Chapter #4:
Vibrations in a Crystal

Lecture 4: 1D Diatomic Chain ( M=m, K#G )

4-4 Introduction

In the previous lecture, we learned how to derive the dispersion relation for a Bravais lattice with
a single-atom type.

In this lecture, using the same method, we will derive the dispersion relation for a Bravais
lattice with two different types of atoms (i.e., a two-atom basis).

4-2 Model Description

As shown in the figure, there are two types of ions.
We assume (for simplicity here) that they have the same mass M in a one-dimensional primitive
cell.

G K
* a =L'1.1|:='| d na+d

At temperature: T=0 K
e The first ion 1s located at: na
o The second ion is located at: na+d

Assumptions:

. d<2

Only nearest-neighbor interactions are considered
e There are two interaction constants between atoms:

o K
o G
where: G>K

o Displacements

e ui(na): displacement of atom at na
e u2(na): displacement of atom at na+d

This applies to all atoms in the lattice.



o Harmonic Potential Energy

From the previous lecture, the harmonic energy can be written as:

K G
Uharmonic = EZn[ul (na) —u, (na)]z + EZn[uz (na) - ul((n + 1)a)]2 (15)
o Equations of Motion
¢ For atom at na:

azu1(na) _ aUharmonic
M atz duq(na) (16)

To ensure that we include all terms in the summation that depend on u;(na), we change the
summation index as follows:

n\=n+1 = n=n\-1. So, we can rewrite Eq. (15) as follows:

Unarmonic = 5 Znlts (@) — 3 (n@)]2 + 2 T [z (0 — Da) —us(\@)]*  (15)

Now, Let’s define n\=n:

Unarmonic = 5 Znlts (na) — 1, () ]? + = Tultty (n — Da) —wy (na)]? (15

¢ For atom at na+d:

9%u,(na) _ OUnarmonic
M—e =~ duy(na) {17
ou armonic
GesRONE — K, (na) ~ ()] (+1) + Gt ((n = D) = 1y (n)} (1)
Whersonte — [y, (na) ~ uy(na)] + Glus (na) — uz((n ~ 1)a)] as)

Then, we can rewrite equ. (16) as follows

02 au armonic
) — _ Dhammonie — K[y, (na) — 1, (na)] — Gl (na) — ux((n — Da)] (19)

We can do the same for the 2" atom.

—aé’fi;‘?z—;—’;“ = K[us (na) = (n@)](—1) + G u((1)@) — 1y ((n + Da)](+1)
% = K[u,(na) — u;(na)] + Gluy(na) — uy(n + 1)a)]
M) Whammonic — K[, (na) - wy (na)] - Gluy(na) —wy ((n+ D) (20)



o Wave Solutions:

Now we will, using the same previous method, seek two solutions to equations (19) and (20),

as follows:

o u,(na) = A e'l@na-wo and u,(na) = A,et@na-wo
Remember that:
[1 g: wave vector
[ o: angular frequency
(1 A and Az: vibration amplitudes
o Substitution into Equations:
0%uy(na) _ _ 9Unhgrmonic _ —K[ _ _ _ _

= = —K[u;(na) —up(na)] - Glu;(na) — ux((n — Ha)] (19)

ot2 ouq(na)
After substitution, we obtain two homogeneous equations:

M(—Alwz) ei(qna—a)t) — _K[Alei(qna—wt) _ Azei(qna—wt)] _ G[Alei(qna—a)t) _
Azei(q(n—l)a—wt)]

MAl(l)Z = K[Al - Az] + G[Al - Aze_iqa]
A(Mw? — (K + G)) + Ay(K + Ge™14%) = 0 (21)

For equations # (20): (2" atom)

02 ou armonic
M) - Sohemmonic - K [, (na) - u; (n@)] — Gl,(na) = wi (1 + D)) (20)

M(—Azwz) ei(qna—wt)
= _K[Azei(qna—wt) _ Alei(qna—wt)] _ G[Azei(qna—wt) _ Alei(q(n+1)a—wt)]
MAsz = [([A2 _Al] + G[AZ _Aleiqa]

A (K +Ge") + A,(Mw? — (K +G)) =0 (22)
o Dispersion Relation (Determinant Condition)

We now have two homogeneous equations (21) and (22). To obtain a solution for them, we will
use the determinant of the matrix:

Mw?—(K+G) K+Ge™ |
K+Ge'®  Mw?—(K+0G)
[sz _ (K + G)]Z _ [(K + Ge—iqa)(K + Geiqa)] =0
[Mw? — (K + G)]? = [K? + G* + 2KG cosqay | =0 (23)



[Mw? — (K + G)]? — [K* 4+ G* + 2KG cosgqy | = 0

2=(K+G6)+ J[KZ + G2 + 2KG cos(q) |

K+G
w2 :( )
M

1
+ E\/[KZ + G2 + 2KG cosqq) |

o Two Branches of Solutions

For each q, there are two frequencies (®):

K+6) |
w? = \/ [K2 + G2 + 2KG cosygay | = 0?1(q) (24)
w? = (K+G) \/[KZ + G2 + 2KG cos(yqy | = @*_(q) (25)
Dispersion Relation for Diatomic Chain
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Wave vector g

¢ 1. Acoustic Branch o.

o Lower frequency
¢ C(Called the acoustic branch

Why? Because it behaves like sound waves at small q.



¢ 2. Optical Branch o+

e Higher frequency
o Called the optical branch

General Result
If there are p atoms per unit cell in 3D:
Number of branches=3p

e 3 acoustic branches
e 3(p—1) optical branches

‘Crystal HAtoms per primitive cellHTotal branchesHAcoustic"Optical‘
‘Monatomic H 1 H 3 H 3 H 0 ‘
‘Diatomic H 2 H 6 H 3 H 3 ‘
‘Three—atom basisH 3 H 9 H 3 H 6 ‘

+ Vibrational Behavior at the Brillouin Zone Center and Boundary

By substituting equation (24) into equation (22), the amplitude of oscillations in the optical
branch can be obtained:

Ay (M (“‘;G) + %\/[Kz + G2 + 2KG cos(gq) ]) — (K + G)) + A, (K + Ge 4% = 0

Ayt <J[K2 + G2 + 2KG cosqq) ]) + A2,+(1( + Ge—iqa) -0

J[K2+GZ+2KG cos(qa) | |K+Gelaa|

Lot = (26)

A+ (K+Ge™lqa) (K+Ge™iqa)

Where we use:

VZZ* =|Z|

‘K +Ge'”

= (K +Ge" YK +Ge™) = [(K* +G* +2K cos )

Z is an imaginary number.

Similarly, for the acoustic branch:



(K

AL_W( ;G) - %\/[Kz +G? + 2KG cos(qq) ]) —(K+G)+A4,_(K+Ge™%) =0

Ay <— J [K2 + G2 + 2KG cosqq ]> +A4;, (K+Ge %) =0

Ao \/[K2+GZ+2KG cos(qa) | _ |K+Gelaq]

Ag (K+Ge~l4a) T (K+Ge~l4a)

27)

+ Now we will study the vibrational behavior of atoms in the following special cases that
help us to analyze the physical meaning of the two solutions:

o Case 1: g=0 (Long Wavelength)

q:ZTH A =o0

¢ Acoustic Branch

w?_(q) = (K:V_[G) _% [KZ + G2 + 2KG cosqq) ]
wqa<<l1

2
- cosge ~1 - (qa)

2!
W?_(q) = (KIE 9 _ %\“KZ +G? + 2KG (1 - (q2a!)2>l
= (K; ©_ %\/[1{2 + G2 + 2KG — KG(qa)?]
K+G) 1

_{ ;; )—M\/[(K +G)? — KG(qa)?]
K+6) 1 KG(qa)?
= —M(K+G)\/l1—m
CK+6) 1 1[ KG(qa)?

Where weuse: (1+X)" =1 +§x

1 [KG(qa)?
2 =4 [—7
w’-(@) +2Ml(K +G)
When =0, w?_(0)=0
As for the amplitude of the vibrations, we will find that:

Ao |K+Ge"?|  |K+G|
A (K+Ge %) (K+G)




That means:

~ Atoms move in phase
e Same direction
e Same motion
-~ Entire unit cell moves together
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Acoustical mode

¢ Optical Branch

K+G) 1

w?(q) = ( M : +M\/[K2 + G? + 2KG cosqa) |
vqa<<l1
R C O
- (qa) ~ 21
w?,(q) = (KIEG) +%\/le + G? + 2KG <1 - (qza!)2>l
- (K; 9, %\/[KZ +G? + 2KG — KG(qa)?]
= (K;; &) + %\/[(K +G)* — KG(qa)?]
_(K+6) 1 KG(qa)?
= +M(K+G)\/[1—m

(K +G)

B 1 1[ KG(qa)?
= Tm W“”‘”(l‘z[mb

2(K+6) LKG(qa)2

2 —
w+(@) =+ 2M (K +G)
When =0, we obtain:
2(K + G)
w?4(q) =+ M

Similarly, for the amplitude of the vibrations:



Apr  |K+Ge'1? K +G|
A, (K+Ge™ Wy~ T (K+G)

This means that adjacent atoms oscillate in opposite directions when propagating in the optical
branch.
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Dptical mode

-~ Atoms move out of phase
e Opposite directions
— Internal vibration within unit cell

o Case2: ¢ =2 (Brillouin zone)
a

¢ Acoustic Branch

K+6) 1
wz_(q)=(M—) 7 [K2 + G? + 2KG cos(gq) |
) (K+G) 1 - 2G
_ = _— K_G -
- (q) i M\/( ) v;
4, ‘K+Ge’” |K <
AL, - (K+Ge"”)_ (K-G)

Also, we can investigate the amplitude:
u,_(ma)=A,_e""" =4,_(-1)"

U, _ (ma) = Az,fei(m”) = Az,f D" = Al,— D"
That means:

-~ Motion:

Atoms in each unit cell move in phase.
e Neighboring cells move differently.
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¢ Optical Branch

P (K+G) 1 - 2K

=24+ - (K- ===

@, (9) M +M( %) M
4,  |K+Ge"|  K-g -

4, (K+Ge™)  (K-G)

u1,+ (ma) = A1,+ei(m”) = A1,+ (_l)m

u,,(ma)= A2,+ei(m”) =4,, D" = -4, =n"
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The results of the previous special cases can be summarized in the following figure:



Dispersion Relation for Diatomic Chain
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v At g=0, the optical branch has a finite frequency, indicating a frequency gap between
acoustic and optical modes.

v A forbidden frequency range means that no vibrational wave can exist in the crystal at
those frequencies.

v If you try to excite the lattice at a frequency inside the gap, the energy is not
transmitted through the crystal.

v" This result shows that the presence of two atoms per unit cell leads to two distinct
vibration modes.

v In contrast to the monoatomic chain (one branch), the diatomic chain exhibits two
branches.

B Simulation Link
You can simulate these vibrations here:

http://dept.kent.edu/projects/ksuviz/leeviz/phonon/phonon.html

Exercise:

Explain how the Brillouin zone boundary corresponds (g = + g) to Bragg reflection from
planes (100).


http://dept.kent.edu/projects/ksuviz/leeviz/phonon/phonon.html

Phonon Dispersion of Silicon

= Phonon dispersion is typically
plot along high symmetry lines in
the first Brillouin zone.
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In a three-dimensional crystal with a multi-atom primitive unit cell, phonon dispersion relations
contain several acoustic and optical branches. The silicon dispersion shown here illustrates the

three acoustic and three optical branches along selected high-symmetry directions in reciprocal
space.
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  d   ≤     a 2


    U  h a r m o n i c =   K 2   ∑  n  [   u 1 ( n a ) −   u 2 ( n a )  ] 2 +   G 2   ∑  n  [   u 2 ( n a ) −   u 1 ( ( n + 1 ) a )  ] 2


  M     𝜕 2   u 1 ( n a )  𝜕   t 2 = −   𝜕   U  h a r m o n i c  𝜕   u 1 ( n a )


    n \


    n \


    U  h a r m o n i c =   K 2   ∑  n  [   u 1 ( n a ) −   u 2 ( n a )  ] 2 +   G 2   ∑    n \  [   u 2 ( (   n \ − 1 ) a ) −   u 1 (   n \ a )  ] 2


    n \


    U  h a r m o n i c =   K 2   ∑  n  [   u 1 ( n a ) −   u 2 ( n a )  ] 2 +   G 2   ∑  n  [   u 2 ( ( n − 1 ) a ) −   u 1 ( n a )  ] 2


  M     𝜕 2   u 2 ( n a )  𝜕   t 2 = −   𝜕   U  h a r m o n i c  𝜕   u 2 ( n a )


    𝜕   U  h a r m o n i c  𝜕   u 1 ( n a ) = K [   u 1 ( n a ) −   u 2 ( n a ) ] ( + 1 ) + G [   u 2 ( ( n − 1 ) a ) −   u 1 ( n a ) ] ( − 1 )


  


      𝜕 2   u 1 ( n a )  𝜕   t 2 = −   𝜕   U  h a r m o n i c  𝜕   u 1  ( n a ) = − K [   u 1 ( n a ) −   u 2 ( n a ) ] − G [   u 1 ( n a ) −   u 2 ( ( n − 1 ) a ) ]


    𝜕   U  h a r m o n i c  𝜕   u 2 ( n a ) = K [   u 1 ( n a ) −   u 2 ( n a ) ] ( − 1 ) + G [   u 2 ( ( n ) a ) −   u 1 ( ( n + 1 ) a ) ] ( + 1 )


  


    u 1 ( n a ) =   A 1   e  i ( q n a − 𝜔 t )


    u 2 ( n a ) =   A 2   e  i ( q n a − 𝜔 t )


      𝜕 2   u 1 ( n a )  𝜕   t 2 = −   𝜕   U  h a r m o n i c  𝜕   u 1  ( n a ) = − K [   u 1 ( n a ) −   u 2 ( n a ) ] − G [   u 1 ( n a ) −   u 2 ( ( n − 1 ) a ) ]


  M ( −   A 1   𝜔 2  )     e  i ( q n a − 𝜔 t ) = − K [   A 1   e  i ( q n a − 𝜔 t ) −   A 2   e  i ( q n a − 𝜔 t ) ] − G [   A 1   e  i ( q n a − 𝜔 t ) −   A 2   e  i ( q ( n − 1 ) a − 𝜔 t ) ]


  M   A 1   𝜔 2 = K [   A 1 −   A 2 ] + G [   A 1 −   A 2   e  − i q a ]


    A 1 ( M   𝜔 2 − ( K + G ) ) +   A 2 ( K + G   e  − i q a ) = 0


  M     𝜕 2   u 2 ( n a )  𝜕   t 2 = −   𝜕   U  h a r m o n i c  𝜕   u 2  ( n a ) = − K [   u 2 ( n a ) −   u 1 ( n a ) ] − G [   u 2 ( n a ) −   u 1 ( ( n + 1 ) a ) ]


  M ( −   A 2   𝜔 2  )     e  i ( q n a − 𝜔 t ) = − K [   A 2   e  i ( q n a − 𝜔 t ) −   A 1   e  i ( q n a − 𝜔 t ) ] − G [   A 2   e  i ( q n a − 𝜔 t ) −   A 1   e  i ( q ( n + 1 ) a − 𝜔 t ) ]


  


    A 1 ( K + G   e  i q a ) +   A 2 ( M   𝜔 2 − ( K + G ) ) = 0


   |    M   𝜔 2 − ( K + G )  K + G   e  − i q a   K + G   e  i q a  M   𝜔 2 − ( K + G ) | = 0


  


     [ M   𝜔 2 − ( K + G ) ] 2 −  [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ] = 0


     [ M   𝜔 2 − ( K + G ) ] 2 −  [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ] = 0


  


    𝜔 2 =   ( K + G )  M ±  1  M   [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ]


    𝜔 2 =   ( K + G )  M +  1  M   [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ] =     𝜔 2 + ( q )


    𝜔 2 =   ( K + G )  M −  1  M   [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ] =     𝜔 2 − ( q )


    A  1 , +  ( M  (   ( K + G )  M +  1  M   [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ] ) −  ( K + G ) ) +   A  2 , + ( K + G   e  − i q a ) = 0


 


 


    A  1 , − ( M  (   ( K + G )  M −  1  M   [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ] ) − ( K + G ) ) +   A  2 , − ( K + G   e  − i q a ) = 0


 


 


  q =   2 𝜋  𝜆


  𝜆 = ∞


      𝜔 2 − ( q ) =   ( K + G )  M −  1  M   [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ]


  ( 1 + X  )  n ≈ 1 +  1 2 x


      𝜔 2 − ( q ) = +  1  2 M  [   K G ( q a  ) 2  (   K   +   G    )   ]


      𝜔 2 −  ( 0 ) = 0


      A  2 , −    A  1 , − =    | K + G   e  i q a |  ( K + G   e  − i q a ) =    | K + G |  ( K + G ) = + 1


      𝜔 2 + ( q ) =   ( K + G )  M +  1  M   [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ]


      𝜔 2 + ( q ) = +   2 ( K + G )  M


      A  2 , +    A  1 , + = −    | K + G   e  i q a |  ( K + G   e  − i q a ) = −    | K + G |  ( K + G ) = − 1


      𝜔 2 − ( q ) =   ( K + G )  M −  1  M   [   K 2 +   G 2 + 2 K G     c o s  ( q a ) ⁡   ]


     2 ( K + G )  M


  q = ±   𝜋  a

