CHAPTER 6

Using Sample Data to Make Estimations
About Population Parameters




6.1. Intro __
Statistical Inferences: (Estimation and Hypotheses Testing):
It is the procedure by which we reach a conclusion about a
population on the basis of the information contained in a
sample drawn from that population.

There are two main purposes of statistics:

e Descriptive Statistics: (Chapter 1 & 2): Organization &
summarization of the data.

e Statistical Inference: (Chapter 6 and 7): Answering
research questions about some unknown population
parameters.



(1) Eétihiation: (chapter 6)

Approximating (or estimating) the actual values of the unknown

parameters:

- Point Estimate: A point estimate 1s single value used to
estimate the corresponding population parameter.
- Interval Estimate (or Confidence Interval): An interval

estimate consists of two numerical
of values that most likely includ

values defining a range
es the parameter being

estimated with a specified degree o
(2) Hypothesis Testing: (chapter 7)

" confidence.

Answering research questions about the unknown parameters of
the population (confirming or denying some conjectures or
statements about the unknown parameters).



6.2. Confidence Interval

for a Population Mean ()
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- (i) Point Estimation of p: l

A point estimate of the mean 1s a single number used to
estimate (or approximate) the true value of 4 .

- Draw a random sample of size n from the population:
- XXy X,
- Compute the sample mean: X = Ein

N

Result:

The sample mean E:lzﬂ“x, 1s a "good" point estimator of the
el

population mean ().



(ii) Confidence Interval (Interval Estimate) of y:
An mterval estimate of 4 1s an iterval (L,U) contaming

the true value of # "with a probability of 1-a".

* 1-a =5 called the confidence coefficient (level)
* L = lower limit of the confidence interval
* U= upper limit of the confidence interval




e case when o is known)

-"(')Llf X, X,...,X, 1sarandom sample of size n from a n
distribution with mean # and known variance o~ ,

(b) If X,,X,...,X 1sarandom sample of size n from a non-

normal distribution with mean # and known variance o’

if the sample size  is large (> 30),

,and then:

A (1-&)100% confidence interval for u is:
X+7

1__




- MW@ are (1-a)100% conﬁdent that the true value of y belongs -

» to the interval (X -Z X+7
o T JE)

2

« . ey 0]
2. Upper limit of the confidence interval = X+Z , T
2
0
3. Lower limit of the confidence interval = X~Z , T
2

4. Z . = Reliability Coefficient

2

o T = margin of error = precision of the estimate

6. In general the interval estimate (confidence interval) may be
expressed as follows:

1-=

estimator * (reliability coefficient) x (standard Error)

estimator + margin of error




6.3. The t-DiStribution:

(Confidence Interval Using t)




Result: (For the case when ¢ is unknown + normal population)
If X,X,...,X 1sarandom sample of size n from a normal

distribution with mean ¢ and unknown variance o* , then:
A (1-2)100% confidence interval for # is:

X ﬂl_ﬁ o

| ]

- S = §
[Xf S o _]

where the degrees of freedom 1s:
df=v=n-1.



). O = ﬁ (estimate of the standard error of X)

3. 1 o =Reliability Coefficient

2

4, In this case, we replace 0 by § and Z by t.
5. In general the interval estimate (confidence interval) may be
expressed as follows:

Estimator & (Reliability Coefﬁcient) (Estimate of the Standard Error)

X +1

-
2

X




Example:
Suppose that Z ~N(0,1). Find Z , for the following cases:

{ms
2

(1) a=0.1 (2) =0.05 (3) a=0.01 |
Solution:
(1) For a. =0.1:

1-%:1-%:0.95 = 7, =Zs=1645

-
2

(2) For o =0.05:

1—%:1-?:0.975 => I, = Zo975 = 1.96.
2

(3) For a =0.01:
1—%:1-%:0.995 = 7 . =Zyes= 2575

Z -table
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Example:

Suppose that t ~ t(30). Find /. « for o0 =0.05.

e

Solution:

df=v=30
o 0.05

I-Ezl——2-=0.975 = t_g:t0'975:2.0423

to) /£

T
5 5
-
-~




O —— :
Example: (The case where ¢° is known) 1
Diabetic ketoacidosis 1s a potential fatal complication of
diabetes mellitus throughout the world and is characterized in
part by very high blood glucose levels. In a study on 123
patients living in Saudi Arabia of age 15 or more who were
admitted for diabetic ketoacidosis, the mean blood glucose level
was 26.2 mmol/l. Suppose that the blood glucose levels for such
patients have a normal distribution with a standard deviation of
3.3 mmol/l.
(1) Find a point estimate for the mean blood glucose level of
such diabetic ketoacidosis patients.
(2) Find a 90% confidence interval for the mean blood glucose
level of such diabetic ketoacidosis patients.




o’ 1s known (¢” =10.89)

X ~Normal( #, 10.89)

# =177 (unknown- we need to estimate /)
Sample size:  n=123 (large)

Sample mean: X =26.2

(1) Point Estimation:
We need to find a pont estimate for .

X =26.2 1s a point estimate for 4.
1% 262




= (2) Interval Estimation (Confidence Interval = C. L.):
N We need to find 90% C. I. for #.
90% = (1-a)100%

l—g=09&a=0]& %:0.05 & 1—-%:0.95

The reliability coefficient1s: Z =7, = 1.645
)
2
90% confidence nterval for 4 1s:

X% o T4z ai]

-2 Jn -2 Jn

(26.2 -(1 .645)£ ,26.2+ (1.645)£J

123 J123
(26.2-0.4894714 , 26.2+0.4894714)

(25.710529 , 26.689471)
We are 90% confident that the true value of the mean u lies in
the interval (25.71 , 26.69), that is:
25.71< 1 <26.69




Example: (The case where o’ is unknown)

A study was conducted to study the age characteristics of
Saudi women having breast lump. A sample of 121 Saudi
women gave a mean of 37 years with a standard deviation of 10
years. Assume that the ages of Saudi women having breast
[umps are normally distributed.

(a) Find a point estimate for the mean age of Saudi women
having breast lumps.

(b) Construct a 99% confidence nterval for the mean age of
Saudi women having breast lumps




X ~Nbrmal(ﬂ, c;z) | II

=77 (unknown- we need to estimate /)
o’ =77 (unknown)
Sample size:  n=121

Sample mean: X =37

Sample standard deviation: S =10
Degrees of freedom: df =v =121 - 1= 120

(a) Point Estimation: We need to find a point estimate for 4.

X =37 isa"good" point estimate for 4.
1~ 37 years




find 99% C. 1. for M.
99% = (1-2)100%
l-a=09a=00] &
v=df=120
The reliability coefficient 1s: ¢

4
2

(b) Interval Estimation (Confidence Interval = C. .): Wenem.

%:0.005 = 1-%:0.995

=l 05 = 2.617

99% confidence interval

374(2.617) —

(37-2.38,37+2.38)

for 4 1s:

S

—

1—% \/E

10

Xtt

121
37+2.38

(34.62 , 39.38)




6.4. Confidence Interval for

the Difference between Two

Population Means (p{—,)




‘vguppose that we have two populations:

o 1-st population with mean yi, and variance 6,

e 2-nd population with mean (I, and variance o,

e We are interested in comparing [, and L, or
equivalently, making inferences about the difference
between the means (W,—l).

o We independently select a random sample of size n; from
the 1-st population and another random sample of size n,
from the 2-nd population:

o Let X, and S be the sample mean and the sample

variance of the 1-st sample.
o Let X, and §; be the sample mean and the sample

variance of the 2-nd sample.
o The sampling distribution of X,-X, is used to make

inferences about [,—|L,.




g Recall:

. p—

-—

[. Mean of X, - X, is: Hy g = Mt
' T = 2 . 0.12 0'22
2. Variance of X, - X, 1s: O%g = t—
noon
1 2
3. Standard error of X, - X, 1s: Oz 3 =, t—
1742 SN

4. If the two random samples were selected from normal
distributions (or non-normal distributions with large sample

sizes) with known variances 0'12 and 022 , then the difference
between the sample means (X, - X,) has a normal distribution

with mean ( 4, - t4,) and variance ( (0, /n,)+(0; /n,)), that is:




Point Estimation of p;—l,:
Result:

X, - X, is a "good" point estimate for p,~l,.




Interval Estimation (Confidence Interval) of p—1l;:

We will consider two cases.
(i) First Case: of and o, are known:

If of and o7 are known, we use the following result to
find an interval estimate for (-1,

Result:
A (1-0)100% confidence interval for w1, is:
(X, - X))+ Zl__ 0% %,
2
2 2
(X,-X)+z |42
Symon

[2 2 5
(f1_fz)_z a 0._14‘0.—2 <py =y < (X X )—|—Z CT_+O'_2
2mom =\n n

Estimator + (Reliability Coetticient) x (Standard Error)




» (ii) Secon;l Case: E— |

Unknown equal Variances: (o{=0; =0" is unknown):
If o> and o are equal but unknown (o?=02=0", then the

pooled estimate of the common variance o” is
(m ~1)S} +(n, ~1)S;

2 _
SP_

where S is the variance of the I-st sample and S, is the

variance of the 2-nd sample. The degrees of freedom of Sf? IS
df=v=n+n-2.

We use the following result to find an interval estimate for

W—-1, when we have normal populations with unknown and
equal variances.




| .

" Result:
A (1-0)100% confidence interval for p -, 1s:
- - SZ SE
(X,-X,)tt , [-F+-+
oo h
_ §: 8 - gt 8
(X,-X,)-t , |—=++5, (X, -X)+t , [F+-+
) \”1 h, SoNmom
where reliability coefficient ! . is the t-value with
2
df=v=n,+n,-2 degrees of freedom.




An experiment was conducted to compare time length

Example: (1" Case: o7 and o7 are known)

(duration time) of two types of surgeries (A) and (B). 75
surgeries of type (A) and 50 surgeries of type (B) were
performed. The average time length for (A) was 42 minutes and
the average for (B) was 36 minutes.

(1) Find a point estimate for p,—fiz, where iy and pip are
population means of the time length of surgeries of type (A) and
(B), respectively.

(2) Find a 96% confidence nterval for p,~pp. Assume that the
population standard deviations are 8 and 6 for type (A) and (B),
respectively.



Surgery Type (A) Type (B)

Sample Size ny =75 ng=1350

Sample Mean X, =42 Xp=36
Population Standard Deviation 5, =8  g5=6

(1) A point estimate for [~ 1s:
X,-X, =42-36=6.




o=177

A 96% C.L for p— 1s:

0_2

) i
2\ 1y

8° 6
6iZm 7—5"+“5—0

64 36
61(2.035) ,|—+—
75 30

612578

(XA _‘YB)J—FZ o _A+_B

3.422 < i~ < 8.58

96% = (1-0)100% < 0. 96 = (1-0) & 0:=0.04 & /2 = 0.02
Reliability Coefficient: £ « =Zyg5 = 2.055
2

= o~ (2) Finding a 96% conﬁdencé interval for [L~pp: 1




Example: (2™ Case: o

’=¢; unknown)

To compare the time length (duration time) of two types of
surgeries (A) and (B), an experiment shows the following results
based on two independent samples:

Lype 4:
Type B:

140, 138, 143, 142, 144, 137
135, 140, 136, 142, 138, 140

(1) Find a point estimate for —wp, where (1, (1) 1s the mean

time length of type 4 (B).

(2) Assuming normal populations with equal variances, find a
95% confidence interval for p—[13.




First we calculate the Iﬂean and the variances of the two
samples, and we get:

Surgery Type (A) Type (B)
Sample Size ny=06 np=06

Sample Mean X ;= 140.67 X,=138.50

Sample Variance S’ =787 §%,=7.10

(1) A point estimate for [~z is:
X, -X,=140.67-138.50=2.17.




= (2) Finding 95% Confidence interval for p—L:

95% = (1-01)100% & 0. 95 = (1-01) & 0:=0.05 & /2 = 0,025 ‘

df=v=ngtnz-2=10
Reliability Coefficient: & = tog7s = 2.228

2
62 _ (ny=1)S +(ng —1)S;
P
ny+np-2
~(6-1)(7.87)+(6-1)(7.1)
= 162 =1.485

A 95% C.L for p—piz 1s:

_—

(X,-X,)tt  |-2+-L

a

=o\ny g

2.17+(2.228) \/ 7'?5 + 1485

21T+3.519
-1.35< p~pp < 35.69




Note: Since the confidence interval includes ze’ro, we conclude
that the two population means may be equal (u,~Uz=0 &

ws=ug). Therefore, we may conclude that the mean time length
1s the same for both types of surgeries.




6.5. Confidence Interval for

a Population Proportion (p)




——

Recall:
For the population:

N (A)_: number of elements in the population with a

specified characteristic “A”
N = total number of elements in the population
(population size)
The population proportion 1s:
_N(4)
N

p (p 1s a parameter)




For the sample:

n(4)=number of elements in the sample with the same

characteristic “A”
n = sample size
The sample proportion 1s:

n(A)

p= T (}3 1s a statistic)




— . The sampling distribution of the sample proporm-
*  used to make inferences about the population proportion (p). |

.Themeanof(ﬁ’)is: H; =D

A 1-
. The variance of (2 ) 1s: U; = A . p)
. The standard error (standard deviation) of (13 ) 18:
p(l-p)
0= .

. For large sample size (7 >30,np > 5,n(1- p) >5), the sample
proportion ( D) has approximately a normal distribution with

mean #; = P and a variance Jﬁ =p(l-p)/n, thatis:

: p(l-p)
p~N [p T } (approximately)

7-—-L"2_ N,
p(l-p)
n

(approximately)




() Point timate o .

Result:
A good point estimate for the population proportion (p) 1s

the sample proportion ( p).

(ii) Interval Estimation (Confidence Interval) for (p):
Result:

For large sample size (n230,np>5,n(1-p)>5), an
approximate (1-a)100% confidence interval for (p) is:

"iz pl_p

{p Z - p+Z }
1-— n 1-—

Estimator + (Reliability Coefficient) x (Standard Error)




Example:

In a study on the obesity of Saudi women, a random
sample of 950 Saudi women was taken. It was found that 611 of
these women were obese (overweight by a certain percentage).
(1) Find a point estimate for the true proportion of Saudi women
who are obese.

(2) Find a 95% confidence interval for the true proportion of
Saudi women who are obese.




n: nﬂ=— 950 (950 women in the sample)

n(4) =611 (611 women in the sample who are obese)
The sample proportion (the proportion of women who are obese

in the sample.) 1s:
- n(A): 6110 13
n 950
(1) A point estimate for pis: ~ p=0.643,
(2) We need to construct 95% C.I. for the proportion (p).

95% = (1-a)l00% & 0.95=1-a < a=0.05 @%:0.025 @1—%:0.975

The reliability coefficient: Z , = zy; =196,

b | R

A 95% C.L for the proportion (p) 1s:
p(l-p)
n

pri,
1-—

2




(0.643)(1 - 0.643)
950
0.643 + (1.96)(0.01554)

0.64340.0303
(0.6127 , 0.6735)

We are 95% confident that the true value of the population
proportion of obese women, p, lies in the interval (0.61, 0.67),

that 1s:

0.643 + (1.96)\/

0.61 <p<0.67




