

This shows that the compactness of D is essential.
n

Exercise 16. Find the pointwise limit of f,(z) = 1 j:_ — on [0, 2], and determine whether the
x

convergence is uniform.
Pointwise limit.
-If0<x < 1: then 2™ — 0, so

fo(z) = T — 0.
-lfz=1:
fn(l)== Vn
-If 1 <2z <2: then 2" — o0, so
xn
fu(z) = 1527 — 1.
Thus the pointwise limit function is
0, 0Lz«
1
fl@)=¢- z=1
(x) 5 =1
1, l<z<2.

Uniform convergence.

We check whether sup,cpog) [fn(2) — f(z)| — 0. Note that f is discontinuous at z = 1, while
each f, is continuous. But a sequence of continuous functions converging uniformly must converge
to a continuous limit. Therefore, uniform convergence on [0, 2] is impossible.

More explicitly: near = 1, if z = 1 — 1 then f,,() is close to 0, while if z = 1+ 1 then f,(z)
is close to 1. So supgc(g 9 |fn(®) — f(z)| > 5 for all n, which shows the error does not vanish.

The pointwise limit is

0, 0Lz <1,
fle)=43, z=1,
1, l<zx<2,

and the convergence is not uniform.
Exercise 18. Define a sequence f, : [0,1] — R such that each f, is discontinuous at every
point of [0, 1], and yet (f,) converges uniformly to a continuous function on [0, 1].
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Solution. For x € [0,1], let
%, if = is rational,
0, if x is irrational.

- Each f, is discontinuous at every point of [0, 1], since rationals and irrationals are dense in
[0,1] and the left /right limits oscillate between 0 and %
- For every z € [0, 1], we have
lim f,(x)=0.

n—oo

Thus the pointwise limit function is

which is continuous on [0, 1].
- To check uniform convergence:

S |-

sup |fn(z) — 0| = sup fu(z) =
z€0,1] z€[0,1]

Since % — 0, the convergence is uniform.
The sequence

0, z€l0,1]\Q

is discontinuous everywhere for each n, but converges uniformly to the continuous function f(x) = 0.
Exercise 19. Let ¢ be a continuous function on [0, 1], and define

Loy
pw={p TeRn 0

fulz) =p(z)2", z€]l0,1].
Show that (f,,) converges uniformly if and only if ¢(1) = 0. Deduce from this that
gn(x) =nz(l —2x)" - 0 pointwise on [0, 1],

but not uniformly.

Solution.

Step 1. Pointwise limit. For 0 < z < 1, 2" — 0 as n — oo, hence f,(z) — 0. At x = 1,
fn(1) = (1) - 1™ = p(1). Thus the pointwise limit is

0, 0<x <1,
fz) =
o(l), z=1.

Step 2. Necessity of (1) = 0. If (f,,) converges uniformly, then the limit function f must be
continuous on [0, 1] (as a uniform limit of continuous functions). But the function f above is
continuous at = = 1 if and only if ¢(1) = 0. Therefore, uniform convergence implies (1) = 0.

Step 3. Sufficiency of ¢(1) = 0. Assume (1) = 0. Since ¢ is continuous, for any € > 0 there
exists § > 0 such that

lt—1<d = o) <e.

Now for = € [0,1 — §], we have

|fn(@)] < llelloc (1= 6)" — 0.
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For x € (1 —§,1], we have

|[fu(z)] = |o(z)]2" <e-1=e.
Thus

sup |fn(x)| — 0,
z€(0,1]
which proves uniform convergence to 0.

Step 4. Deduction for g,(x) = nz(1 — z)".

We first note pointwise convergence: - If x = 0, then ¢, (0) = 0. -If0 < z < 1, then (1—2)" — 0

exponentially fast, so nz(1—2z)" — 0. - If x = 1, then g,(1) = 0. Hence g,,(z) — 0 for all z € [0, 1].
To test uniform convergence, compute the maximum. Differentiate:

g (z) =n(l —z)" —n?z(1 —z)" !
Setting g, () = 0 gives 1 — x = nx, i.e.

n(l—z)" (1 —2) — na).

1
xTr =
n—+1
At this point,
1 n n_\"
alet) = 1 ()
As n — oo,
) - o
—e 7, — 1,
n+1 n+1
SO
1
sup gn(x) — —.
z€[0,1] €
Thus

sup [gn(z) — 0 /0,
z€[0,1]

and the convergence is not uniform.
- (fn) converges uniformly on [0, 1] if and only if ¢(1) = 0. - The sequence

converges pointwise to 0 on [0, 1], but not uniformly, since sup g, = ;%5 (

gn(x) = nz(l — )"
n
Exercise 20. Define f, : [0,1] — R by

n 1
n+1) - e 0.

n’x,

x € [0,1/n],

—n?(x —2/n), z € (1/n,2/n],
0,

fn()

x € (2/n,1].

Pointwise limit. If z > 0, then for large n we have = > 2/n, hence f,(z) = 0. At z = 0,
fn(0) = 0. Thus lim,, o frn(xz) =0 for all x € [0, 1]. Hence f = 0.

Uniform convergence. For each n, the maximum of f,, occurs at x = 1/n:

fa(l/n) =n*-

S

=n.
Thus

sup |fn(x)] =n — oc.
z€]0,1]



87

So (fn) does not converge uniformly to 0, even though the pointwise limit is 0.
Integral comparison. Compute

1 1/n 2/n
/ fn(z)dx = / n?x dx + —n*(x —2/n)dx
0 0

1/n
First term:
1 1

1/n
/ n’zxdr = n?- .
0 n2 2

l\D\H

Second term:

2/n 1 2/n 1 1 1
— 2 — — — 2. — — 2 _ — 2. _ — . — —
/1n n“(x —2/n)dx n {2@ 2/n) ]1 n <O 5 n2> 5"
/ /n
So .
|, fwrae =g 3=1
But

/Of( dx—/Odw—O

We have lim f,, = f = 0 pointwise, but

nlLrgo/Ol fo(x)dx =14# /01 f(x)dx

This shows how pointwise convergence (without uniform convergence) does not allow us to inter-

change limit and integral.
Exercise 21. Let p > 0 and define
fa(z) =

nx

Tz ©€0 1

(a) For what values of p does (f,,) converge uniformly on [0, 1] to a limit f? (b) If p = 2, does

/01 fo(x)dx —> /Olf(a:)dx?

Pointwise convergence.

Fix z € [0, 1].

- If x =0, then f,(0) =0 for all n.

-If 0 < « < 1, then for large n the denominator behaves like n?z?, so

_ nT ne 1
fn(l’) - 1 —|—n2x7’ ~ n2xp - nxp—l'
If p > 1, the denominator has power n?, so the whole fraction goes to 0. If p = 1, then
nT n 1
=———— < —==——=0.
fn(2) 1+n2z —n2 n

If 0 < p < 1, then n?zP — oo as n — oo for each fixed x > 0, so again f,(x) — 0.

Therefore in every case
lim f,(x)=0, Vze€]|0,1].

n—oo
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So the pointwise limit is the zero function
f(z)=0 on[0,1].

Uniform convergence .
We test whether

sup |fn(z) = f(z)| = sup fu(z) = 0.
z€[0,1] z€[0,1]
Thus the behavior of the maximum of f,, determines uniform convergence.
Maximization of f,.
For x > 0, compute the derivative:

£ () n(l +n?aP) — (nz)(n?p2P~t)  n4+nd2P —ndpaxP  n— (p—1)n3zP
x) = =
n

(1 + n2ap)? (1 4n2zr)2 (14 n2a2p)?

So critical points satisfy
n—(p—1)n3zP = 0.

- If p =1, the numerator is always n > 0, so f, is increasing and maximum at x = 1.
-Ifp#1, we get

1
(p—Ln?

Case 1: 0 < p < 1. Here (p—1) < 0, so the numerator n — (p — 1)n3az? is always positive, hence
fn increases on [0,1]. Maximum at z = 1:

P =

n 1
su )= fn(l) = ~——=0.
S ale) = )= g
So convergence is uniform.
Case 2: p=1. Then
nx
S
Maximum at x = 1, so
n 1
sup fn(z) = ~ — —=0.
z€[0,1] n( ) 1+ n? n

So convergence is uniform.
Case 3: 1 < p < 2. Critical point at

nT,
14+ n228"

Evaluate:

fnl@n) =

2 _ 1
But n I'ﬁ—p_il, SO

In@n) = 3471 = plr - 1)

Now
ne, =n-((p— 1)_1/pn_2/1’) = (p—1)"Vepl=2/p,
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Since 1 < p < 2, we have 1 — 2/p < 0, hence n'~%? — 0. Thus f,(z,) — 0. Therefore
sup fn(x) — 0, so convergence is uniform.
Case 4: p = 2. Critical point x,, = 1/n. Then

n-(/n) 1
Ju(1/n) = 1+n2(1/n) 2’

So
sup fp(z) > 3, Vn.

Therefore sup f(x) # 0; no uniform convergence.

Case 5: p > 2. At the maximizing point, nz, = (p — 1)~/Pn'=2/? and now 1 — 2/p > 0, so
this tends to infinity. Thus fy,(z,) — 00, so sup f,(x) 4 0; no uniform convergence.

- For 0 < p < 2, we have uniform convergence to f = 0.

- For p > 2, convergence is pointwise to 0 but not uniform.

Integral when p = 2.

We compute

nx
@) = T

Substitute v = nx, de = du/n, limits x =0 — 1 give u = 0 — n:

1 L nx 1 /M u
n(x)dr = ———dx = — ——d
/Of(a:) * /0 1+ n2z2 ™ n2/0 1+uz ™

Now n 1
U
du = = In(1 + n?).
/0 T U 5 n(1+ n*)
So
/fn —ln(l—i—n)
As n — oo,
In(1 + n?)
o — 0.

Meanwhile the limit function f =0, so

[ sy =
Jim /01 fn(x)de = /01 f(z)dx

indicate any domain restrictions explicitly.

Thus
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Uniform Convergence for Series of Functions

Let D be a set and, for each n € N, let f, : D — R be a function. As with numerical series, a series

of functions
oo
> T
k=1

has two related meanings:

(a) The sequence of partial sums (sp)p>1 on D, where
n
k=1

(b) The sum function f: D — R defined by

f(x) = lim s,(x),

n—0o0

whenever the limit exists (pointwise or uniformly) on D.

Definition 89 With the notation above:

1. The series > -, fr converges pointwise on D with sum f if the sequence (sy) converges
pointwise to f on D.

2. The series converges uniformly on X with sum f if (s,) converges uniformly to f on

D.

When the sum function is clear from context, we simply say > fr converges uniformly on
D'H

Supremum Criterion for Series

Proposition 90 (Supremum criterion for uniform convergence of series) The se-
ries Y pey fr converges uniformly on D if and only if

1. it converges pointwise on D, and

2.
lim sup’ Z fk(:n)‘ = 0.

n—o0
z€D k=n+1

Idea. Let s, = Y i, fr and f = lims, pointwise. Then f(x) — sn(x) = Y72, 41 fr(z). The
stated limit is exactly the uniform version of || f — sp|loc = 0. m
It is often convenient to write the tail

R, (z) := Z fr(x), M, := sup |R,(x)| € [0, 0],
k=n+1 reX

so that uniform convergence <= M,, — 0.
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Example 91 Let D = [0,3] or D = [0,1) and fi(z) = 2*. Then 332, fu(z) = £ pointwise for
n+1

x €[0,1). The tail is Ry(z) = 11:7, which, is increasing in x on [0,1). Hence M, = 2-("+D) —
—x

on [0, 1] (uniform convergence), while M,, = oo on [0,1) (no uniform convergence).

Uniform Cauchy Criterion for Series

Theorem 92 (Uniform Cauchy criterion) The series Y ro; fi converges uniformly on
D if and only if for every € > 0 there exists N such that for allm >n > N,

‘ Z fk(x)‘ <e forallz e D.
k=n+1

Weierstrass M-Test

Theorem 93 Let {f,} be a sequence of functions f, : D — R. Suppose there exist constants
M, > 0 such that:

1. Vn, sup,ep |fn(z)| < My, and
2. The series Y > My, converges.

Then Y o2 fn converges uniformly on D, and:

(e} o0
sup | fu(@)| < D My
z€D |p=1 n=1
Example 94 Consider the series:
o0 .
nsin(nx
St o
en
n=1
We note: )
nsin(nx) n
sup o < —.
Tz€R e €

Since Y 524 2w converges, the Weierstrass M-test implies that the function series converges uni-
formly on R.

Dirichlet’s Test for Uniform Convergence

Theorem 95 (Dirichlet’s Test) Let {f,} and {gn} be sequences of real-valued functions
defined on a common domain D C R, with:

frsgn : D — R.

Suppose:
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1. The partial sums Syp(x) = > p_y fx(z) are uniformly bounded on D, i.e., there exists
M > 0 such that:

|Sn(x)| < M for allz € D and allm € N.
2. The sequence {gn(x)} is monotonically decreasing in n for every x € D.

3. {gn(x)} converges uniformly to 0 on D.

Then the series > o2 1 fn(x)gn(x) converges uniformly on D.

Example 96 Consider the function series:

oo (_1)nx3n+1

S 1|.
SO e
We define:
x3n+1
n = (-1 nj n = .
ful) = (1, gl =
Then:
e The partial sums Y p_o(—1) are bounded by 1.
o {gn(2)} is decreasing for each fived x € [0,1].
e gn(x) — 0 uniformly on [0,1] since:
b [ga(0)] = 5 0
z€0,1] " 3n+1 .

Therefore, by Dirichlet’s Test, the series converges uniformly on [0, 1].

Abel’s Test for Uniform Convergence

Theorem 97 (Abel’s test for uniform convergence) Let{f,}n>1 and {gn}n>1 be real-
valued functions on a set D. Assume:

(A1) The series > 72 fu(x) converges uniformly on D.

(A2) The sequence {gn} is uniformly bounded and monotonically decreasing: there exists
M > 0 such that sup,cp |gn(x)| < M for all n, and for each fired x € D the numerical
sequence gni1(z) < gn(z) for each x € D .

(0.]
Then the series Z fn(z) gn(x) converges uniformly on D.

n=1
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Example 98 The series

3

S

n=1

converges uniformly on [0, 1].

Write fn(z) = (_;)n and gp(x) = 2™ for x € [0,1].

_1\n
e The series Y ;> fa(x) = > 02 (Vi converges (alternating series test), and since it does

not depend on x, it converges uniformly on [0, 1].

e For each fized x € [0,1], the sequence (gn(x))n>1 = (&")n>1 is uniformly bounded by 1 and
is nonincreasing in n (constant when x = 1, decreasing when 0 <z < 1).

By Abel’s test for uniform convergence (uniform limit of Y fn and a uniformly bounded sequence
gn that is decreasing in n for each x), the series

S fa@) gy = 3
n=1

n=1

3

converges uniformly on [0, 1].

Corollary 99 (Alternating uniform convergence) Suppose f, : D — [0,00) satisfy fn+1(z) <
fn(x) for alln and z, and f, — 0 uniformly on D. Then the alternating series >ty (—1)* f con-
verges uniformly on D.

Idea. For m > n, alternating partial sums are bounded by the next term: |37, .1 (—1)* fr(z)| <
frnt1(z). Taking suprema and using uniform f,,+; — 0 gives the uniform Cauchy property. m

Theorem 100 Let x be a cluster point of D and suppose lim;_,, fn(t) exists for each n € N.
If 3~ fn converges uniformly on D\ {z}, then

Consequently, if each fy, is continuous at x, then so is the sum > ;2 fn.

Theorem 101 Suppose f, € R(a,b) for all n € N. If 3" f, converges uniformly on [a,b],
then > 021 fn € R(a,b) and

/Zn M—Z/n

Theorem 102 Let f,, be differentiable on [a,b] for each n € N, and suppose that the series
> fn(xo) converges at some point xg € [a,b]. If the series Y. f!(x) converges uniformly on
[a,b], then Y fn is also uniformly convergent on [a,b], its sum > o> fn is differentiable on
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[a,b], and
(Z fn> () = Z fi(x), for all x € [a,b].
n=1 n=1

Exercises

Practical guide to study uniform convergence of series >7°, f

1. Pointwise first. For each z € D, check Y, fi(z) converges and identify the sum f(z) (or
detect divergence).

2. Tail-sup test. Define the tail R,(z) := >, fr(z) and

M,, := sup |R,(z)|.
z€D

Then Y fir converges uniformly on D <— M, — 0.

3. Weierstrass M—test (fast sufficient). If 3 M} > 0 with |fx(z)| < M on D and >, M <
oo, then Y fi converges uniformly on D.

4. Alternating (uniform) test. If f > 0, fir1(x) < fi(z) for all € D, and f, — 0
uniformly on D, then >(—1)¥ fx converges uniformly.

5. Uniform Cauchy (when the sum is unknown). Uniform convergence <=

Ve >03N Vm >n> N: sup‘ Z fk(x)’<€.
z€D k=n+1

6. Domination patterns (quick wins).

o If |fx(z)] < ay g(z) with 3" a converges and g bounded on D, apply the M—test with
My, = ag[|gl/co-
o If |R,(z)] <A, on D and A,, — 0, then uniform convergence follows (tail-sup test).

7. Compactness. On compact D, if (f) are continuous and the tails R, are equicontinuous
with R, — 0 pointwise, Dini-type arguments (monotone tails) or Arzela—Ascoli corollaries
may upgrade to uniform convergence.

8. Interchange rules (need uniformity). If Y fi converges uniformly and each f; is Rie-
mann integrable on [a, b], then

[(£8)=% [[5.

If }° f; converges uniformly on [a, b] and > fx(zo) converges at some x¢, then Y f; converges

uniformly and (z fk>l = fl

9. When M—test fails. Try Dirichlet/Abel-type criteria on x—dependent signs:



o Dirichlet (uniform flavor):

if partial sums A, (z)

95

= Y 7_jag(x) are uniformly

bounded in x, and bg(z) | 0 uniformly in x, then > ay(z)bk(x) converges uniformly.

e Abel: combine bounded partial sums with uniformly bounded variation in the coeffi-

cient sequence.

10. Subset test (to disprove). If uniform convergence fails on some E C D, it fails on D. So
it suffices to find a “bad” subset where tails stay large.

Problems
o0 e n3z2
Ex 2.1 Prove that lim Z = 2.
x—0 0
Ex 2.2 Show that
[
0 n=1
Ex 2.3 Compute:
/ — 5 du;
n + x
) /”Z nsin(nx) dx
0 n=1 er
Ex 2.4 Let f,(z) = 2™(1 — z) for x € [0,1].

Ex 2.5

Ex 2.6

Ex 2.7

Ex 2.8

Ex 2.9

(a) Show that > 2

> 1 fn does not converge uniformly on [0, 1].

(b) Decide whether / Z fo(z) do = Z / fol@) dz.

o

Let f(z) :=

n=1

f(z) = -2z Z

Let f,(z) := 2"ze """ for z € R.

1
Z ﬁ on R. ShOW that
n n=x

oo n4

= (n3 + n43:2)2

(a) For each A > § > 0, prove that >°°, f,, converges uniformly on [4, A].

(b) Compute Z fnlx

n=1

Let fo(x) := (—1)”i on (0,00).

(0, 00). o

n:c2

n3 + a3’

Let fp(x) :=

Show that >>°

) for x > VIn2.

21 fn is continuous and differentiable on
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(a) Show that > 2, f, does not converge uniformly on [0, c0).
(b) Show that Y >°, f, is continuous on [0, c0).

nx

Ex 2.10 Same as Ex 2.9 with f,(x) := L
nd +x

Ex 2.11 Define f, : [0,00) = R by fu(2) := (n + x)"2sin(nz).
(a) Prove that > 2, f,, converges pointwise on [0,00) and write the sum as f(z) :=
?10:1 fn(x)
(b) Prove that f :[0,00) — R is continuous.

Answers

Ex 2.1 Since 0 < e ™"%* <1 and Yoorp2™ ™ < 00, by dominated convergence
o0 —n3z2 o0 fn3:v oo 1
li = li —

im im z:: o

n
x—0 0 2 =0 z—0

Ex 2.2 Termwise integration is justified by Weierstrass M—test (since |sin(nz)|/n? < 1/n?):

™ X sin(nz) 1 /7r ) R G L= 2
[[E ) g5 L = 5 G 2

Ex 2.3 (a) Since sup,¢(; 9 m) < n21+1 ), we gey convergence uniform and we can interchange sum

and the integral:

— [2 - 2 &1 1 1
/ (n+ x)? dx:Z/l (n—i—x Z[ n—l—x} :;<n+1_n+2>:2'

n=1 n=1 =1

(b)

™ nsi Snl-(-1)" & 2 2¢ 1 2
/ ZﬂSlnT(Lnx) dx = % = =>. 2%l - == 26 :
0 = e —e n o € 1—ce ec—1

Ex 2.4 f,(x) =a2"(1—z) on [0,1]. For z € [0, 1),

S fule)=(1-2) a" =
n=1 n=1

At x =1, all terms are 0, so the pointwise sum is f(z) = z on [0,1) and f(1) = 0 (discontin-
uous). Uniform convergence would preserve continuity, hence it fails on [0, 1]. Moreover,

- ! > 1 1 1 1 1 oo
nz::l/o fn(x)dx:;(n+l _n+2):§:/0 xdw:/o (;fn(:c))dx

Ex 2.5
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Ex 2.6 For each n,

d 1 d 1 2ant 9 n?
= . = — = — 4L = .
dx n3 + niz2 dx n3 4 niz? n3 + ntx2)?2 (n3 + n*x2)2

Uniform convergence of the derivative series on compact sets (compare with 2|x|/n?) justifies

termwise differentiation: A
o

f(z) = —23:2 o

= (n3 + n4w2)2 :
Ex 2.7 Let f,(z) = 2"zwe """

(a) For A>z>4d> +/In(2),
Fa(@) =2 (2e77°)" < A(2e70).

Thus Y f, converges uniformly on [d, A] provided 2¢" < 1, iie. 0 > vIn2. (For
0 < VIn2 the series diverges since the ratio > 1.)

(b) For x > vIn2,

22

> > 2 2re”
S =2y 2=
— fn($) xn:1( € ) 1 _ 26—x2

For x = v/In 2 the terms are constant in n and the series diverges; for 0 < x < VIn2 it
diverges geometrically; at x = 0 the sum is 0.

Ex 2.8 Fix a > 0 and write

Z(—mnix = (@), an = (—1)", bu(x) = 771:6 2 € [a,00).
n=1 n=1

The partial sums Ay := SN a, are uniformly bounded: |Ay| < 1 for all N. For each
x > a, the sequence by, (z) is nonincreasing in n, and b,(z) — 0 as n — oco. Moreover this
tends to 0 uniformly on [a, c0), since

1
supb,(r) = — —— 0.
G

We now invoke the uniform Dirichlet test: if (Ay) is bounded and b, () is nonincreasing
in n with b, — 0 uniformly on a set D, then ) a,b,(-) converges uniformly on D. For
completeness, we sketch the proof. For p < ¢ and x € D, partial summation gives

q q
> auba(@) = Aghyia () = Ap-aby(e) + 3 Au(ba(@) = buia(@).

n=p

Taking absolute values and using |A,| < M (here M = 1) and the monotonicity of b,
q q
> anba(@)| < Mbyya(@) + Mby(x) + M D" (ba(@) = busa(x)) < 2M by(x).
n=p —p

Hence

q
sup ‘Z anbn(:u)‘ < 2M supby(z) = 2M — 0,

z€la,00) p=p z>a pa p—eo
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which is precisely the Cauchy criterion for uniform convergence on [a, ).

Therefore > o2 (—1)"/(nx) converges uniformly on every [a,00). In particular, the sum f(x)
is continuous on each [a, 00); since a > 0 was arbitrary, f is continuous on (0, c0).

2

nx
(a) Let y = z/n. Then
y2 22/3
su T) =su =—>0
xZ% fn( ) yZIO) 1+ y3 3

(attained at y = {/2). Since sup, f,(z) does not tend to 0, the series cannot converge
uniformly on [0,00). (Indeed, tails are bounded below by a fixed positive amount
because the terms are nonnegative.)

(b) On each [0, A] and for n > A,

2 2
n A
ngn(‘r)gﬁzﬁy
so Y fn converges uniformly on [0, A] by the M—test, hence the sum is continuous on
[0, 00).
nx

(a) With y = z/n,
1

Y
su T)=sup——5 = —= >0,

so no uniform convergence on [0, 00) (same positivity argument).
(b) On [0, A] and n > A,
nA A

n3 n?’

0< fulz) <
hence uniform convergence on [0, A] and continuity of the sum on [0, co).
Ex 211  fu(z) = (n + 2) %sin(nz) on [0, 00).

(a) Pointwise convergence for each fixed z > 0. For z = 0 one has sin(n - 0) = 0, so
the series is identically 0. For z > 0 set a,(x) := (n+z)~2 and b,(x) := sin(nz). Then
an(z) | 0 in n. The partial sums of b, (x) satisfy the classical bound (for x ¢ 277Z)

Nz (N+1)93)

%sin(kx) _ sin(5) sin (= ‘isin(kx)’ < v
= sin(x/2) ’ = = 2]sin(x/2)]’

and if € 27Z then the partial sums are 0. Thus for each fixed x > 0 the sequence
(=, sin(kz)) \ is bounded. By Dirichlet’s test, Y5071 a, () sin(nz) converges for every
x> 0.

(b) Uniform (absolute) convergence and continuity on [0, 00). For all z > 0 and all

n €N,
| sin(nz)| 1 1
= <

()| =

(n+2)2 ~ (n+x)2 ~ n?
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Since Y o7 n% < 00, the Weierstrass M—test implies that Y o>, fn(z) converges uni-
formly and absolutely on the whole [0, 00). Each f,, is continuous on [0, c0), hence the

uniform limit
& sin(nz)

is continuous on [0, 00).
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Power Series

A power series is a series of the form

[e.9]

Z (x — xo)" (x € R), (3.1)

where (¢p)n>0 C R are the coefficients. For each fixed x € R the series in (3.1) may converge or
diverge. The set £ C R of all = for which it converges is the domain of convergence; on E the sum
defines a function. Conversely, for a given function f on a set V' C R one may ask whether f can
be represented as the sum of a power series whose domain of convergence contains V.

Radius of convergence (Cauchy—Hadamard)

Theorem 103 For the series (3.1) set

d := limsup |e,| /™, R:=d! (R:=0ifd=o00, R:=0c0 ifd=0).

n—oo

Then:
1. If |x| < R, the series converges absolutely.
2. If |z| > R, the series diverges.

3. At the boundary points © = +R (when 0 < R < 00), either convergence or divergence
may occur; no general conclusion is possible.

Proof sketch. For x = z( the series converges. For x # xg, apply the root test to a, :=
en(x —x0)™

0, d=0,
lim sup |an |/ = hmbup(|cn]1/ |z — zo|) = |z — x| d = { o0, d = o0,
n—oo
|CL‘—1'0|/R, de (0,00)
The conclusions follow from the root test. m

The number R € [0, 0] is uniquely determined and is called the radius of convergence. The
series converges for |z — z¢| < R and diverges for |x — xo| > R.

Exercise 104 Assume only finitely many ¢, are nonzero for large n, and that the limit \ :=
limy, o0 [Cnt1|/|cn| exists in R. Define R from this d as above. Show that the conclusions of
Theorem 103 still hold (ratio-test version).

Examples

1. ¢ :=0, ¢, :=n" for n > 1. Then d = oo, hence R = 0. So > 72, n"z" converges only at
z = 0.



101

2. ¢, :=1/nl. Then lim, o |cnt1]/|cn| = 0, S0 R = 0o. The sum defines the entire function

exp(z) := Z %T (x € R), (3.2)
n=0 """

with exp(0) = 1 and exp(l) = e.

3. ¢p :=1 (the geometric series). Then R = 1. For |z| = 1 the series Y o> ,x" diverges because
" -+ 0 as n — oo.

4. ¢, :=1/n (n > 1). Then R = 1. At x = 1 the series diverges (harmonic series); at z = —1
it converges conditionally (alternating harmonic series). For real |x| = 1, these are the only
boundary points.

5. ¢, :=1/n? (n>1). Then R =1 and the series converges absolutely at z = +1.
6. If ¢, = 0 for all n > N, the power series (3.1) terminates and is a polynomial Zfl\;o cnx™;

the radius is R = oo.

Termwise differentiation on (—R, R)
Restrict to real = € (—R, R) and define

oo
fl) = caa™ (3.3)
n=0
Formally differentiating term by term suggests
o0 o
g(x) = Z nepa = Z(n + 1)epp12”.
n=1 n=0

The next lemma ensures the same radius for the derived series.

Lemma 105 The power series y oo cpx™ and Y o2 o(n+1)cp112™ have the same radius of
convergence.

Proof. By Cauchy-Hadamard, multiplying coefficients by n does not change the radius since
lim,, s o0 n/" = 1. An index shift also does not affect the radius. m

Theorem 106 Let R > 0 be the radius of convergence of (3.1). Define f by (3.3) on
(=R, R) and g(x) := > 0 o(n+ 1)cpr12™ on (=R, R). Then f is differentiable on (—R, R
and f'(x) = g(z) for all x € (—R, R). In particular, f is continuous on (—R, R).

Idea of proof. Fix x € (—R, R) and choose p with |z| < p < R. For small |h| estimate

by splitting into finitely many terms (whose difference quotients — 0) and a tail, bounded using
S n|en|p” ' < 0o. Use Lemma 105 and the mean value estimate to conclude. m
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Corollary 107 On (—R, R) the function f is C* and, for p € N,

[e.9]

fP ) =3 (n+1)(n+2) (n+p) cnyp ™ (3-4)
n=0

In particular,

FP0) = ple,. (3.5)

Exercise 108 (Real Taylor formula on (—R, R)) Assume all ¢, € R. Show that for eachn >0
and x € (—R, R) there exists 0, € (0,1) such that

(n+1) (0 .%') n+1

chl‘ + )

Remark 109 (Analytic vs. C*°) Equation (3.5) shows that a function given by a power series
on (—R, R) is completely determined by all of its derivatives at 0, and in fact by its values on any
smaller open interval (—8,8). There exist C™ functions f with f®)(0) = 0 for all p but f # 0;
such functions are not of the form (3.3). Functions representable by (3.3) are called analytic.

Cauchy product and products of power series

Definition 110 (Cauchy product) Given series Y o> a, and Yo7 b, in R, their
Cauchy product is the series > ;> cn with

Cp = Zakbn,k (n=0,1,2,...). (3.6)

Theorem 111 (Mertens, absolutely convergent case) If > |a,| < oo and Y |b,| < 0o
with sums A and B, then the Cauchy product Y ¢, converges absolutely and > ¢, = AB.

Theorem 112 Let Y 77 anx™ and Y ;2o bnx™ be power series with radii of convergence
Ri,Ry > 0. Put R :=min{Ry, R2} and define ¢, by (3.6). Then for |x| < R,

(i anx") (i bnx") = i ",
n=0 n=0 n=0

and the product series has radius of convergence at least R.

Example 113 Multiplying the geometric series with itself yields

> 1

> (n+Da" =7

n=0

—p (<),

consistent with differentiating (1 — z)~!.
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Exercises

Ex 3.1.

Ex 3.2.
Ex 3.3.

Ex 3.4.

Ex 3.5.

Ex 3.6.

Ex 3.7.

Ex 3.8.

Ex 3.9.

Ex 3.10.

Determine the radius of convergence of > a,x™, where

n" n!)? n=k?
(0) = = (b) a = ,(c)an:('))', (d) an = n — Vi, (e)an:{l’ g

(2n)! 0, otherwise.

Suppose 0 < b < |ay| < ¢ for all n. Find the radius of convergence of Y a,x".
Give a power series that converges on (—1, 1] and diverges at —1.

If f(z) =302y anx™ is even on (—R, R), prove a, = 0 for all odd n; if f is odd, prove a, =0
for all even n.

For which ¢ > 0 is each series uniformly convergent on [—c¢, c|?

2

z" n 2" n (_1>n n z n
(a) ZW’ (b) anE , (0 Zﬁx ,(d) meﬂ , (e) va () Zx (1-
Let 0 < R < oo be the radius of convergence of > a,z™ and k& € N. Find the radius of

convergence of
(a) Z(an)km”, (b) Zanxk", (c) Zana:”k.

Suppose > a,z" and Y b,x™ have radii Ry and Ra, respectively.
(a) If Ry # Ro, show > (a, +by,)z™ has radius min{ Ry, Ra}. What can happen if Ry = Ry?
(b) Show the radius of > (anby)z™ is at least R Ra.

(a) If Y ay, converges, prove > n

o converges and

[e.9]

/01 (nio;)an:pn) dx = Z na—lzl'

n=0

(b) Y

Ci: 1 converges, show the same identity holds (the integral may be improper).
n
Prove (1 + x)® is analytic on (—1,1) for all @ € R with

(l—i-x)o‘:i(f:)xn’ (3&):1, (z>:a(a_1)..7;b!(a—n+1).

n=0

Deduce z¢ is analytic on (0,00) by writing z% = ¢* [1 + (z/c — 1)]“.

From the Taylor series of 1 show

— T

log(l—x):—zx

n=1

=1

and deduce log2 = .
n2n

n=1
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Ex 3.11. Differentiate 1 !

=> 12 pz"™ about x = 0 to prove

1 o0
-1
(1_:E)2: E nx" ", |z| < 1.
n=1

1
Ex 3.12. Find the Taylor expansions of 5 about x = 0 and =z = 1, and give each radius of
convergence. N
. . 1 . .
Ex 3.13. Find the Taylor expansion of ﬁ about x = 1 and its radius of convergence.
x(2—x

X
Ex 3.14. Let f(z) = / e~ dt. Find its power series and evaluate lim, o f(x).
0

Ex 3.15. Let R be the radius of }_ a,z™.

(a) If f(z) =3 0lpanz™ =0 on (—R, R), prove a, = 0 for all n.

(b) If f(cr) = 0 for a sequence (¢i) of distinct points with ¢, — ¢ € (=R, R), prove a,, =0
for all n.

Answers

Ans 3.1. Use Cauchy Hadamard: R = (limsup |a,|'/™)~.

(a) Jan |V =n"' 50 = R=oc.
Ant1 1\" 1
b —(1+12 —1
(b) o, ( +n) —e => R=¢
NZZD

4n
(d) |an|Y" =1 = R=1.

(e) limsup|a,|/" =1 = R=1.

1/n

(c) an ~ = lap/'" =1 = R=4.

Ans 3.2. b'/" <a,|'" < /™ — 1, hence limsup |a,|"/" =1 and R = 1.

O 1\n
Ans 3.3. Z (=1) 2™ at x = 1 the alternating harmonic converges; at £ = —1 it becomes
n=1

> 1 (diverges).

Ans 3.4. f(—z) = > an(—1)"2". If f is even, f(—z) = f(x), hence a,(1 — (-1)") =0, so
an = 0 for odd n. The odd case is analogous.
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Ans 3.5.

(a) Uniform on [—c,c] & ¢<1 (Weierstrass; at © = £1 no conv.).

(b) Uniform on [—¢,c] & c< 1 (Z n|z|" uniform for |z| < ¢ < 1).
(¢) R = oo; uniform on every [—c, ¢] by Z —c < 0.

(d) Uniform on [—e¢, ] for ¢ < 5 (majorant E c/5)"/(n +1)). Not uniform at ¢ = 5.
22
1 Y —3/2
) s |a:\<c V(1 + na?) = 2n3/2 for large n; ¥ < oo

= uniform on all [—¢, ¢].
) Zm”(l — ) =1 for |z| < 1; diverges at x = —1. Uniform on [—¢,c] < c¢< 1.
Ans 3.6. Let d = limsup |a,|'/" = 1/R.
(a) limsup|(a,)*|"" = d* = Ryew = RF; Zan "= |z| < RYF,
Ans 3.7.

(a) If Ry # Ra, then |ay, —|—bn]1/” — max{1/Ry,1/Rs}, hence radius = min{ Ry, R2}. If R; = Ry,
cancellation can increase the radius (e.g. a, = 1, b, = —1 gives the zero series).

(b) limsup |a,bp|Y™ < (limsup |a,|/™)(lim sup |b,|'/™) = (R1R) ™", so the radius > R R.
Ans 3.8.

(a) For0<r <1, fo S an(ra)tde = ZannH Let r 1 1 and use Abel/Dirichlet to pass to the
limit; also }_ ;"5 converges by Dirichlet.

(b) Same identity holds: define F'(r) = ‘il"lf, note F(r) = fol > an(rx)"dz, then let r 1 1; the

LHS is an improper integral if necessary.

Ans 3.9. For |z| <1, (14+2)* = Y72 (%)2"™ by binomial series (ratio/root test). For z*, fix
¢ > 0 and write 2% = ¢*[1 + (z/c — 1)]%; this gives a power series in (z — ¢) on (¢ —rad, ¢+ rad) C
(0,00), hence z® is analytic on (0,00).

Ans 3.10. Since T

= > 2" for |z| < 1, integrate from 0 to z:

o n
—log(1 — ) :Z—, |z| < 1.
n

n=1
1
2n
Ans 3.11. Differentiate > o2, z" termwise:

Set z = 1 to get log2 =

-2 = Yol na T | < 1.

1 1 = " ,

5z =3 1T = ZW’ radius 2. About 1: let h = z — 1, then
=0

Ans 3.12. About 0: =
2

= ——=> " h", radius 1.
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1 1,1 1
AnS 3.13. Partial fractionsf m = 5(; + m) About r=1 Wlth h =x—1:
1 1 > 1 1 >
e —1)"p" _ - he.
x 14h nz:%( 'R 2—x 1-—h nz::()
1
Thus 22— = 3% ,h?™ (all odd terms cancel). Radius is min{1,1} = 1 (distance to nearest
x(2—x
pole 0 or 2).
Ans 3.14. ¢ = ¥ ﬂ752” S0
. . n=0 n' 5
x)=|[ e = — 7 entire power series).
0 2 nl(2n + 1) P
. VT o
Moreover m11_1(210 flx) = 5 (Gaussian integral).
Ans 3.15.

(a) An analytic function with all values 0 on an interval is identically 0; hence all Taylor coeffi-
cients a,, vanish.

(b) Zeros with an accumulation point inside the disc of convergence force the analytic function
to be identically 0; hence a,, = 0 for all n.
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Introduction to the Lebesgue Integral

This section presents a short but rigorous introduction to the Lebesgue integral on a bounded
interval in R, in comparison with the classical Riemann integral.

Let f : [a,b] — R be a bounded function. We begin with the Riemann integral, which is defined
via partitions of the domain.

A partition of [a, b] is a finite collection of points

a=aqyp<ay <---<ap,=">o
Given such a partition, we define the following sums:

e The lower Riemann sum:

e The upper Riemann sum:

U(f,P):=) (a; —ai—1) sup f(x).

i=1 xz€la;—1,a4]

The function f is called Riemann integrable on [a, b] if

sup L(f, P) = inf U(f, P).
P P

In this case, the common value is denoted by

/ab (z) da

and called the Riemann integral of f.
The Lebesgue integral takes a completely different approach: instead of partitioning the domain

of f, we partition its range.
Let f : [a,b] — [c,d) be bounded. Choose a partition @ of the range:

c=c¢<ca<---<c,=d.

Define n
L*(f,Q) = Z cictm(f M ([ci-1, ),
i=1

n

U*(f,Q) == Zci'mf(fil([ci—la ci))),

=1

where m(-) denotes Lebesgue measure.
The function f is called Lebesgue integrable if

sup L*(f, Q) = inf U*(f, Q).
Q Q
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The common value is the Lebesgue integral of f and is written

fdm.
[a,b]

If f is Riemann integrable on [a,b], then f is also Lebesgue integrable, and

/abf(az)dx = fdm.

[a,b]
The integral relies on the Lebesgue measure m(-), which we now define step by step.

1. If E C [a,b] is an interval, then m(FE) is the length of the interval.

2. If E C [a,b] is open, then E can be written as a countable disjoint union of intervals:

We define

3. For an arbitrary set E C [a,b], the outer measure is defined as
m®(E) :=inf{m(U) : E C U, U open}.
4. A set E C [a,b] is called Lebesgue measurable if
mé(E) +m®([a,b] \ E) = b — a.
In this case, we define m(E) := m°(E).

Remark 114 For a function f, the Lebesgue integral is well-defined whenever f=([c,d']) is
Lebesgue measurable for every subinterval [/, d'] C [e,d).

If {E)} is a countable collection of pairwise disjoint Lebesgue-measurable sets, then
k k
The Lebesgue integral has several fundamental advantages over the Riemann integral:

1. More functions are integrable. Every Riemann integrable function is Lebesgue integrable,
but not conversely.

2. Handles unbounded cases. The definition extends naturally to unbounded functions and
unbounded domains.

3. Limit theorems. Under very general conditions (Dominated Convergence Theorem, Mono-
tone Convergence Theorem), one can interchange limit and integral:

nlgIolo / fndm = / nh_}rgo fndm.
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4. Generalization. Lebesgue integration applies to functions defined on arbitrary measure
spaces, not just subsets of R.

5. Normed spaces. The Lebesgue integral allows us to define the norms

b b 1/2
17l := [ 17 @) dm. ||f||2:=< / |f<w>|2dm> ,

which are fundamental for LP spaces and Hilbert space theory.

6. Probability and statistics. Lebesgue measure and integration provide the natural frame-
work for probability theory, where measurable sets correspond to events and integrals corre-
spond to expectations.



111

Lecture 1: Outer measure

The length ¢(I) of an open interval I C R is defined as:

b—a if I = (a,b) for some a < b € R,

if 1 =
=10 T
00 if I = (—o00,a) or I = (a,0),
00 if I = (—o0,00).

This notion of length can be extended to a finite or infinite disjoint union of open intervals. Suppose

A:UIn, with I,, N I, = 0 for n # m,

then the total length of A is defined as:

where ¢(A) = oo if the series diverges—this includes the case where at least one I, is unbounded.

Definition 115 The outer measure of a set A C R, denoted m*(A), is defined by:

m*(A) = inf {Z (I) - AC U Iy, Iy, are open intervals in R} :
k=1 k=1

This means:

o We look at all possible countable collections of open intervals I, Io, I3, . .. that cover the
set A.

e For each such collection, we calculate the total length:
> U(I).
k=1

o The outer measure m*(A) is the smallest possible total length (i.e., the infimum over all
such sums).

Example 1.
m*((a,b)) = ((¢(((a,)) = b—a.
Recall that the Lebesgue outer measure of a set £ C R is defined by

m*(F) = inf {i(bk —ag): E C Ej(ak‘abk)} .
k=1 k=1

The interval (a,b) itself is a cover of (a,b), hence

m*((a,b)) < b—a.
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Let (a,b) C Uz=;(ak, br) be any open cover. Since the cover must contain every point between

a and b, we have

b—a <supb, —infa;, < Z(bk —ag).
k K k=1

Taking the infimum over all such coverings yields
m*((a,b)) > b—a.

Combining the two inequalities, we obtain

|m*((a,b) =b—a.|

Example 2. Let’s calculate the outer measure of the closed interval A = [0, 1].

o To do this, we cover [0, 1] using open intervals. One simple choice is to take a slightly larger
open interval that contains all of [0, 1]. For any small € > 0, let:

Il:(_871+€)7 andsetl2213:...:@_
e The total length of this cover is:

iwk) = 0(I) = (1+¢)— (—¢) =1+ 2.
k=1

e Since € can be made arbitrarily small, we take the infimum over all such covers:

m*([0,1]) <inf{l+2e:e>0} = 1.

To prove the opposite inequality, let I, I5,... be a countable collection of open intervals such
that:
o0
0,1 ¢ | I
k=1

By the Heine—Borel Theorem, there exists a finite subcover; that is, there exists n € N such that:
0,1]Cc LU---UI,.

We can show by induction on n that this implies:
n
> (1) > 1.
k=1

Since this finite sum is a lower bound for the total infinite sum, it follows that:

if([k) > sz(fk) > 1.
k=1 k=1

Thus, for every such cover:
m*([0,1]) > 1.

Combining both inequalities, we conclude:

m*([0,1]) = 1.
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A=10,1]

I =(—¢, 14¢)

This example shows how outer measure works: we cover the set with open intervals and try to
minimize the total length. Since every subset A C R can be covered by a countable union of bounded
open intervals, and since all interval lengths are nonnegative (or infinite), the outer measure m*(A)
is always well-defined. If every covering gives an infinite total length, then m*(A) = cc.

Properties of Outer Measure

¢ Countable Sets Have Zero Measure:

If A C R is countable (finite or infinite), then:

m*(A) = 0.
Why? Let A = {a1,a2,as,...}. For any € > 0, surround each point a,, with an open interval:
€ €
ITL: (an—2n+1,an+2n+1), SO E(In):?
These intervals cover A, and the total length is:
o o0 €
n=1 n=1
Since € can be made arbitrarily small, the outer measure must be zero:
m*(A) = 0.

Ezamples: Finite sets and Q N [0, 1] are countable, so they have outer measure zero.

¢ Monotonicity: If A C B, then:
m*(A) < m*(B).

Why? Any collection of open intervals that covers B also covers A. Since outer measure is
defined as the smallest such total length, the measure of A can’t exceed that of B.

A

Iy I

Interpretation:

— The red intervals cover B (green), so they also cover A (blue).

— The total length needed to cover A is at most the length needed to cover B.
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¢ Countable Subadditivity:

For any sequence of sets F1, Fy, E3,--- C R:

m* (G Ek;) < im*(Ek)-
k=1 k=1

Example 116 Let QN [0,1] = {q1,¢2,q3, ...}, and set Ex, = {qi}. Then:

— m*(Eg) =0 for all k,
- Xm*(Eg) =0,
~ UE,=Qn[,1], so:

Now consider A= QnN[0,1] and B =1[0,1]\ Q. Then:

Here, we get equality.

— AUB=10,1], and ANB =10,
- m*(4) =0, m*(B) =1,
— So:
m*(AUB) =1=m"(A) + m*(B).
Again, we have equality, but this is not always true.

Important: Outer measure is not always additive! Fven for disjoint sets A and B, it can

happen that:
m*(AU B) # m*(A) + m*(B).

So while outer measure is always countably subadditive, it is not generally countably
additive.

Exercises

Exercise 1. Compute the outer measure of the half-infinite interval [0, co).

Solution. Since [0,n] C [0,00) for every n € N, by the monotonicity of the outer measure m*
we have

m*([0,00)) = m*([0,7]).

But for any finite interval [0, n], the outer measure equals its length:

Thus

m*([0,n]) = £([0,n]) = n.

m*([0,00)) >n for all n € N.

Since n can be made arbitrarily large, the only possibility is that

’ m*([0,00)) = oc. ‘
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Exercise 2. For any interval I C R, its outer measure equals its length:
m*([a,b]) = m*((a,b)) = m*([a, b)) = m*((a, b]) = b—a, m*((—o0,b)) = m*((a,00)) = m*(R) = oo.

Closed interval

Fix a < b. For any € > 0, [a,b] C (a —¢e,b+¢) so m*([a,b]) < l((a —e,b+¢€)) =b—a+ 2¢,
hence m*([a,b]) < b — a by letting € | 0. For the reverse inequality, let {I}}7>, be any open cover
of [a,b]. By Heine-Borel, there is a finite subcover [a,b] C J_; I, whence

n n

b—a=0(a,b) < |JIx) <D L) < ieuk).
k=1

k=1 k=1

Taking the infimum over all open covers gives m*([a,b]) > b — a. Thus
m*([a,b]) =b—a.

Half-open intervals and singletons. Use the inclusions [a,b) C (a — €,b) and [a,b) D
[a+e,b—¢] to get m*([a,b)) = b — a; similarly for (a,b]. For a singleton {z}, {x} C (z —e,z+¢)
gives m*({x}) < 2¢ for all € > 0, hence m*({z}) = 0.

Unbounded intervals.

For [0, 00), since [0,n] C [0,00) for all n € N, m*([0,00)) > m*([0,n]) = n, hence m*([0,00)) =
0o; the other unbounded cases are analogous.

Exercise 3. If {11, Is,...,1,} is a finite set of semi-open intervals that covers QN [0, 1], prove
that

Solution Since a finite union of intervals that covers QN [0, 1] must also cover [0, 1] (otherwise
its complement would contain a nonempty interval, hence a rational not covered), we have

1=4([0,1]) < e(O Ii> < f:e(fi).
i=1

=1

Thus Y7, 4(1;) > 1.
Exercise 4. Let m* denote the Lebesgue outer measure on R. Given m*(E) = 0, prove that

m*(EUF) =m"(F) for all FF C R.
Solution By monotonicity of m*, since F C EU F,
m*(F)<m*(EUF).
By subadditivity of m*,
m (EUF)<m*(E)+m"(F)=0+m"(F) =m*(F).
Combining the two inequalities yields m*(E U F) = m*(F).

Exercise 5. Given any £ C R, prove that for all € > 0 there exists an open set G with £ C G
and m*(G) < m*(E) + €, where m* denotes Lebesgue outer measure.
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Solution If m*(E) = oo, the inequality is trivial, since m*(G) < oo = m*(E) + ¢ for any
G D E. Assume m*(E) < co. By definition of outer measure,

= inf{liﬂ(lk) : EC kfj Iy, I intervals}.
= =1

Hence there exists a countable collection of (bounded) open intervals {I;}7°, with E C |J; I and
o0
Z (Ix) <m*(E) +e.
Let G :=Jg2 Ix. Then G is open and E C G. By subadditivity and monotonicity of m*,
(o]
Zm Ik :Z Ik <m )—l-E.

Therefore, for every € > 0 there exists an open G O E with m*(G) < m*(E) +e¢.
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Lecture 2: o-algebra

Definition 117 (Sigma-Algebra and Measurable Space) Let X be a set, and let S be
a collection of subsets of X.
We say that S is a o-algebra on X if it satisfies the following:

e ) €S (the empty set is included),

e IfE €S, then the complement X \ E € S,

e If B\, Fs, Fs,--- €8, then the union
o0
U E.eS
k=1

(closed under countable unions).

If S is a o-algebra on X, then the pair (X,S) is called a measurable space.

\. J

Example 118
o {0, X}: the smallest possible o-algebra on X,
e P(X): the power set of X, containing all subsets — the largest possible o-algebra,

e The collection of all subsets E C X such that either E is countable or X \ E is countable.

Proposition 119 Let S be a o-algebra on a set X. Then:
(a) X €S8

(b) If D,E € S, then:
DUEeS, DNnEeS, D\EeS

(c) If E1,E3,E3,--- € S, then:

ﬂ E.eS
k=1

Proof. (a) Since 0 € S (by definition), and X = X \ ), closure under complements gives X € S.
(b) Suppose D, E € S. Then:
e DUEFE € S because S is closed under countable unions.

e For DN E, use De Morgan’s law:
X\ (DNE)=(X\D)U(X\E)

The right-hand side is in S, so the left-hand side is too. Taking its complement shows
DNEeS.
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o For D\ E, note that:
D\E=DnN(X\E)

Both sets on the right are in &, so their intersection is too.

(c) Let Eq, Ea,--- € S. Then by De Morgan’s law:
X\ (ﬂ Ek:) = JX\ Ep)
k=1 k=1

Since each X \ E}, € § and S is closed under countable unions, the right-hand side is in §. Taking
the complement, we conclude:

ﬂ E.esS
k=1

Borel o-Algebra on R

Definition 120 The Borel o-algebra on R, denoted by B(R), is the smallest o-algebra
that contains all open intervals (a,b), where a,b € R.

o It includes many familiar sets in real analysis: open, closed, half-open intervals, countable
sets, and more.

o It is the foundation for defining measures (like Lebesgue measure) on subsets of R.

o Any set in B(R) is called a Borel set.

Examples of Borel Sets:

» Open intervals: (a,b) € B(R) by definition.

o Half-open intervals:
o0

[a,b) = ﬂ (a—i,b).

k=1
Since each interval on the right is open, and Borel sets are closed under countable intersec-
tions, [a,b) € B(R).
¢ Unbounded intervals:

[a,00) = U[a+k,a+k+1).
k=1

e Closed intervals:

[a,b] =R\ ((—o00,a) U (b, 00)).

Since open sets are Borel, so are their complements.
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o Countable sets: Any countable set, like the rationals in [0, 1], is Borel. For example:
o
B ={xy,x9,23,...}, B= U {z1},
k=1

where each {xy} is a closed set.

¢ Continuity sets of functions: If f : R — R, then the set where f is continuous is a Borel
set, because it can be written as a countable intersection of open sets.

Let
C(f) ={x € R: f is continuous at z}.

By definition, f is continuous at z if and only if for every € > 0 there exists 4 > 0 such that

-yl <0 = |f(z) - fly)l <e

For each n € N define

(e}

A= {w e R: 36> 1 such that |f(w) — £(9)] < ;. whenever [z — 3| <3}
n
k=1

Intuitively, A,, consists of points where f oscillates by less than 1/n in some neighborhood
of radius at least 1/k. For each fixed k, define

1 1

B,k = {:L’ eR:30 > p such that |f(z) — f(y)| < — whenever |z —y| < 5},
n
so that A, = Ug2 En k. Let zg € Ey, ; then there exists g > % such that
1
|f(zo) — fy)] < - whenever |zg — y| < do.

Set r = M > 0. For any = € (z¢g — r, 2o + r) and any y satisfying |z — y| < r, we have

1
[zo — y| < |zo — [ + 2 — y <27“:50—%<50-
Hence y lies within (z¢ — do, 2o + do), where |f(zo) — f(y)| < 1/n; therefore the same in-
equality holds for x with some ¢’ = r > 1/k. This proves that every point zoy € E, j has a
neighborhood contained in E, j,, so E,, j is open. Since A,, is a countable union of such open
sets, A,, is open as well.

A point x is a continuity point of f if and only if for every n there exists a neighborhood
where |f(x) — f(y)| < 1/n, that is,

() = ) An
n=1

Each A,, being open, C(f) is a countable intersection of open sets. Since the Borel o-algebra
is closed under countable unions and intersections of open sets, so we conclude that

‘C’(f) is a Borel subset of R.
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How is the Borel o-algebra built?

o Start with all open intervals (a, b),
e Add all their complements to get closed sets,

e Then include all countable unions and intersections of those sets.

The Borel g-algebra is large enough to cover most useful sets in analysis, but not all subsets of R.
Some sets are too “wild” to be Borel and require Lebesgue theory to handle.

Exercice

Show that N, Z, Q, Q¢ are Borel sets.
Solution For any = € R, the complement R\ {z} = (—o00,z) U (z, 00) is open, hence {z} is closed
and therefore Borel. A countable union of Borel sets is Borel, so

N=Ufny, z=U{h o=U{a

neN neL q€Q

are Borel (each is a countable union of singletons). Finally, Borel o-algebras are closed under
complement, so Q¢ = R\ Q is Borel as well (equivalently, Q¢ = ,co(R \ {¢}) is a countable
intersection of open sets). Hence N, Z,Q, Q¢ € B(R).

Conclusion. N, Z, Q, Q¢ € B(R).
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Measure

Definition 121 Let S be a o-algebra on a set X. A function
p:S —[0,00]
s called a measure if it satisfies the following properties:
1. Empty Set Has Zero Measure:

p(0) = 0.

2. Countable Additivity (or o-Additivity):

If {E,}32 is a countable collection of pairwise disjoint sets in S (i.e., E;NE; =0

fori # j), then:
K (U En) = ZH(En)
n=1 n=1

A triple (X, S, 1) is called a measure space.

Let’s explore several types of measures to better understand what a measure is and what
properties it must satisfy.

(i) Counting Measure (Finite Case):
Define a function p on all subsets of R by:

Number of elements in £, if E is finite,

n(E) = {

o0, if F is infinite.

e This measure simply counts how many elements are in a set.

o If the set is infinite (for example, the set of all natural numbers), we define its measure
to be oo.

o For instance:
N({17 274}) =3, p(N) = oo.

Why this is a measure:

o (@) = 0, which satisfies the null empty set property.

e For any countable collection of disjoint finite sets E1, Es, ..., we have:

© (fj En> = io: :U(En)7
n=1 n=1

because union just adds up all the elements with no overlap.
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(ii) Dirac Measure at a Point c € R:

Define:
1, ifceF,

“C(E):{o ifcd .

e This measure concentrates all the "mass" at a single point c.

o Think of placing a unit of "weight" only at point ¢. Any set containing ¢ will have
measure 1; otherwise, 0.

o For example:
:u5([47 6]) =1, p5((0,4)) =0.

Why this is a measure:

o 11c(0) =0 since ¢ ¢ 0.

o For disjoint sets Fy, Eo, ..., only one of them (at most) can contain ¢, so:

He (Ej En) = i ,Ufc(En)v
n=1 n=1

which is either 1 or 0 depending on whether ¢ € |J E,,.

(iii) Weighted Dirac Measures (Discrete Probability Model):

Let ¢1,c2,- -+ € R be points, and py, pa,- -+ > 0 be corresponding weights (think of probabili-
ties or masses). Define:

wE) = Y b
{i:c;€E}
o Each point ¢; has a fixed weight p; > 0.
e To measure a set E, we sum up all the weights of those ¢; that lie in E.

o Example:
Ifc; =1, p1 =0.3; ca =2, po =0.7; then u({1,2}) =1.

Why this is a measure:

o u(0) =0, because none of the ¢; are in (.

o Countable additivity holds: if Fq, Fo, ... are disjoint, the weights of points in each are
disjoint too, so:

1% (G En) = i :U’(En)
n=1 n=1

Note: This kind of measure is used in probability theory to model discrete random variables
with weighted outcomes.



(iv) Define a set function u by:

0, if E is finite,
H(E) = o
oo, if E is infinite.
Why this fails to be a measure:
o It satisfies u()) = 0, and is finitely additive, meaning:
n(Er U Ez) = p(Er) + p(Es),

when E1, Fs are disjoint and finite.

e However, it is not countably additive. For example, take the disjoint sets:

E,={n}, n=1,2,3,...

Then each u(E,,) = 0, so:

But their union is the infinite set N, so:

M(G En) = p(N) = oo.

This contradicts countable additivity.
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Theorem 122 (Continuity from Below and Above for Outer Measure) Let
(En)S be a sequence of subsets of R.

(a) If Ey CEyC -+ and E=\J;2, E,, then

m*(E,) t m*(E), ide lim m*(E,) =m*(E).

n—oo
(b) If Ey D EyD -+ and E =2 By, with m*(Ey) < oo, then

m*(E,) | m*(E), ide lim m*(E,) =m"(E).

n—oo

Proof. (a) Suppose Ey C Ey C --- and E = |J;2; E,,. Since outer measure is monotone, m*(E,,)
is nondecreasing, so the limit L = lim,_,o, m*(E,,) exists (possibly infinite). Because each E, C F,
we have m*(E,) < m*(F), hence L < m*(E). To prove the reverse inequality, let ¢ > 0. By

definition of m*(E), there exists a countable collection of open intervals {Ij} such that

Ec|JILy, and ) (1) <m*(E)+e.
k=1 k=1

Since E = J,, En, each E,, C U, Ik, so

m*(Ey) < iﬁ([k) vn.
k=1
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Taking the limit as n — oo, we obtain

[e.e]

L= lim m*(By,) < >kl
k=1

Because this holds for every such cover {I}, we have L < m*(F) + €. Since € > 0 was arbitrary,

we conclude L > m*(FE). Hence,
lim m*(E,) = m"(E).

n—oo
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Lecture 3: Lebesgue measure

Lebesgue Measurable Sets

Definition 123 A set E C R is called Lebesgue measurable if, for every subset A C R,
the following equality holds:

m*(A) =m*(ANE)+m*(AN E°),
where:
e m*(-) denotes the outer measure, and
o E°=R\ FE is the complement of E.

This condition is known as the Carathéodory criterion.

The intuition behind this definition is that a Lebesgue measurable set E splits any other set A C R
into two disjoint parts—A N E and AN E°—in a way that preserves the total outer measure. That
is, measuring the parts separately and adding the results gives exactly the same outer measure as
measuring the whole set A directly.

From the properties of outer measure, we always have the inequality:
m*(A) <m*(ANE)+ m*(AN E°),
since A C (AN E)U (AN E°) and outer measure is countably subadditive.
Therefore, to verify that E is measurable, we only need to check the reverse inequality:

m* (AN E) +m* (AN E°) < m*(A) for all ACR.

If this inequality holds, then equality follows automatically from the previous inequality, and F is
Lebesgue measurable.

Summary: A set F C R is Lebesgue measurable if splitting any set A using F and
its complement does not increase the outer measure. This ensures that E behaves
well with respect to measure and integration.

Properties of Measurable Sets

o The empty set () and the real line R are measurable.

Why? For any set A C R:
ANhD=0, AnP°=A = m*(A)=0+m"(A).
Similarly, for £ = R:

ANR=A4, ANR =0 = m*(A)=m*(A)+0.
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¢ A set is measurable if and only if its complement is measurable.

Why? If E is measurable, then for all A C R:
m*(A) = m* (AN E)+m*"(AN E°).
This expression is symmetric in E and E¢, so E° is also measurable.

« Every set of outer measure zero is measurable.

Why? If m*(E) = 0, then for any A C R:
m(ANE)<m*(E)=0 = m"(ANE)=0.

Hence,
m*(A) =m* (AN E)+m*(AnN E°).
So E satisfies the measurability condition.
¢ The union of two measurable sets is measurable.

Let E, F € M, where M denotes the collection of Lebesgue measurable subsets of R. We
want to show that FUF € M.

By definition, a set S C R is measurable if for every A C R,
m*(A) =m*(ANS)+m (AN S°).

We must prove this equality for S = FU F.
Let A C R be arbitrary. We decompose A into three pairwise disjoint parts:

Ai=ANE, Ay=ANE°‘NF, As3=ANE°NF°.

Then
A=A UAyU Ag, AZﬂAJZWfOTZ#j
"Apply measurability of E."

Since F is measurable, for the set A,
m*(A) =m*(ANE)+m* (AN E°) =m*(4;) + m*" (AN E°).

Note that ANE® = (ANE‘NF)U(ANE‘NF°) = Ay U A3, and these two sets are disjoint.
Therefore,
m* (AN E°) =m* (AU A3) = m*(A2) + m*(As),

where we used the countable additivity of outer measure on disjoint measurable sets (Az, A3
are measurable. Why m*(A4; U As) = m* (A1) +m*(A2) ? m* (A1 UA) = m*(AtUANF) +
m*(A; U AN F) =m*(A1) + m*(Az).

o The interval (a,00) is measurable for any a € R.

Why? Let A C R. Define:

A1 =AN(a,00), Ay=AN(—00,al.
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These cover A, and are disjoint:
A=A1UAy, A1NAy=0.
If m*(A) = oo, then the inequality
m* (A1) +m*(Az) <m*(A)
holds trivially. Otherwise, for any € > 0, choose an open cover {I,,} of A such that:
> U(I,) <m*(A) +e.

Define:
Jp=1InN(a,0), K,=1I,N(—0c0,al.

Then A; C U Jn, A2 C U Ky, and:
E(In) = e(Jn) + g(Kn) = Zajn) + Zg(Kn) = ZE(In)-

Therefore:
m*(Ay) + m*(Az) < m*(A) +e.

Letting € — 0, we conclude:
m*(A) = m" (A1) +m"(Az),

proving that (a,c0) is measurable.

Theorem 124 The collection of Lebesque measurable sets M is a o-algebra.

Proof. We have already established that:
e M contains () and R,
e M is closed under complements,
e M is closed under finite unions.

Now let E1, Eo,--- € M be a countable collection of pairwise disjoint measurable sets, and

define:
F, =

-

[e.e]
E;, F=|JE:.
1 i=1
Since each F), is a finite union of measurable sets, F,, € M for all n. For any A C R, we have:

(2

m*(A) = Jim m*(ANF,) +m*(ANEY)].
As F,, T F, we get:
nli_}ngom*(A NF,) =m"(ANF),
and since AN FS | AN F¢ we also have:

lim m*(ANE;) =m*(ANF°).

n—oo

Thus:
m*(A) =m* (AN F)+m*" (AN F°),

which shows F' € M. Therefore, M is closed under countable unions, and hence is a c-algebra. m
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Theorem 125 The Borel o-algebra B is contained in the collection of Lebesgue measurable

sets M, i.e., BC M.

Proof. We previously showed that every interval of the form (a, c0) is measurable.
Now consider an open interval of the form (—o0,b). Observe that:

(—00,b) = [j (—oo,b— i) ,

n=1

and since each (b — 1,00) is measurable, their complements (—oo,b — 1) are also measurable.
Therefore, (—oo, b) is measurable as a countable union of measurable sets.
Consequently, any open interval (a,b) can be written as:

(a,b) = (a,00) N (—00,b),

which is an intersection of two measurable sets, and hence also measurable.

Since any open set in R can be written as a countable union of open intervals, and M is a
o-algebra, it follows that all open sets are measurable.

Therefore, the Borel o-algebra B, which is generated by open intervals, is a subset of M. =
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Theorem 126 The restriction of the outer measure m* to the collection M of Lebesgue
measurable sets defines a measure. That is,

m = m"*|m
is a measure on the measurable space (R, M). The triple
(R, M, m)

is called the Lebesgue measure space.

Proof. Since m* is an outer measure, we have m*()) = 0. Because m = m*|pr, it follows
immediately that m(()) = 0. To verify that m is a measure, it remains to show that it is countably
additive on M.

Let {E;}°, C M be a countable family of pairwise disjoint measurable sets, and define

oo
E=|]JE:.
i=1
We must prove that
oo
= m"(E)
i=1

Since the sets F; are disjoint and measurable, finite additivity holds for all n € N:

The sequence of sets |Ji; F; is increasing and converges to E. By the continuity from below
property of the outer measure,

Thus, m™* is countably additive on disjoint families of measurable sets. Since it is also monotone
and nonnegative, m = m*|r satisfies all the axioms of a measure. Therefore, m defines a measure
n (R, M), called the Lebesgue measure. m

Theorem 127 Then the following properties hold:
(a) Monotonicity: If E,F € M with E C F, then

(b) Countable Sub-additivity: For any countable collection {E,}22 C M,

()<

n=1
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(¢) Continuity from Below: If Ey C Ey C --- (increasing sequence), then
(UE)- hmm(E)

(d) Continuity from Above: If E1 D Ey D --- (decreasing sequence) and m(Ey) < oo

for some k, then
o
n—

We prove each property individually.

(a) Monotonicity: Suppose £ C F. Then the set difference F'\ E € M, and the sets E and
F'\ E are disjoint. Since EU (F'\ E) = F, we get:

m(F)=m(E)+m(F\ E)>m(E).

(b) Countable Sub-additivity: Let {E,} be any sequence of measurable sets. Define:
n—1
Fi=E, F,=E,\|JE (n>2).

Then the F), are disjoint, and:
[e.e] oo
n=1 n=1

Thus:

n=1

n=1

(c) Continuity from Below: Let £y C E3 C ---, and set:

E= E,.

g

1

Define A; = Ey, and A,, = B, \ E,—1 for n > 2. Then E = |72, A, so:

%) k
:Zm n), and m(Ey) :Zm
n=1

n=1
Hence,

hm m(Ey) = m(E).

k—o0

(d) Continuity from Above: Let F4 D Ey D ---, and assume m(FE}) < oo for some k. Let:
[o¢]

b (5

n=1
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and set A, = E; \ E,. Then A,, C A,41 and:

E \E =[] A,

n==k

By continuity from below:

Therefore:
lim m(E,) =m(Ey) — n11_}11;0 m(Ex \ En) = m(E).

n—o0
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Exercise. Let (z; : i € N) be a sequence of positive real numbers. Define y on all E C R by

w(E) = Z z; € [0,00].

r,€R
Prove that u is a measure on (R, P(R)).

Solution. First, u(@) = >, ¢y v = 0.

Let {E}}72, be pairwise disjoint subsets of R and set E = |J;Z; Ej. Define Ay, = {i e N:x; €
Er} and A= {ieN:x; € E}. Since the E}, are disjoint, the index sets Aj, are pairwise disjoint
and

o0
A = U Ayg.
k=1
Hence, using that all x; > 0 (so series are monotone and we may change the order of summation),
[e.@] o0
w(E) = Zfb“z = Z i = Z Z i = Z,u(Ek).
€A ieUk Ay k=11i€Ag k=1

Therefore p is (countably) additive on disjoint families, i.e., a measure on (R, P(R)).
Exercise. Let (X, M, m) be a measure space. For any E, F € M, prove that

m(E)+m(F) = m(EUF)+m(ENF).

Solution. Observe the disjoint decompositions
E=(E\F)U(ENF), F=(F\E)U(ENF),

and
EUF=(E\F)U(F\E)U(ENF).

By countable additivity (in particular, finite additivity) on disjoint unions,

m(E)=m(E\ F)+m(ENF),
m(F)=m(F\ E)+m(ENF),
mEUF)=m(E\F)+m(F\E)+m(ENF).

Adding the first two equalities gives
m(E)+m(F)=m(E\F)+m(F\E)+2m(ENF)=m(EUF)+m(ENF),

which is the desired identity. (All quantities take values in [0, 00|, so the equality holds in the
extended reals.)

Exercise. Let m* be Lebesgue outer measure on R and let M denote the o-algebra of m*-
measurable sets. Given E € M, prove that for all F' C R,

m*(E) + m*(F) = m*(EUF)+m*(ENF).

Solution. Since F is m*measurable (Carathéodory), for every A C R we have

m*(A) =m* (AN E)+m* (AN E°).
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Apply this with A = F to get
m*(F)=m*(ENF)+m"(E°NF).
Apply it again with A = FU F":
m(EUF)=m*(EUF)NE)+m*((FUF)NE°)=m"(E)+m*(E°NF).
Subtract the first identity from the second:
W (EUF) —m*(E) = m*(F) - m*(ENF),

which rearranges to
m*(E)+m*(F) = m*(EUF)+m"(ENF).

Exercise. Let E C [0,1] be the set of real numbers whose (some) decimal expansion contains no
digit 5. Prove that E is Lebesgue measurable and that m(E) = 0.

Solution. For each n € N, consider the collection of half-open base-10 intervals of length 107":
n n
e, = [ 3 ap1075, Y ap107F 10—"), ar, € {0,1,...,9}.
k=1 k=1

Among these, keep only those whose n-digit prefix avoids 5, i.e. ar € {0,1,2,3,4,6,7,8,9} for all
k. There are 9™ such intervals, each of length 107", and every = € E belongs to one of them (for
its first n digits).

Hence, for each n,

n
FE C U Io.a,, E ((Igya,) = 9"-107" = (E) _
at,...,an€{0,1,2,3,4,6,7,8,9}

By definition of outer measure m*,
. 9 \n
m*(E) < (1—0) for all n,

so letting n — oo gives m*(E) = 0. Any set of outer measure zero is Lebesgue measurable and has
Lebesgue measure 0. Therefore £ € M and m(E) = 0.
Exercise. Let (X, M, m) be a measure space and (E,) a sequence in M. Prove that

m(liminf £,) < liminfm(E,).

n—o0 n—oo

Assuming there exists N with m(U;2 5 E;) < oo, prove that

m(limsup E,,) > limsupm(E,).

n—oo n—oo

Solution. Recall

o0 o0 o0 [e.e]
limninfEn = U ﬂ Eg, limnsupEn = ﬂ U FEy.
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(1) The liminf inequality. Let A, := 3=, Ex. Then (A,) is increasing and A,, C E; for all
j > n. By continuity from below,

n—o0

m(limninf En> = m(U An> = lim m(A4,).
By monotonicity, m(Ay) < inf;>, m(E;). Taking limits yields

m(limninf En) < lim inf m(E;) = liminf m(E,).

n—00 j>n n— oo

(2) The limsup inequality under a finiteness assumption. Let F,, := Us—,, Ex. Then (F,) is
decreasing and, by hypothesis, m(Fx) < oo for some N. Hence by continuity from above,

m(lim sup En> = m(ﬂ Fn> = nangO m(Fy,).

Since Ey C F, for all k& > n, monotonicity gives m(F,,) > m(E}y) for each k > n; thus m(F,) >
SUPg>, M(Ey). Taking limits,

m<limsup En> = lim m(F,) > lim supm(Ey) = limsupm(Ey,).

n—00 n=oo psp n—00
Exercise. Let G be a nonempty open subset of R. Prove that m(G) > 0, where m denotes the
Lebesgue measure.

Solution. Since G is open and nonempty, there exists x € G. Because G is open, there exists
€ > 0 such that the open interval
(x—e,x+¢e) CQG.

The Lebesgue measure of this interval is
m((z—e, x+¢e)) =2 >0.
By monotonicity of measure,
m(G) > m((x —e, x +¢)) =2 > 0.

Hence every nonempty open subset of R has strictly positive Lebesgue measure.

Exercise. Let G be the collection of open sets in R and F the collection of closed sets in R. Denote
by Gs the class of all countable intersections of open sets (i.e., G € Gs iff G = ;2 G; for some
sequence (G;) of open sets), and by F, the class of all countable unions of closed sets (i.e., F' € F,,
iff F=J;2, F; for some sequence (F;) of closed sets).

a) Prove that all sets in G5 and F, are Borel sets.

(a)
(b) Give an example of a set in Gy, and one of a set in F,, such that neither set belongs to G U F.
(c) Prove that for every E C R there exists G € Gs with £ C G and m*(E) = m(G).

)

(d) If E is Lebesgue measurable, prove there exist G € Gs and F' € F, such that F C E C G
and m(G\ F) = 0.

Solution.
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(a) The Borel o-algebra B is generated by G (equivalently by F). Since B is closed under
countable unions and intersections, any countable intersection of open sets (i.e., any G € Gs)
and any countable union of closed sets (i.e., any F' € F,) belong to B. Hence Gs U F, C B.

(b) Example in F, not open or closed: Q (or Q@ N[0, 1]). Each singleton {q} is closed, so Q is a
countable union of closed sets, hence F,; Q is neither open nor closed in R.

Example in Gs not open or closed: R\ Q (or ([0,1] \ Q)). As the complement of an F, set,
it is a Gg set; it is neither open nor closed.

(c) If m*(E) = oo, take G = R (open, hence in Gs), and m(G) = oo = m*(E). Assume
m*(F) < oco. By outer regularity of Lebesgue outer measure, for each n € N there exists an
open set G, O F with

m(Gp) <m*(E) +

1
Choose G so that m(G1) < oo (possible since m*(E) < 00). Set
G:= () Gn € Gs, E CG.
n=1

Because (G,,) is a decreasing sequence of measurable sets with m(G1) < oo, continuity from
above gives
m(G) = lim m(G,) =m*(E).

n—o0

(d) Since E is Lebesgue measurable, m(E) = m*(F). By (c), there exists G € Gs with E C G
and m(G) = m(E), hence m(G \ E) = m(G) —m(E) = 0.

For the inner approximation, for each n € N there exists a closed set F;, C E with
m(E\ F,) < 1.

(Inner regularity of Lebesgue measure.) Let F':=J;~; F), € F5. Then F C E and (E \ F},)
decreases to £\ F', with m(E \ F1) <1 < oo, so by continuity from above,

m(E\ F) = nh_{lgo m(E\ Fy) =0.
Therefore F C F C G and
m(G\F) <m(G\ E)+m(E\F)=0.

Exercise. Let G be a nonempty open subset of R. Prove that m(G) > 0, where m denotes the
Lebesgue measure.

Solution. Since G is open and nonempty, there exists x € G. Because G is open, there exists
€ > 0 such that the open interval
(x—e,x+¢) CQG.

The Lebesgue measure of this interval is
m((z—e, x+¢e)) =2 >0.
By monotonicity of measure,
m(G) >m((x —e, x +¢)) =2 > 0.

Hence every nonempty open subset of R has strictly positive Lebesgue measure.
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Lecture 4: Lebesgue Measurable Function

Definition 128 Let f : E — R be a function, where E C R is a measurable set.
We say that f is Lebesgue measurable (or simply measurable) if for every real number
a € R, the set

{zreE: f(x)>a}

belongs to M that is, it is a measurable set.

We now present several examples to illustrate the concept of measurable functions. In each
case, we examine whether the set {x € R : f(x) > a} belongs to M (e.g., Lebesgue measurable
set). If this condition holds for every a € R, then f is measurable.

1. Constant function: Let f(z) = ¢, a constant function for some ¢ € R. Consider the set
{r eR: f(z) > a}.
- If a > ¢, then f(x) > « is never true, so the set is empty: 0. - If a < ¢, then f(z) > « for
all z € R, so the set is R.
Since both () and R are elements of M, this shows that constant functions are always mea-
surable .
2. Continuous functions: Let f : R — R be a continuous function. For any a € R, the set

{z eR: f(z) > a}

is an open set, because the preimage of an open interval («, c0) under a continuous function
is open. Since every open set is a Borel set, it follows that every continuous function is Borel
measurable.

3. Characteristic function of a measurable set: If E, ' C R are two measurable sets, then
the indicator function xg : E — R, defined by
() 1, z€F,
€Tr) =
xr 0, z¢F
is measurable.

This can be verified by direct computation. For any o € R, the preimage x5z ((a, oc]) is

given by
0, a>1,
{zreR:xp(x) >a}=¢ENF, 0<a<l,
E, a < 0.

Since F and F' are measurable, each of these preimages is measurable, thus making xp
measurable.
4. Monotone functions: Let f : R — R be any monotone increasing function, and let o € R.
Then the set
{z eR: f(z) > a}

is one of the following:
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o a right-open half-line of the form {x € R: z > ~},
o a right-closed half-line {z € R: z > ~},
e the entire real line R, or

o the empty set (),
Conclusion. These examples illustrate that the class of measurable functions includes:
e all continuous functions,

¢ all characteristic functions of measurable sets,

¢ and all monotone functions.

Remark. The collection of measurable functions is closed under arithmetic operations (addition,
subtraction, scalar multiplication, etc.), pointwise limits, and taking absolute values. This makes
them very useful in integration theory and probability.

Theorem 129 Let E C R be measurable, and suppose f,g : E — R are two measurable
functions, and let ¢ € R be a constant. Then the following functions are also measurable:

Cf7 f27 f+g’ fg) ‘f|

Proof. We verify measurability for each case:

1. Scalar multiplication: Assume ¢ > 0 (the case ¢ < 0 is similar and ¢ = 0 is trivial). For
any a € R, we have:

{reR:cf(z) >at={zeR: f(z) > a/c}.
Since f is measurable, the right-hand side is in M, hence cf is measurable.

2. Square function: Assume a > 0 (for a < 0, the set {f2 > a} is either R or empty, and
thus measurable). Then:

{reR: fPz)>al={zcR: f(z) >Va}U{z eR: f(z) < —Va}.
Both sets on the right are measurable since f is measurable. Therefore, f? is measurable.
3. Sum f + g: Fix a € R. For each rational number r € QQ, define:
Sp={zeR: f(z)>r}n{zeR:g(z)>a—r}
Each set S, € M, since f and g are measurable. Moreover,

[ €R: f(a) + 9(a) > a} = | 5.
reQ

which is a countable union of measurable sets, hence measurable. Thus f + g is measurable.

4. Product f - g: Using the identity:
1 2 2
frg=7 |0+ = -97]

and since sums, differences, and squares of measurable functions are measurable (as shown
above), it follows that f - g is measurable.
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5. Absolute value: For a > 0, we write:
{zeR:|f(x)|>at={zeR: f(x) >a}U{zeR: f(z) < —a}.
Each set on the right is measurable, hence |f| is measurable.

[ ]
Suppose f is a function. We define the positive part f* and the negative part f~ of f as
functions from € to [0, o] as follows:

| f(=) if f(z) >0,
IMw) = {0 it f(z) <0,

and
.. _Jo if f(z) =20,
I )_{f(:v) if f(x) < 0.
Note that
f=1r=r f=r+s.

Theorem 130 The function f is measurable if and only if fT and f~ are both measurable.

In dealing with sequences of measurable functions, it is often convenient to consider operations
such as suprema, infima, lim sup, liminf, and pointwise limits. These operations naturally lead us
to consider functions that may take infinite values. Therefore, it is useful—and often necessary—to
allow functions to take values in the extended real line, that is, to take the values 400 and —oo in
addition to the usual real values.

We denote the set of extended real numbers by:

R:=RU{—00,+o0}.

Definition 131 (Measurable Extended Real-Valued Function) Let f : E — R,
where E C R is a measurable set and R = R U {—o00,+00} denotes the extended real line.
We say that f is measurable (with respect to a o-algebra M) if the following conditions are
satisfied:

o For every a € R, the set
{reFE: f(zx)>a} e M.

o The sets
{reFE: f(x) =+c0c} and {z€FE: f(x)=—o0}

also belong to M.

Definition 132 Let E C R be a measurable set. A statement P(z) is said to hold almost
everywhere (a.e.) on E if

m({xz € E : P(x) does not hold}) = 0.
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In other words, the set where P(x) does not hold has measure zero. Note that any set with
outer measure zero also has measure zero, so using m* instead of m in this definition would
yield the same statement.

Theorem 133 If two functions f,g: E — [—o00,00] satisfy f = g almost everywhere on E,
and f is measurable, then g is also measurable.

In other words, modifying a measurable function on a set of measure zero does not affect its
measurability.
Proof. Let N ={z € E: f(x) # g(z)}. By assumption, N has outer measure zero, so m(N) = 0.
For any o € R, define

Ny ={x € N:g(x)>a} CN,

which also has measure zero since m*(N,) < m*(N) = 0.
Now, for each o € R, we can express the preimage ¢~ !((«, 00]) as

g7 (@, 00)) = (F (@, 00]) \ N ) U N,
Since f is measurable, f~!((a, cc]) is measurable, and both N and N, have measure zero. Thus,

g ' ((a,00]) is a union of measurable sets, making it measurable as well. This proves that g is
measurable. ®

Corollary 134 If f and g are measurable, then the sets {z : f(z) < g(x)}, {z : f(z) < g(z)}, and
{z: f(z) = g(x)} are also measurable.

Theorem 135 Let {f,(z)} be a sequence of measurable functions. Then the functions

1%f fu(x), sup fu(), hnIIiloIOlf fa(x), and limsup fy(z)

n—0o0

are all measurable.

Proof. Define g(x) = sup,, fn(z) and let a € R. Then we can express the set {z : g(z) < a} as
{z:g(@) <a} = ({z: fulz) <a}.
n=1

This set is measurable, as it is the countable intersection of measurable sets, each {z : f,(z) < a}
being measurable by the measurability of f,.

Now, let h(z) = limsup,,_,., fn(x). For h(z) < a (where a € R), it is true if and only if for
every n € N, there exists m > n such that f,,(x) < a. This can be written as

fe:h@)<a}= () U {e: fule) <a},

which is measurable as it is a countable intersection of countable unions of measurable sets.
The arguments for inf,, f,, and liminf,, . f, follow similarly and are left as an exercise. m
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A function is called a simple function if it takes only a finite number of values and can be
written as a finite linear combination of characteristic functions of measurable sets:

N
flx) = ZaiXAi(x)’ where A; € M.
=1

Here, xa(x) is the characteristic function of the set A, defined by:

1, ifxeA,
xa(z) =

0, otherwise.

Example: Let
f(x) = 2x00,2)(T) + 4x[2,4) (%) + IX[a,5) ().

Then f is a simple function defined on [0, 5], taking the values 2, 4, and 1 over disjoint intervals.

4+ o >
327 o o)
S
1 B------- o]
0 2 4 5
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Theorem 136 If f : Q — [0,00] is a Lebesque measurable function, then there exists a
sequence of non-negative simple functions (@) such that:

(i) ont1(x) > on(x) for alln € N and z € Q,
(%) limp_yo0 pn(z) = f(z) for all z € Q.

We write o, T f to denote that @, increases to f.

For each n € N, define the sets:

L (Ti—=1 .
Foi=1f 1<[ on ,2n>), ie{l,2,...,n2"},

Foso = f~'([n,00)) U £~ ({o0}),

and the simple function
n2™ .

1
()071 = Z 27’L XFn,z + nXFn,oo
1=1

Each ¢, is measurable because each interval {’2_—”1, i) and [n,00) is a Borel set.

G < Zin. Then either: - Z;} < fx) < gﬁ—ﬂ, SO
T € Foi12i-1 and opiq(2) = 52 = o (), - 53;} < f(x) < 9,802 € Fyp12i and @ p1(x) > on(2).

(ii) If f(z) < N for some N € N, then for all n > N there is an integer ¢ such that

(i) For any = € F,;, we have Sl < f(z) <
<

S <) < 5

1 —
omn

which implies 0 < f(z) — ¢n(z) < 5. Hence o, (z) = f(z).
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Lecture 5: Lebesgue Integral of Nonnegative Measur-
able Functions

We often work with functions that can take the value +o0o and sets with infinite measure. For this
reason, we adopt the following conventions:

a+o0o=00+a=o00 forac€]|0, o],

a-co=o00-a=o00 foraé€ (0,00,

0-co=00-0=0.

Integral of a Simple Function

Let f : E — [0, 00] be a simple measurable function, which means it takes only finitely many values.
Suppose these values are a1, ...,ay. For each j =1,..., N, define:

Aj={z e E: f(z) = oj}.

Then the Lebesgue integral of f over E is:

N
/ fdm = Zaj m(Aj).
E o

Alternatively, if f is written as a sum of characteristic functions:

n
f = Z ;X A;s
=1

then:

/ fdm = iaim(/li).
E i=1

Example: Define the function f: R — R by:

2, if —l<z<l,
3, if3<x<7,
-1, if —4<z< -3,

0, otherwise.

flx) =
Then:
/f(:c)dm:2-2+3-4+(—1)01:4+1271:.
JR

Integral of a General Nonnegative Function

Let f: E — [0,00] be any nonnegative measurable function. We define:

/Efdmzsup{/Ewdm’@65+(E),0§<p§f},

where ST(E) is the set of all nonnegative simple functions on E.
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Basic Properties
If f,g: FE — [0,00] are measurable, and A > 0, then:
o If f <g, then [ fdm < [, gdm.
o [pAfdm=X\[g fdm.
o If F C E, then [p fdm = [p fxrdm.
o If m(E) =0, then [ fdm =0.

Monotone Convergence Theorem

Theorem 137 Let f, : E — [0,00] be an increasing sequence of measurable functions (i.e.,
fi<fo<---), and let f(z) = lim, o0 fn(z). Then:

lim/ ndm:/ dm.

Idea of the proof: Since the sequence [ f, increases, its limit exists. Also, for any simple

function ¢ < f, eventually f, > ¢, so:
/E ¢ < lim /E -

Taking the supremum over all such ¢, we get the reverse inequality and conclude:

b e

This theorem justifies interchanging limits and integrals for nonnegative functions that grow

pointwise.
Note: Additivity of the integral over disjoint measurable subsets is not obvious and will be
proved using the Monotone Convergence Theorem.

Theorem 138 (Monotone Convergence Theorem) Let {f,} be a sequence of nonneg-
ative measurable functions in E such that f1 < fo < ... pointwise on E, and suppose fp, — f
pointwise on E for some f (which will also be a measurable functions is measurable). Then

lim/ ndm:/ dm.

Proof. Since fi < fo < ---, it follows that [ fi < [ fo < ---. Thus, [; f, forms a nonnegative,
increasing sequence, which ensures that the limit lim, o [ fn exists within the interval [0, co].
Additionally, because lim,_,~ fn(z) = f(z) for each x, we know f, < f for all n, implying that
Jg f (a finite value in [0, co]) must satisfy

Joan< [ r=gm [ <y

To establish the reverse inequality (i.e., [ f < limp—00 [ fn), we will show that [ ¢ <lim,_,o [5 fn
for every simple function ¢ < f, noting that eventually, f,, will exceed ¢.
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Let € € (0,1) be chosen as a “margin.” For any simple function ¢ = > 7" a;jxa; with ¢ < f, we
define the set
Bn={a € E: ful@) = (1 - )o(x)}.

Since (1 —¢€)¢p(x) < f(x) for all = (strict inequality holds as e is positive) and lim,, o fn(z) = f(2),
each z must belong to some F,,. Thus, we have

E,=FL.

fat

Moreover, because f; < fo < --- it follows that £y C FEs C ---, so the sets E, are nested by
inclusion. Now, observe that

/EfnZ/EnfnZ/En(l—e)qb:(l—e) (1—¢) Zaj (A; N Ey),

since the inequality holds on E,,, and the sets A; N E,, are measurable and disjoint. As E,, increases
to E, the sets E1 N A; C EaNA; C --- expand to cover A;. By the continuity of the Lebesgue
measure, we conclude that as n — oo,

m(Aj N En) — m(AJ)
Taking limits on both sides (noting that we have a finite sum on the right) gives, for all € € (0,1),
Jim Efn>nlggo1—ez;a] m(A; N Ey) 1—62% 1—e/¢
j

By letting € — 0, we obtain the desired inequality [ ¢ < lim, o [ fn. Combining this with the
initial inequality completes the proof. m

Theorem 139 (Fatou’s Lemma) Let {f,}>2, be a sequence of nonnegative measurable
functions on a measurable set . Then:

/ liminf f, dm < lim inf/ fndm.
E n—oo E

n—o0

Proof. We begin by expressing the pointwise lim inf using the identity:

imint /(o) = sup (juf fu(s)).

n>1

Define:
gn(x) := inf fr(z).

k>n

Then g, (x) is an increasing sequence of measurable functions (since g,(x) < gp+1(x)) and:

lim g,(z) = llnﬂ_l>géf fn(x).

n—o0

Now apply the Monotone Convergence Theorem:

/liminffndm: lim / gn dm.
E n—oo n—oo E



145

For each n, we know g,(x) < fi(z) for all k > n, so:

/gndmg/fkdm for all & > n.
FE E

Hence,

n < inf :
/Eg dm_l?zln/Efkdm

Now take the limit as n — oo on both sides:

nh_}rglo /E gndm < nh_)rr;o égi [E frdm = hnn_1> 1Oréf /E fndm.

Putting it all together:

liminf f,, dm < lim inf / fndm.
n—oo E

E T—00

This completes the proof. m
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Lebesgue Integrable Functions

Definition 140 (Lebesgue Integrable Function and Integral) Let E C R be a mea-
surable set, and let f : E — R be a measurable function. Define the positive and negative
parts of f as

fH(z) = max(f(2),0), f(z) = max(—f(z),0).

These are nonnegative measurable functions, and satisfy
f=fr=f, Ifl=f+f.

We say that f is Lebesgue integrable over E if

/E|f|dm=/Ef+dm+/Ef‘dm<oo.

In this case, the Lebesgue integral of f over E is defined as
/fdm::/ f+dm—/ f~dm.
E E E

Proposition 141 Let f,g: E — R be Lebesgue integrable functions. Then:

1. For any scalar ¢ € R, the function cf is integrable, and

[chdm:c/Efdm.

2. The sum f + g is integrable, and

/E(f+g)dm:/Efdm+/Egdm.

3. If A, B C FE are disjoint measurable subsets, then

/AUdem:/Afdm—i—/dem.

Proof. (1) Since |cf| = |c|-|f| and f € LY(E), we know |cf| € L'(E), so cf is integrable. Linearity

of the integral gives:
/ cfdm:c/ fdm.
E E

(2) By the triangle inequality:
sal<ifl+lgl = [ 1f+gldn< [ fldm [ jgldm < oo,

so f+g € L'(E). Using the decomposition f = f* — f~ and similarly for g, we get:

fHg=0UT+g")—(f"+9),
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and since all terms are nonnegative measurable functions, we apply linearity:

/E(f+g)dm:/jEerdm—i-/Engdm—/Ef_dm—/Eg_dm:/Efdm—i-/Egdm.

(3) Since A and B are disjoint,
XAuB = XA + XB-

Hence,
Ixaus = fxa+ fxs;

and since the product of a measurable function with an indicator function restricts the domain of
integration:

/Audem:/EfXAUBdm:/EfXAdm+/EfXBdm:/Afdm+/3fdm'

Proposition 142 Let f,g : E — R be measurable functions. Then:

[ tdm| < [ \f1dm.

2. If f = g almost everywhere and g € L'(E), then f € L*(E) and

/Efdm:/Egdm.

3. If f,g € LY(E) and f(z) < g(z) almost everywhere on E, then

/Efde/Egdm.

1. If f is Lebesgue integrable, then

Proof. (1) Since f = f* — f~, we have

‘/Efdm’:‘/Eerdm_/Efdm‘S/Ef+dm+/Efdm.

Using the identity |f| = f* + f~, it follows that

/E|f|dm:/Ef+dm—|—/Ef_dm.

(2) Since f = g almost everywhere, we also have |f| = |g| almost everywhere. Thus,

/|f|dm:/ gl dm < oo,
E E

so f is Lebesgue integralble. Also, f — g = 0 almost everywhere implies

‘/Efdm_/Egdm‘—‘/E(f—g)dm’S/Elf—gydm—o,
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which gives [ fdm = [ gdm.
(3) Define the function

h(z) = {g(f”) = f(z), ifg(z) = f(=),

0, otherwise.

Then A > 0, measurable, and h = g — f almost everywhere. Therefore,

/hdm:/(g—f)dm:/gdm—/fdmZO,
E E E E
which yields [p fdm < [pgdm. =

Theorem 143 (Dominated Convergence Theorem) Let g: E — [0,00) be a Lebesgue
integrable function. Suppose {fn} is a sequence of measurable functions f, : E — R such
that:

1. |fu(2)| < g(x) almost everywhere on E, for alln € N,
2. fo(x) — f(z) pointwise almost everywhere on E, for some function f : E — R.

Then f is Lebesgue integrable, and

lim/ ndm:/ dm.

Proof. Since |f,| < g and g is Lebesgue integrable, it follows that each f, is also Lebesgue
integrable. The pointwise limit f is measurable and satisfies | f| < g, so f is also Lebesgue integrable.

We aim to prove:
lim / fndm :/ fdm.
n— oo E E

Apply Fatou’s Lemma to the nonnegative functions g — fj,:

liminf(g — f,) dm < liminf/ (g — fn) dm.
n—oo E

E n—oo

Since f, — f pointwise, the left-hand side becomes [;(g — f) dm, yielding:

/E(g—f)dmSlmgf(/Egdm—/]Efndm).

Rewriting this, we obtain:

limsup/ fndmg/ fdm.
E E

n—o0

Similarly, apply Fatou’s Lemma to g + f:

/ liminf(g + f,)dm < lim inf/ (9 + fn) dm,
E T—00 n—oo E

which gives:

/E(g‘f‘f)dmSlinrr_lggf</Egdm+/Efndm).
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Rearranging:
/ fdm < liminf/ fndm.
E n—oo E

Combining both inequalities:

limsup/ fndm S/ fdm < liminf/ fndm.
E E n—oo E

n—00

Since lim inf < lim sup always holds, we conclude:

lim/ ndm:/ dm.



150 CHAPTER 4. LEBESUGE INTEGRAL

Proposition 144 Let (f,) be a bounded sequence of measurable functions on a set E with
finite measure m(E) < oo. If f,, — f almost everywhere on E, then the limit function f is

Lebesgue integrable and
lim / ndm :/ dm.

Proof. Assume there exists a constant M > 0 such that |f,(z)| < M for all x € E and all n.
Define g(x) = M, which is clearly Lebesgue integrable on E since m(FE) < oco. Then |f,(z)| < g(z)
for all n, and f, — f almost everywhere. The Dominated Convergence Theorem applies and yields
the result. Hn

Theorem 145 (Term-by-Term Integration of a Series) Let {f,} be a sequence of
measurable functions on a measurable set E. Then:

(i) The series of integrals of absolute values satisfies:

/ @w) dng/E\mdm.

Both sides may be infinite, or both are finite and equal.

(ii) If the right-hand side is finite, then each f, is Lebesgue integrable, the series

n=1

converges almost everywhere on E, and the sum defines a Lebesque integrable function

F. Moreover,
) dm = /nd.
()= e

Proof. (i) Define the function
G(x) =) |fal@)].
n=1

Since |fn(z)| > 0, the sequence of partial sums is increasing. By the Monotone Convergence

Theorem: -
Gdm = / nl dm.
/. > [

(ii) If G is Lebesgue integrable, then G(z) < co almost everywhere, so the series > o2 fn(z)
converges almost everywhere. Let F(z) = > °°; fn(z) denote the pointwise sum, and define the
partial sums

k=1

Then F,(z) — F(z) almost everywhere and

|Fu(@)] < D (@) < Glx).
k=1
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Thus, by the Dominated Convergence Theorem:

Fdm = lim F,dm = lim / dm = / dm.
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Riemann and Lebesgue Integrals

We now explore an important question: When is a function Riemann integrable? And how does
this relate to Lebesgue integrability?

Theorem 146 (Characterization of Riemann Integrability) Let f : [a,b] — R be a
bounded function. Then f is Riemann integrable if and only if it is continuous almost ev-
erywhere on [a,b]; that is,

f € R[a,b] <= m{x€la,b]: [ is not continuous at z}) = 0.

Intuition: A bounded function can be Riemann integrated as long as its discontinuities are
"rare"—specifically, they must form a set of measure zero. If the function is continuous almost
everywhere, the Riemann integral exists.

Key Fact: If f is Riemann integrable on [a, b], then:
e f is measurable,
o f is Lebesgue integrable,

o and the integrals are equal:

/b fx)de= [ fdm.
a [a,b]

We previously defined the notation f: f to mean the Riemann integral of f. However, since
the Riemann and Lebesgue integrals agree for Riemann integrable functions , we now redefine the

expression
b
[ f@a
a

to denote the Lebesgue integral.

Definition 147 (Lebesgue Integral Notation) Let f : (a,b) — R be a Lebesgue mea-
surable function. Then:

. f:f(x) dx or f[ff denotes the Lebesgue integral over (a,b),

Lﬂﬂwﬂwn=/;wfdm,

where m is the Lebesque measure.

e Ifa > b, we define the integral as

/abf:=—/baf,
LU=LV+£V

so that useful properties like

hold for any a < ¢ < b.
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Conclusion: Riemann integrable functions are also Lebesgue integrable. But the opposite is not
always true — some functions can be Lebesgue integrable but not Riemann integrable.

Example 148 (Lebesgue Integrable, Not Riemann Integrable) Define:

1, fzeQnio, 1],
f(x)_{o, if € [0,1\Q.

This function is not Riemann integrable because it is discontinuous at every point in [0, 1]. But it
is Lebesgue integrable, and we have:

/01 f(x)dx =0.

Improper Integrals

One advantage of the Lebesgue integral over the Riemann integral is that it can be defined over
unbounded domains, as long as the function is measurable.
However, this does not guarantee that the integral is finite. For example, consider the constant
function:
f(z)=1 forallzeR.

This function is measurable, but its Lebesgue integral over R diverges:

/Rf(m)dx:/Rldx:oo.

Thus, f is not Lebesgue integrable on R.

In contrast, the Riemann integral is only defined on bounded intervals. To handle unbounded
domains or functions, it must be extended using limits, leading to the concept of improper inte-
grals.

On bounded intervals, if a function is Riemann integrable, then its Riemann and Lebesgue
integrals agree. But on unbounded, the agreement may break down. In many cases, a function
that is improperly Riemann integrable is also Lebesgue integrable. However, this is not always
true. Below, we present examples that illustrate when the two approaches agree and when they
differ.

(i) Measurability of Improperly Riemann Integrable Functions

/aoof(x)dx

converges in the Riemann sense. Then f is Riemann integrable on every finite interval [a, b] for all
b > a. Since Riemann integrability implies Lebesgue integrability on compact intervals, it follows
that f € L'([a,b]) for all b > a.

Moreover, we can express f as the pointwise limit:

f(l’) = lim f(‘T) * X[a,n] ($),

n—oo

Suppose the improper integral

where X[q,,) is the indicator function of the interval [a,n]. Each function f - x[,,) is measurable,
and the pointwise limit of measurable functions is measurable. Hence, f is measurable on [a, o).
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(ii) Nonnegative Functions and the Monotone Convergence Theorem

Suppose f > 0 on [a,00), and the improper Riemann integral

/aoo f(z)dx

converges. Define the sequence of functions f, = f - X[4,n)- Then f, /' f pointwise, and by the
Monotone Convergence Theorem:

m /an f(z)dx = /:o f(x)dx. (11.27)

li
n—o00

/ fdm=lim [ fdm=
a,00)

n—00 [(17”]

(iii) Lebesgue Integrability Implies Convergence of the Improper Riemann Inte-
gral

Assume f € R(a,b) for all b > a, and that f € L!([a,00)). Then the improper Riemann integral

[° f(z) dz converges, and:
/ f(x)de = / fdm.
a [a,00)

Proof. Let (by) be a sequence such that b, — oo, and define f, = f - X[a5,- Then f, — f
pointwise, and |f,| < |f| € L'([a,0)). By the Dominated Convergence Theorem:

/[a,oo) fdm = lim fdm = lim /abn f(x)dx = /aoo f(z) d.

n—o0 [a,bn] n—oo

(iv) Absolute Convergence Implies Agreement of Integrals

Suppose f € R(a,b) for all b > a, and:

/;o]f(m)]dac < 0.

Then f € L'([a,0)), and by part (iii), the improper Riemann integral exists and:

/aoo f(z)dx = /[a’oo)fdm.

Conclusion

If both of the following improper integrals exist:

[ t@de and [T () de,

then the Lebesgue integral f[a o) f dm also exists and agrees with the improper Riemann integral.

 The convergence of [ f(z)dx implies f € R(a,b) for all b > a.

o The convergence of [ |f(x)|dz implies f € L([a, 00)).

Therefore,

/aoo f(x)dx = /[a’oo)fdm.
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Example 149 Consider some improper Riemann integrals and investigate whether they agree with
the Lebesgue integral.
1. Let consider the function f: (0,1] — R defined by

1
f(x)—ﬁ-

This function is improperly Riemann integrable over (0,1] with a value of 2. We now demonstrate
that it is also Lebesgue integrable over this region with the same value. Since f is continuous, it is
measurable, so asking if it is Lebesgue integrable is valid.

To compute the Lebesgue integral, let us define a sequence of functions f, where f, : (0,1] — R
s given by

fn =T A1

Here, f, is a pointwise increasing sequence whose limit is f. By the Monotone Convergence Theo-
rem (MCT), we have:

/ fdu= / lim f,dy = lim fndp = lim fdu.
(0,1] (0,1]

n—oo n—oo (071] n—oo [%71]

For any n € N, f is continuous on the compact domain [%, 1}, so the Lebesgue integral over this
interval equals the Riemann integral. Using the Fundamental Theorem of Calculus, we find

/ fd L g 2
= — ar = —_
2 T S Vi

Substituting into the earlier limit, we obtain

(QHfdM:nlLHc}o (2_\?5> :2:/01f(33)d$.

Thus, for this function, the improper Riemann integral agrees with the Lebesgue integral.
2. Consider the function f :[0,00) — R defined by

sin(z)

fz) =

Since f is continuous, it is measurable. To compute its Lebesgue integral, we decompose it into
positive and negative parts. Define sets E and F where f is non-negative and non-positive, respec-
tively:

forxz #£0, and f(0)=1.

E = U [(n—1)m,nr], F= U [(n—1)m, nn].
nede neN

The positive and negative parts of f are then given by:

_ sin(x)

() Ap@), f@) = -2 ),

To evaluate the entire Lebesque integral, we separately integrate these parts. Focusing on the positive
part f+, we split the domain into smaller compact intervals. Since f is continuous over each
compact interval in E (and hence Riemann integrable there), we can compute the Lebesque integral
as a Riemann integral. Since sin(x) is non-negative over each interval in E, we have:

/ I d,u:/ sin(x) dp — Z/ sin(z) .
[0,00) E T peny Jn—Dm T

n odd
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By approzimating the lower bound of sin(x) over each interval, we find

2 o
oy > / sm
/[O,oo)f H= Z —)m nm T

neN n=1
n odd

Howewver, this sum diverges to oo by comparison with the harmonic series. Similarly, the integral
of the negative part of f, namely f[o,oo) f~du, also diverges to oco. Therefore, we encounter an
indeterminate oo — oo case for the Lebesgue integral, implying that this function is not Lebesque
integrable.

On the other hand, if we use the Riemann integral, the unbounded domain requires us to apply
the concept of the improper Riemann integral. This improper integral can be defined as the limit of
the integral function I :[0,00) — R, given by

:/tf(a;)da: as t— oo.
0

For t > 1, we can apply integration by parts to compute I(t):

0= [ s [ g,

Applying integration by parts to the second integral, we get:

t

It):/olf(x)dx—i- {—mj:(@]l—/ltci?)dx.

/ [l COS( ) + cos(1) — /1t Cosg:n) dx.

This simplifies to

X

We observe that the Riemann integral fo f (:U) dx exists because the integrand f is continuous
over the compact interval [0,1]. Furthermore, the limits
cos(t) t cos(x)

lim =0 and lim
t—o0 t t—oo Jq 2

both exist. To check the improper Riemann integrability of the function f :[1,00) — R defined by

cos(z)
2

fz) =

X

over [1,00), we note that this function has mized signs, meaning we cannot directly apply the
comparison test. To proceed, we split f into its positive and negative parts. Specifically, we define
ftand f~:[1,00) = R as follows:

* =max(f,0), f~ = —min(f,0),

sothat f = f* — f~.
Both f* and f~ are non-negative and continuous. We can therefore apply the direct comparison
test to fT. Observe that

0< fH(z) <
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Since :%2 is tmproperly Riemann integrable over [1,00), as shown in Example 16.4.4(3), it follows

by direct comparison that the improper integral

/100f+(:c)d:v

exists. By a similar argument, the improper Riemann integral

/loof_(x)da:

also exists.

For any finite t > 1, we have

/ltf(a:)dx = /ltf+(x) dr — /lt [ (z)dz.

Applying the algebra of limits, we get:

7 e = g [ s@ydo = i ([ 5o [ @)
This simplifies to

Amf(x)dx:tg%lo/ltf"‘(x)dm— lim /ltf_(m)d:n,

t—o00

which exists because both limits on the right-hand side exist.

Thus, we conclude that the function f is improperly Riemann integrable over [1,00).

Therefore, by the algebra of limits, the improper integral

ggﬂwzémﬂwdr

exists. Hence, the function f is Riemann integrable over R in the improper sense, even though it

is not Lebesgue integrable.
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Lecture 9: Examples

Example 150 FEwvaluate
. L' nx
w Jy T4 nia?
Solution. For each n € N, define the sequence of functions

nx
1+ n2a22’

fn(2) r € [0,1].

Observe that as n — oo, fn(z) converges pointwise to 0 for all x € (0,1], since the term n?z? in
the denominator dominates as n becomes large, driving f,(x) towards 0. At x = 0, the function
value is also 0 for all n, so fn(x) converges pointwise to 0.

To understand the behavior of f,(x) on [0,1], we find the maximum value of f,(x). Taking the
derivative, we see that f,(x) attains its maximum at x = % FEvaluating f, at this point, we get

Thus,

1
up [f(x)] = 1.
z€[0,1]

showing that the convergence f, — 0 is not uniform on [0, 1].

Since the convergence is not uniform, we cannot interchange the limit and the integral directly
using properties of the Riemann integral. However, we can consider this as a Lebesgue integral and
apply the Bounded Convergence Theorem. Fach f,(x) is bounded and measurable, and f,(x) — 0
pointwise. Thus, by the Bounded Convergence Theorem,

n—oo

1 1 1
lim / fn(z)dr = / lim f,(x)dz = / 0dx = 0.

Example 151 In many problems, one often needs to use the following upper bound:
n
(1 + x) <eée”
n

n>1 and x> —n.

which holds for all

This bound must be proved; one cannot simply refer to a calculus or advanced calculus text where
this fact may have been mentioned.
To prove it, we take the logarithm of both sides in the inequality and convert it as follows:

nln<1+$) < zx.
n

Define t = = + 1, then t > 0 due to the condition x > —n. The inequality becomes
Int<t—1, Vt>0,

which is a well-known inequality that can be used here.
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Additionally, with a bit more effort, we can show that the sequence

n
an:<1+z>

is monotonically increasing in n for all n satisfying x > —n. To prove this, we treat n as a
continuous variable and take the derivative:

day, ( ( a:) x )
— =ap |(In({1+—-) - .
dn n T+n

Since a, > 0, we have dj—; > 0 if and only if

or equivalently,

n T x
ln<1+)§ .
r+n n r+n

In (1 + x) <2
n r+n
which implies the desired result for the monotonicity of a,,.

Fvaluate . "
lim <1 — x) e 2 dx.
n—oo 0 n

Proof. To express this limit as a Lebesgue integral, define the sequence of functions

ful@) = xiom(e)- (1-2) e,

n

Simplifying further, we find that

where X(o,)(x) s the characteristic function of the interval [0,n]. This gives us

/On <1 - z)ne_zx dx = /[0700) fn(x) dp.

Let’s analyze the behavior of fn(x) as n — oo. For a fized x,

x n
(1—) — e * asn — oo.
n
Therefore, fn(x) — e - e 2® = e73% pointwise on [0, 00).

Since f(x) converges pointwise to e3%, and f,(x) < e~ for all z € [0,00), we can apply the
Dominated Convergence Theorem, using g(x) = e~ as a dominating function, which is integrable
over [0,00). Thus,

lim fn(z)dp = / lim f,(x)dp = / e 3% da.
n—oo [0700) [0,00) n—oo [0,00)
FEvaluating this integral, we have
—3z]>®
/ e 3 gy = |- = }
[0,00) 3 ], 3

Thus,
n n 1
lim <1 — x) e dr = =,
0 3

n—00 n
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Example 152 Prove that

L /logx\? =1
dr =23 —
/0 (1—$> v ;::1”2

Solution. For every x € (—1,1), we have the power series representation

o0
= Z "
k=0

Differentiating both sides with respect to x, we obtain

(1_$ an

We can now express the integral as

L /logx
/()(1_56) dx—z / logx dx.

Let’s focus on evaluating each integral on the right-hand side.
When n = 1, the integral fol (logz)? dx is improper, as logz diverges at x = 0. For n > 1,
however, the integrals fol 2" Y(logx)? dx are Riemann integrals. In both cases, we use integration

by parts to evaluate the integrals, employing L’Hopital’s rule to handle any indeterminate forms.
Consider

1
/ 2" (log z)? dx.
0

Using integration by parts, set u = (logx)? and dv = 2" 'dz, giving du = 210%alnr: and v = ”C:

Then .
1 ogn]
[,
0 0 n

1 "
/ :U”_l(log ac)2 dx = —(log x)2
0 n

Evaluating the boundary term, we find

1
=0.
0

n

xr
g | 2
n(ogff)

This gives

1 2 rl
/ 2" Ylogz)?de = —= / z" log x dx.
0 0

n

Applying integration by parts again to fol " log x dx, with u = logx and dv = z"dx, we get du =
mn+1
Thus,

n+1 °
1 n+1 1 1gntl
/x”logmd:v: < log x —/ v - —dx
0 n—+1 0 o n+1 =z

%d$ and v =

The boundary term again vanishes, so we are left with

1

1
2" logxrdr = ———.
/0 s (n+1)2
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Substituting back, we find

Therefore,

1/ logx \? > 2 =1
I =D =2

This completes the proof.

Example 153 Prove that
1 ] o @] (71)77/
/0 sinzxlogx dr = g 2n(2n)”

n=1

We start by expanding sinx as a power series:
0 (_1)kx2k+1
(2k+1)!

sinxy =
k=0

Substituting this expansion into the integral, we get:

/1 ] | J /1 0 (_1)k$2k+1 | J
SINx logxr ar — E —_— ogxraxr.
0 s 0o \;= (2k+1)! &

Next, we justify the interchange of the sum and integral by checking the absolute convergence:

1 o© (_1)19.%.2k+110g.r 0o 1 1
dx = 7/ 2%+ log | d.
et e

We compute each integral fol 2?**t1og x dx using integration by parts. Setting u = logx and dv =
22k da, we find:

1 1
2k+11 de = — )
/O:c ogxdx e

Thus
(—1)kz?+1log x

(2k + 1)!

> 1

do = kgo 2k + D)I(2k + 1)

IOO
/Z 5 < 00.
0

k=0

By the Theorem of Term-by-Term Integration, we can interchange the sum and the integral:

/1 sinzlogz dr = i (_l)k/l 22 og z d.
0 par (2/{—!—1)! 0

o (=DF 1
_,;) (2k +1)! ((2k+2)2)'

Simplifying, we obtain:
/1 sinxlogx dr = io: (_1)k
0 BT 2 opak)




