Chapter 9:

One- and Two-Sample Estimation

Problems
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» Statistical inference may be divided into two major

areas: estimation and tests of hypotheses.

* Suppose we have a population with some unknown
parameter(s).

Example: Normal(u,o)

1 and o are parameters.

 We need to draw conclusions (make inferences)

about the unknown parameters.

* We select samples, compute some statistics, and

make inferences about the unknown parameters based

on the sampling distributions of the statistics.




Statistical I“e ence

(1) Estimation of the parameters (Chapter 9)
— Point Estimation

— Interval Estimation (Confidence Interval)
(2) Tests of hypotheses about the parameters
(Chapter 10)
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R AT

Classi’cé tethods of Estimation

Point Estimation:

A point estimate of some population parameter 6 Is a
single value 6 of a statistic ®. For example, the value
x of the statistic X computed from a sample of size n

IS a point estimate of the population mean p.
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Note:

An estimator IS not expected to estimate the

population parameter without error. We do not
expect X to estimate u exactly, but we certainly

hope that it Is not far off.

503 STAT



m (Confidence Interval =ﬂ

An interval estimate of some population parameter 0 1s an
interval of the form (6, .6,,), i.e, 6, <0<, . This interval
contains the true value of 0 "with probability 1-a", that 1s
P(0,<0<6, )=1-a.
¢ (0,,6,)=0,<0<6, is «called a (1-0)100%
confidence iterval (C.1.) for 0.

e 1—a 1s called the confidence coefticient
e 0, = lower confidence limit

e 0,,= upper confidence limit
e 0=0.1,0.05,0.025,0.01 (0<a<1)
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* E(X)=py=p

o Var(f):o'% -

tfn;

H_N(0,1)

X —
o/In

(6° is known) | H |
X - (1-)100% C. |. for n
o /= ~ t(n—1
s*/f (1)
(o” is unknown)
e We use the sampling distribution of X to make
inferences about L.

o /=
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—L/2
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Notation: "
7, is the Z-value leaving Z~N(0O,1)
an area of a to the right;

i.e., P(Z>Z,)=a 1-a
or equivalently,
P(Z<Zy)=1-a

O
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Point Estimation of the Mean ( 0

2 Xi

n

The sample mean X = is a "good"

point estimate for p.
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jon (Confidence Interval) OF"
the Mean ()
(i) First Case: g is known:

Interva

Result:

If ¥= %X /n 15 the sample mean of a random sample of size n
=

from a population (distribution) with mean 1 and known
variance o*, then a (1-0)100% confidence interval for i is :
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—_— J —_—
(X—-Z,—&— ., X+Z, )
« In « In
~ o2
< X+Z, ——
S n
@Y—Zai<,u< Y+Zm_,i
2 V7 2V

where Z_, 1s the Z-value leaving an area
2
of a/2 to the right; 1.e., P(Z>Z_, )=a/2, or
2
equivalently, P(Z<Z_, )=1—-a/2.

2
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We are (1—a)100% confident that
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The average zinc concentration recorded
from a sample of zinc measurements in 36
different locations iIs found to be 2.6
gram/milliliter. Find a 95% and 99%
confidence interval (C.1.) for the mean zinc
concentration In the river. Assume that the
population standard deviation is 0.3.
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u=the mean zinc concentration in the river.
(unknown parameter)

Population Sample
u=2? n=36
6=0.3 X=2.6

First, a point estimate for pis X = 2.6
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(a) We want toind 95% C.1. for p.

o="7?
95% = (1—a)100%
< 0.95=(1-0)

< 0=0.05 © o/2 = O 025

s N(01)

0.025 :’ ‘: 0.025
ZO 975 Z0025
=—"20.025 =1.96

= -1.96
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Z, = 20025
>

S rﬁf’_

= 1.96
A 95% C.I. for u 1s
Yizj%
@Y—ij;<y< X+ij;
0.3 0.3
< 2.6—(1.96) — |<u< 2.6+ (1.96)] —
196] G |e < 26+ 0.96( 32

= 2.6-0.098 < 11 < 2.6 +0.098
2502 < 1 < 2.698
(2,502 ,2.698)

We are 95% confident that p €( 2.502 , 2.698).



\\x
=

~ (b) Similarly, we
2471 <nu<2.729
& 12471, 2.729)

We are 99% confident that un €( 2.471 , 2.729)
Notice that a 99% C.I. is wider that a 95% C.I.
See Ex 9.2 on page 271
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If X is used as an estimate of p, we can then

be (1-0)100% confident that the error (in

. . . o
estimation) will not exceed 7, I
5 4
Error
X —Zy20/\/n X H X + Zyp 0/ NN
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max error of estimation = 7

(1—0)100% confidence.
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Example®

In the previous example, we are 95%
confident that the sample mean X = 2.6
differs from the true mean p by an amount
less than

4 =(1.96)] —— |=0.098
Sl ( )( 36)

\\,,
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Theorem _

If X is used as an estimate of p, we can then be
(1-0)100% confident that the error (in estimation)

will not exceed a specified amount e when the sample

Size 1S
/ \ 2
O
n=\,/_ —
(&

\

¢
2

/
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When solving for the sample size, n, we
round all fractional values up to the next
whole number. By adhering to this principle,
we can be sure that our degree of confidence

never falls below 100(1 — a)%.
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How large a sample iIs required In the previous
example If we want to be 95% confident that our

estimate of u is off by less than 0.05?
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Solution: "
We have 6=0.3, Z =196, =0.05. Then by Theorem 9.2,

2

\2
(l 96 xﬁ] =138.3%139

0.0

n=\/

¢
2

0)
€

Therefore, we can be 95% confident that a random sample of

size n=139 will provide an estimate X differing from i by an
amount less than ¢=0.05.
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Imation (ConfiM

Interval) of the Mean (i)

(ii) Second Case: ¢4 is unknown:

Recall:
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Result: _

I[f )= f Inand § \/ (X X) [n-1) are the sample mean
il =

and the sample standard deviation of a random sample of size
fro.n a normal population (distribution) with unknown variance

0" then a (1-01)100% confidence interval for s :
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rval on u, 6% Unknown

If x and s are the mean and standard deviation of a
random sample from a normal population with
unknown variance ¢?, a 100(1—-a)% confidence

Interval for u IS

- S - S
£r — tL’IXQ—; << x—l_tcx/Q

Y Vi’

where £,/ 13 the t-value with v = n — 1 degrees of freedom, leaving an area of
a/2 to the right.
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Example”

The contents of 7 similar containers of sulfuric acid
are 9.8, 10.2, 10.4, 9.8, 10.0, 10.2, and 9.6 liters. Find

a 95% C.I. for the mean of all such containers,

assuming an approximate normal distribution.

503 STAT



n=7 X=SX./n=100
i—1

S = \/%(Xf _ X)) f(n—1)=0.283
i=1

First, a point estimate for pis X = S X /n=10.0
i=1
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NWnﬁdence interval for uq
o="7?

95%=(1-0)100% < 0. 95=(1—-a) © 0=0.05 &
a/2=0.025

t, =toos =2.447 (with v=n—1=6 degrees of freedom)

2

0.025
!
0 —> t0,025:2.447
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0.283
V7

< 10.0-0262< 1 <10.0+0.262

< 9.74< <1026

& e(9.74.10.26)

We are 95% confident that p €( 9.74 , 10.26).

< 10.0 - (2.447)[

]< 1< 10.0+ (2.447){

"



| A

r of a Point Estimate

Notes:

e Note: a (1-a)100% C.I. for u, when o° is known, is

fiZai:fiZas.e(f).
5\/5 2

o Note: a (1-01)100% C.I for y, when ¢~ is unknown and
the distribution is normal, 1S

X+I(IT—X tse(X) (v=n-1 df)
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stimating the DM

between Two Means (uq — uz)

Recall: For two independent samples:
® Uz g, =M — M, =E(X -X,)

2 2
® O-Xl_fz_n__l_n__Var(Xl_Xz)
1 2
Xl_XZ Xl_Xz n] nz

o Z:(Xl_fz)_(ﬁﬁ_#z)m

N(0,1)
\/ of | o3

—_I_—
n 5
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Point Estimation Of (,Lll == ,le)

X, - X, 1s a "good" point estimate for [1;—Ll,.
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terval of (uq — MzF

(i) First Case: o7 and o; are known:
o 7 — (Xl _XZ)_(/ul _#Q)MN(O,I)

of 03
_I_
n n,
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0'12 0'22
+

nooon

) )
o i)
X, -X,)-Z \/ L, 2<,u1—,u2<(X1—X2)+Za\/

n n
1 2 2

D
or (X, _Xz)iza\/alJ“Gz

S\

D b 2 2

_ o 05 = = o, O

or (X1—X2)_Za\/_l+_2;(X1_X2)+Za\/ bt
S\ n SV
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- 2
(ii) Second Case: 0=0,=6" is unknown:

o If o7 and o7 are unknown but o7=c3=0", then the

pooled estimate of 6° is
(1 =DS} +(,=DS;

Sf):
m 41, =2

where S; is the variance of the 1-st sample and §; is the
variance of the 2-nd sample. The degrees of freedom of §;

1S V=1 1+n2—2.
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a (l—a)IOO%«C:Odence interval for py—p, 1s

— — S2 Sz S2 S2
(XI_XQ)_ta p+ p<ﬂ1—ﬂ2<(fl—fz)+[‘a p_|_ P

SV T no N,

or
L1 11
5 nl n2 5 Hl }12

or (X\-X,)+1,S, l+i
5 o 1

or ()?1 _yz)—fa Sp\/l-l-l, (z\_’1 —1?2)4—1‘0: Sp\/l-l—1

E nl n2 5 nl n2 |

where 7, 1s the t-value with v=n,+n,-2 degrees of freedom.
2
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a(Eirst Case

An experiment was conducted in which two types of
engines, A and B, were compared. Gas mileage in miles
per gallon was measured. 50 experiments were conducted
using engine type A and 75 experiments were done for
engine type B. The gasoline used and other conditions
were held constant. The average gas mileage for engine A
was 36 miles per gallon and the average for engine B was
42 miles per gallon. Find 96% confidence interval for ug
— U, Where u, and ug are population mean gas mileage
for engines A and B, respectively. Assume that the
population standard deviations are 6 and 8 for engines A
and B, respectively.
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ﬂ

~

Engine A4 Engine B
1npA=50 7S
ra3e X =42

o Op=3

A point estimate for ug — iy IS

XB_XA:42_36:6
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-

~ Confidence mterval:

o="77

6% = (1-0)100% < 0. 96 = (1-0) < 0:=0.04 & 01/2 = 0.02

Z, =Lypn = 2.05
2
A 96% C.I. for pg—p1418
_ o; O v g O-A
Ap=A )Ly |+ <py=-py <Ay =X )+Z,
7 nB HA 9 nB nA
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2 2 b
2

np 1Ny

87 67
75" 50

64 36
73 50

(42-36)+ Z, OQJ

6+ (2. 05)\/
6+ 2571
3.43 <ug—uy <8.57

We are 96% confident that ug — u, €(3.43, 8.57).
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le™Second Case

To compare the resistance of wire A with that of wire
B, an experiment shows the following results based on
two Independent samples (original data multiplied by
1000):

Wire A: 140, 138, 143, 142, 144, 137

Wire B: 135, 140, 136, 142, 138, 140

Assuming equal variances, find 95% confidence
Interval for u, — ug Where u,(ug) 1s the mean
resistance of wire A(B).

503 STAT



~ Solution:

Wire 4 Wire B
HA:6 72]326

X ,=140.67 X ,=138.50

S* =7.86690 S*x=7.10009

A point estimate for u, — ug Is

X, — Xz = 140.67-138.50 = 2.17
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95% = (1-0)100% < 0. 95 = (I-a) © 0=0.05 & /2 = 0.025
v=df=ntnz-2=10
[, =tous = 2228
2
n, =085 +(np -1)S3
ny+ng—2
(6-1)(7.86690) + (6~ 1)(7.10009)
6+6-2

_ (¢l _ _
s, _\/g _ 7483527356

1 _(
5, =

=7.4835
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A 95% C.IL for pLy—ip is _I

(X, -X . > - Il
(A= Xp) =1 Sp\/ T <auA_qu<(XA_XB)+tSp\/ -

(04

¢
2

or (‘YA_‘YB)ifO_, Sp\/l N |
B ny 1nNp

(140.67 —138.50) £(2.228)(2.7356) é + é

2.17+3.51890

—1 35< Ls—Ug < 569

We are 95% confident that u, — ug € (—1.35,5.69)
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of a Proortm

ale: Estimating

Population Sample
of Size n

Success
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= ~ - - P
e
i
e <
B o
- . T — 4

.p = Population poportion of successes (elements of Type 4) in

the population
A no.of elements of type A in the population
" A+B Total no. of elements

1= sample size
X=no. of elements of type 4 1 the sample of size ».
p = Sample proportion of successes (elements of Type 4)

the sample
X

n
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Recall that: | ‘ ' ‘

(I) X~ Binomal (n, p)
2) E(h)=EC)=p

. X
(3) Var(p)=Var(=)=+1 1g=1-p

(4) For large n, we have
» ~N(p,.[*1)  (Approximately)
n

7=L=F _N(0,1) (Approximately)
pq
n
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mt\imaﬁon forp

A good point estimator for the population
proportion p Is given by the statistic (sample

proportion):
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Result:
For large n, an approximate (1—a)100% confidence
Interval for p Is :
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In a random sample of n =500 families owing
television sets In the city of Hamilton, Canada, it
was found that x = 340 subscribed to HBO. Find
95% confidence interval for the actual proportion

of families in this city who subscribe to HBO.
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mnof Ilies in this city who subscribe
to HBO.

n = sample size = 500

X =no. of families in the sample who subscribe to
HBO. = 340

= proportion of families in the sample who

340

subscribe to HBO =X 340 _ 0.68
n 500

§=1—p=1—0.68=0.32

>



Now,

95% = (1-0)100% < 0. 95 = (1—a) © a=0.05
< o0/2 =0.025

Za = Lggzs = 1.96

2
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(0.68)(0.32)

500
0.68% 0.04

0.64<p <0.72

0.68+1.96 \/

We are 95% confident that p € (0.64,0.72).
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y
A

dles: Estimating the Differen.
betwee /0 Proportions

: 1-st Random Sample
1-st Population of szie = N4

Type A

Others | ——=> Others
n4=X4

N

independent
£

2-nd Random Sample

2-nd Population of szie=no

Type A

Others | ——=> Others
n2—Xp
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Natwe nave two populations:
¢ )= proport1ono the 1-st population.

o .p, = proportion of the 2-nd population.

o We are mterested m comparing p; and p,, or equivalently,
making inferences about p— p,.

o We independently select a random sample of size n; from

the 1-st population and another random sample of size n,
from the 2-nd population:

o Let X, =no. of elements of type A in the 1-st sample.
X1~Bin0mial(n 1, Pl)
E(Xy)=n1 p

Var(Xy)=m prq1  (¢1=1-p1)




o Let X, =no. of elements of type A in the 2-nd sample.
X2~Bin0mial(n2, pz)
E(Xy)=m ps
Var(XoJ=m p2qx  (¢2=1-p2)

* D= % = proportion of the 1-st sample
l

. X .
o p, =2 =proportion of the 2-nd sample
)
o The sampling distribution of p,-p, 1s used to make

inferences about p— p,.
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- Results:
(1) E(py=py)=p, -,

(2) Var(ﬁl _ﬁz):p;% +p;q2 ¢ =1-p,q,=1-p,
| )

(3) For large n, and n,, we have

~ A p q p q ‘
=N P P22 (approimtcy)
1 2

Z:(ﬁ’l - D))= (p - D)) N

P14 s Py 9>
n 1

(0,1) (Approximately)
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mtk)n for P1 — pz(

A good point estimator for the difference
between the two proportions, p; — vy, IS

given by the statistic:
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Confi terval for p; — p,

Result:
For large n{ and n,, an approximate (1—a)100%
confidence interval for p; — p, IS :

(py—p) £ Z. \/Pl% +P29’2
PO G )
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A A A A — — \
h=h)-L, \/p;fl L G- jy) 4, \/Wh s
7 l 2 N

\ : /
I

Wi e R
(Pl‘Pz)‘ZaJ R 2<P1‘P2<(P1‘P2)+ZaJ L, A
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Example

A certain change In a process for manufacture of
component parts iIs being considered. Samples are
taken using both existing and the new procedure to
determine If the new process results In an
Improvement. If 75 of 1500 items from the existing
procedure were found to be defective and 80 of
2000 items from the new procedure were found to
be defective, find 90% confidence Interval for the
true difference In the fraction of defectives between
the existing and the new process.
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Solution ™.
», = fraction (proportion) of defectives of the existing process
D, = fraction (proportion) of defectives of the new process
p,= sample fraction of defectives of the existing process

p,= sample fraction of defectives of the new process

Existing Process New Process
n, = 1500 n, = 2000
X,=75 X,=80
. X, T5 . X, 80
=1 ~0.05 _ 22 —0.04
P T 1500 P 72000
g; =1-0.05=0.95 g, =1-0.04=0.96
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= 7»,,

Point Estimation fc .
A point estimator for the difference between the
two proportions, p; — v, IS:
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Ceaterval for p; — p,:
A 90% confldenc mterval for p; — p,Is :

(P — pr) £ Z,, \/Pl% +P2Q2
2

n 5

~ ”~

D1q n PrYq-
m 1

(P1— P2) £ Zy s \/

(0.05)(0.95) . (0.04)(0.96)

1500 2000
0.01+0.01173

—0.0017 <p;—p, <0.0217
We are 90% confident that p; — p,€(—0.0017, 0.0217).

0.01 £1.645
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Since 0€90% confidence Interval=(—0.0017,
0.0217), there Is no reason to believe that the
new procedure produced a significant
decrease In the proportion of defectives over
the existing method (p; — p,~ 0 © p; = py).
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