Riemann Integrability and the Lebesgue
Integral

1 Riemann Integrability and Lebesgue Integrability

Throughout these notes, m denotes Lebesgue measure on R. When we write

| 1am.

we mean the Lebesgue integral of f over the measurable set . When we write

[ fwyds

we mean the usual Riemann integral, provided it exists.

1.1 The Lebesgue Criterion for Riemann Integrability

Definition 1.1 (Set of measure zero). A set E C R has measure zero if, for every ¢ > 0,
there exist open intervals Iy, I5, I3, ... such that

ECc I, and S L <e.
n=1

n=1
Here |I,| denotes the length of the interval I,,.

Definition 1.2 (Continuous almost everywhere). A function f : [a,b] — R is continuous
almost everywhere on [a, b] if the set of points where f is discontinuous has measure zero.

Lebesgue Criterion for Riemann Integrability

Let f : [a,b] — R be bounded. Then f is Riemann integrable on [a, b] if and only if
the set of discontinuities of f has measure zero.
Equivalently:

|A bounded function is Riemann integrable exactly when it is continuous almost everywhere.

In this case, f is Lebesgue integrable and the two integrals agree:

b
/a f(z)dx = » fdm.

Remark 1.3. This result is often called Lebesque’s criterion for Riemann integrability. It
should not be confused with the Riemann-Lebesgue lemma from Fourier analysis.
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1.2 Immediate Consequences

Consequences

If f is Riemann integrable on [a, b], then:
o f is measurable,
o f is Lebesgue integrable,

e and the Riemann and Lebesgue integrals are equal:

/abf($) dx = /[a’b] fdm.

Therefore, for Riemann integrable functions, it is common to use the notation

/abf(a:) dx

for both the Riemann integral and the Lebesgue integral over [a,b], because the two
numbers are the same.

Main Conclusion

Every Riemann integrable function on a compact interval is Lebesgue integrable.
However, the converse is false: there are functions that are Lebesgue integrable but
not Riemann integrable.

1.3 Example: Lebesgue Integrable but Not Riemann Integrable
Define f : [0,1] — R by

1, zeQn]o,1],
fz) =
0, z€[0,1]\Q.

This is the Dirichlet function, also written as f = 1gn,1)-

Step 1: The Function is Discontinuous Everywhere

Fix any point ¢ € [0,1]. Every interval around ¢ contains rational numbers and
irrational numbers. Therefore, there are sequences (r,) and (s,) such that

rn € QN 0,1], sp € 10,1]\ Q, T — C, Sp, — C.

For these sequences,

flrp) =1 and f(sn) =0.

If f were continuous at ¢, then both f(r,) and f(s,) would have to converge to f(c).
But the two limits are different:

lim f(r,) =1, lim f(s,) = 0.

n—oo n—oo




Hence f is not continuous at ¢. Since ¢ was arbitrary, f is discontinuous at every
point of [0, 1].

Step 2: Not Riemann Integrable

The set of discontinuities of f is all of [0, 1]. Since

m([07 1]) =10,

the set of discontinuities does not have measure zero. By the Lebesgue criterion, f is
not Riemann integrable.

We can also see this directly using upper and lower sums. Let P be any partition of [0, 1].
On every subinterval of P, the function takes both values 0 and 1. Therefore, on every

subinterval,
inf f=0 and sup f = 1.

So every lower sum is

L(f, P) =0,

and every upper sum is

U(f,P) = 1.

Thus the lower Riemann integral is 0, while the upper Riemann integral is 1. Since these
are not equal, f is not Riemann integrable.

Step 3: Lebesgue Integrable

The rational numbers are countable, so Q@ N [0, 1] has measure zero. Therefore,

f =1 only on a measure-zero set,

and
f =0 almost everywhere on [0, 1].
Hence
/ i = 1dm + 0dm =040 = 0.

[0,1] QN[o,1] [0,1N\Q

Thus
fdm =0.
[0,1]

1.4 Example: Using the Lebesgue Criterion

Determine whether

2 —1
1
fay={a—1 "7h
0, =1,



is Riemann integrable on [0, 2]. If it is, compute

2
/ f(z)dx.
0
Solution. For x # 1, factor the numerator:
2 —1=(z—1)(z+1).

Therefore,
21 —1 1
? :(x )z + ):ZU—I-l, x # 1.
x—1 r—1

So f agrees with the continuous function g(x) = = + 1 at every point except possibly
r =1

At x =1, we have
) =o.
But
lim f(x) = }:l_{q(l‘ +1)=2.

z—1
Since
f1)=0#2
f is discontinuous at z = 1.

If x # 1, then near z, the formula is f(z) =z + 1, so f is continuous there. Hence the
only point of discontinuity is
{1}.

A single point has measure zero. Also, f is bounded on [0,2]. Indeed,
f(1) =0, f(z) =2+ 1for z #1,

and for x € [0, 2],
0<x+1<3.
Therefore f is bounded.

By the Lebesgue criterion, f is Riemann integrable on [0, 2].

Changing a function at one point does not change its Riemann integral or its Lebesgue
integral. Therefore,

/()Qf(x)dx—/j(x—i-l)dac.

2 2 2
/(x+1)dx:/xdx+/ ldz.
0 0 0

2

2 2 92
/xdx: T =——-0=2,
0 2 0 2

2
/ ldr = [2]} = 2.
0

Now compute:

We have

and



Thus )
/(x+1)dx:2+2:4.
0

Hence

/OQf(a:)dx =4.

U

2 Improper Integrals

Lebesgue Integral on Unbounded Sets

The Lebesgue integral can be defined on unbounded measurable sets such as R, [a, 00),
and (0, 00), provided the function is measurable.
However, the integral may be infinite. For example,

/ 1 dm = oo.
R
So the function f(z) = 1 is measurable on R, but it is not in L'(R), because
/ |1| dm = oo.
R

Improper Riemann Integral

The Riemann integral is originally defined on bounded intervals. On an unbounded
interval, it is extended by a limit. If the limit exists as a finite real number, we define

/OO f(z)dz = blim bf(:zc) dx.

—00 Jq

This is called an improper Riemann integral.

Similarly, for a singularity at the left endpoint, we define

/01 f(z)dx = 15%1/51 f(z)dz,

provided the limit exists as a finite real number.



2.1 Nonnegative Functions

Nonnegative Case

Suppose f > 0 on [a,00), and suppose f is Riemann integrable on every compact
interval [a, b]. If

/aoo f(z)dx

converges as an improper Riemann integral, then f is Lebesgue integrable on [a, o),

and =
/[a’oo)fdm :/a f(z)dz.

Proof. For each n € N with n > a, define the truncated function

fn(x) = f(x)l[a,n](x)‘

Explicitly,
f(@), a<z<n,
fu(z) =
0, otherwise.

Since [a,n] C [a,n + 1], we have
0< fule) < furr(2) < f(z)  for every .
Also, for every z € [a,00), once n > x, we have f,(z) = f(x). Therefore,
folz) 1 f(2x) pointwise on [a, 00).

By the Monotone Convergence Theorem,

/[)fdm:lim fudm.

n=00 J[q,00

But f,, = 0 outside [a,n], so

/ fndm = / fdm.
[a,00) la,n]

Since f is Riemann integrable on [a,n|, the Riemann and Lebesgue integrals agree on

[a,n]. Hence
/[a,n] fdm :/a f(z)dx.

J fam=Jim [T @)= [T @) dr

Since the improper integral is finite by assumption, the Lebesgue integral is finite. Thus
f e LY([a,0)). O

Therefore,



2.2 Example: Computing /OOO e “dx

e, x>0,
o]

0, x < 0.

Solution. Define

Then f >0, and f is measurable.

For each n € N, define

That is,

Since [0,n] C [0,n + 1], we have

Also,
folz) = f(x) for every x € R.

Therefore, by the Monotone Convergence Theorem,

dm = 1i /nd.
o= Ji [ g

Because f,, = 0 outside [0, n],

/fndm: 6_wdm=/n€_xdx.
R [0,n] 0

Now compute the ordinary Riemann integral:
" - _|_ = n_ ., (0N _ 71 __ _—n
/0 e dr = [ e }0 = —e (—e")=1—e"

Taking the limit gives
/ e fdr=lim(1—e™").
0

n—oo
Since e™" — 0,
lim (1 —e™")=1.

n—oo

/ e Tdr=1.
0

Therefore,




1
2.3 Example: Computing /0

1
\/de
L
fla) =3V

0, otherwise.

Solution. Define
0<ax <1,

The function has a singularity at x = 0, so we approximate it from the right.
Forn =2,3,4, ..., define
ful@) = f(2) ().

Equivalently,
1

fn(x) = ﬁ7

0, otherwise.

lﬂxﬁl,
n

As n increases, the interval [1/n, 1] expands toward (0, 1]. Therefore,

0< fo<forn £,

and
fulz) = f(x) for every z € R.

By the Monotone Convergence Theorem,

/fdm: lim / £, dm.
R n—oo JRr
Since f,, = 0 outside [1/n, 1],

1
- d :/ — da.
[Rf m 1/n\/§l‘

1
=g /2

=

Rewrite the integrand:

Then
1/2

/x_l/de = ﬁ/2 = 2V/7.

Therefore,

/;n\jidm: [2\/5}1/”:2\/1_2\/5:2_\/25'
o)
JL%(Q—@:?-

11d 2

Taking limits,

Since 2/y/n — 0,

Thus




2.4 Lebesgue Integrability and Improper Riemann Integrals

Dominated Convergence Principle

Assume f is Riemann integrable on every finite interval [a, b], and assume

/[ )\f]dm<oo.

Then the improper Riemann integral converges, and

/aoof(x)dx :/ fdm.

[a,00)

Proof. For each n € N with n > a, define

fn = f]-[a,n}'
Then
fo(z) = f(x) pointwise on [a, 00).

Also,
[fn(@)] = [f (@) 1o (2) < [f(2)].

By assumption,
/1 € L' ([a, 00)).

Therefore, by the Dominated Convergence Theorem,

lim, | )fndm:/[ fdm.

n—o0

Since f,, = 0 outside [a, n],
/ fndm = fdm.
[a,00) la,n]

Because f is Riemann integrable on [a,n],

fdm = /" f(z) de.

[a,n]

Hence n

lim [ f(x)dx = /

n—oo J, [a,00

)fdm.

The limit on the left is exactly the improper Riemann integral. Therefore,

/aoo f(z)dx = /[a?oo) fdm.



Absolute Convergence

Suppose f is Riemann integrable on every compact interval [a, b]. If

| 1f@)dr < oo

as an improper Riemann integral, then
f € L'([a, 0)),

and

/aoof(a:)dx :/ 7 .

[a,00)

Proof. Apply the nonnegative case to |f|. Since |f| > 0 and

| @l de < oo,

we obtain

/[ )\f|dm<oo.

Thus |f] € L'([a,00)), meaning f € L!([a,00)). Then the dominated convergence
argument above gives

/oof(x)d:c: )fdm.

[

3 A Caution: Conditional Improper Convergence

Important Warning

An improper Riemann integral may converge even when the function is not Lebesgue
integrable.
A classical example is

The improper Riemann integral is defined by

dx,

dz ;= lim
x T—o00 Jo X

/00 sin x T sinx
0

provided this limit exists.
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oo SIN &

3.1 Why /0 dr Converges

X

Split the integral into two parts:

© Sin & Tsinzx © ginx
/ dx:/ dx—l—/ dz.
0 T 0o x 1 T

Step 1: Convergence Near 0

We know that

sin x

lim =1
z—0 g
Therefore sin z/z is bounded near 0. Since bounded functions are integrable on finite

intervals, the integral
Lsinx
/ dx
0o T

converges.

Step 2: Convergence on [1,00)

For T > 1, consider

T
sin
/ dz.
1z

Use integration by parts. Choose

== dv = sinx dzx.

T
Then

1
du = —— dx, U = — COS .
i

By the integration-by-parts formula,

/udv:uv—/vdu.

T sin x cosz]T T cosx
dr = |— — 5 dx.
1z x 11 1

Now evaluate the boundary term:

Hence

[ cos x]T cosT < cos 1) cosT i ]
— = — — = = — cos 1.
x 1 T 1 T
Therefore,
T o T T
/ 81na;d$:_cos —i—cosl—/ cosxdx‘
1 T 1 z2
As T — oo,
cos T’ 50
T 9




because |cosT| < 1. Also,

COS & 1
x2 22’
and
o 1 171°°
[ Lae= [ =1<c
1 X Tl
So ® coST
/ 5 dx
1 3

converges absolutely. Therefore

®© gin x
/ dx
1 5

converges.

Combining the convergence on (0, 1] and on [1,00), we get

© ginx . . .
/ dx converges as an improper Riemann integral.
0 T

My is Not Lebesgue Integrable

3.2 Why
x

Lebesgue integrability requires absolute integrability:

/ e dr < oo.
0 x
We show that this condition fails.
For k =1,2,3,..., consider the interval
[(k — 1), kn].
On this interval, we have
z < k.
Since x > 0, this implies
1,1
x ~ km
Therefore,
sinz| |[sinz| _ |sinz]
= > .
x x = km
Integrating over [(k — 1)m, k7], we get
km i 1 km
/ ST g > —/ | sin x| dx.
(k-D)m | km Jk—1)x

Now .
/ |sinz| dx = 2.
(

k—1)m
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Hence

km
/(k—l)Tr

Adding these inequalities for kK = 1,2, ..., n, we obtain

/mr
0

T

sinx

T

The harmonic series diverges:

k=1
Therefore,
. nT | sin @
lim dr = 0o
n—o0 0 x
So )
o |sin x
dr = 0o
0 T

Thus sinz/z ¢ L'((0,00)).

Final Conclusion

The function sinz/z has a convergent improper Riemann integral, but it is not
Lebesgue integrable on (0, 00), because its absolute value has infinite integral.

‘Improper convergence is not the same as Lebesgue integrability.

4 Exercises: Dominated Convergence

Use the Lebesgue Dominated Convergence Theorem to write the limit of integrals as
a Lebesgue integral of an integrable function, without a limit sign.

1. Find )
. nsin x
lim dzx.
n—o0 1 €T

Solution. Define

sin x
fa(z) = 2 1[17"](:5)7 z € [1,00).
Then _
[ B de= [ paam
1 x [1,00)

For each fixed x > 1, eventually z < n, so

sin x
>

fulz) =

a

13



Also,
1 o~ 1
@) <= [ Sdr=1<o

Thus 1/2?% is an integrable dominating function. By the Dominated Convergence

Theorem,
lim nsin x do — / sinx dm.
n—oo J1 g2 [lo0) 22
n
. Find "
lim e “cosxdr.
n—oo 0

Solution. Define

falx) = €7 cosx 1jg (), x € [0, 00).
Then n

/ e Ycosxdr = / frndm.
0 [0,00)
For every fixed x > 0, eventually x < n, hence
fn(x) = e % cosx.

Moreover,

|fu(2)] < e, / e "dr =1 < o0.

0

Therefore, by the Dominated Convergence Theorem,

lim e “cosrdr = / e *cosxdm.

n—oo Jo [0700)

n

. Find .
lim (1 + x> sin <:1:) dz.
n—oo 0 n n

Solution. Use the substitution

Then the integral becomes
/ n(1 4 u) ™" sinu du.
0

Define
gn(u) =n(1 4 u) " sinu, u € [0, 00).

For each fixed u > 0, the exponential decay of (1 +u)~™ dominates the linear factor
n, So
gn(u) — 0.
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Also ¢,(0) = 0. Hence g, — 0 pointwise on [0, 00).
We now dominate g,. For 0 <u <1, use |sinu| < w and log(1 + w) > u/2. Then

lgn ()] < nu(l + u)™ = nue ™8T < pye=nu/2
The function te*?2 is bounded for ¢ > 0, so |g,(u)| < C on [0,1]. For u > 1,

lgn(u)] < — " < 4 > 9
n\U ~ S s n -~ 4.
g (14w = (14 u)?

Thus g, is dominated by the integrable function

4
L+ u)?

G(u) = 01[071] (u) + 1[1700) (u)

By the Dominated Convergence Theorem,

lim (1+x>— sin (x) dx:/ 0dm = 0.
n—=0o0 Jo n n [0,00)

]
. Find )
, x
Wy T
Solution. Let .
For x = 0, f,(0) = 0. For z > 0, n?z? — oo, so
fu(z) — 0.
Also,
0 < fulz) <z,
and z € L'([0,1]). By the Dominated Convergence Theorem,
im [ — "4 0dm =0
nosJo T n2a2 " Sy T
]
. Find )
lim [ — o dy

n—oo 0 1+n2x2 ’

Solution. Let

na
For z =0, f,(0) = 0. For x > 0,
1
nr /(nz) 0.

1+n222  1/(n222) 41
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Thus f,, — 0 pointwise on [0, 1]. Now set ¢ = nx. Since

t 1
0< < — t>0
14272 (t=20),
we have ]
O<fn($)§§,

The constant function 1/2 is integrable on [0,1]. Therefore, by the Dominated
Convergence Theorem,

1
lim " e = 0dm = 0.
n—c0 Jo 1+ n2x? [0,1]
O
6. Find
lim 7COS($/H) x.
n—oo Jq x2
Solution. Define
cos(x/n
fula) = M 3 @), e o)
Then
I S go— [ frdm.
1 x [1,00)
For fixed x > 1, eventually x < n, and cos(x/n) — 1. Hence
1
Also,
1 1
@< g e LA([100))
By the Dominated Convergence Theorem,
T R CTED -/ Liam=1.
n—oo Jq x? [1,00) X2
O

Exercises 710

Evaluate each limit. Use the Dominated Convergence Theorem when it applies. If it
does not apply, compute the integral directly.

7. Evaluate

"N

lim e Tsinxdx.
n—oo 0

16



Solution. Define
fo(x) = e sinx 1y (z), z € [0,00).
Then f,(x) — e *sinz, and
| fa(2)] < €7 € LY([0,00)).

By the Dominated Convergence Theorem,

n oo
lim e Tsinxdr = / e Tsinxdr.

n—oo 0 0
Compute the improper integral by integration by parts. Let
1= / e “sinzdr.
0

An antiderivative is

1
/e’x sinzdr = —ie’x(sinx + cosz).

Therefore,
I{l_x(' N )wo(l) 1
= |—= in =0—-(—-Z)==
26 sinx + cosx . 5 5
Hence
n 1
lim e Tsinxdr = —.
n—oo J 2
O]
. Evaluate ~
lim (14 n2®)(1 + 2% " dz.
n oo 0

Solution. Let
ful2) = (1 +na?)(1 + 22)7", x> 0.

For z =0, f,(0) = 1. For = > 0, the factor (1 + 2?)™" decays exponentially while
1 + na? grows only linearly, so

fulz) — 0.

Thus the pointwise limit is 1 at x = 0 and 0 for « > 0, which is equal to 0 almost
everywhere.

We dominate the sequence. For 0 < z < 1, since log(1 + x?) > z?%/2,
folz) < (14 na?)e 2 < C.

For x > 1 and n > 2,

1+ 222
< —.
f'VL(m) — (1—{—.:52)2
Hence f,, is dominated by
1+ 222
G(l‘) = 01[071] (.’L’) + ml[l’m) (.CC),

17



which is integrable on [0, 00). By the Dominated Convergence Theorem,

e e}

lim (14 na?)(1+ 2*) " dx = 0.
n—oo 0
m
. Evaluate . )
lim (1 + $) cos (x) dx.
n—oo Jo n n
Solution. Let .
(x)=(1+= -, c (0,1
1= (142) "en((). xeio
For fixed z € [0, 1],
<1+x>_ —e ", cos (x) — 1.
n n
Thus f,(z) — e *. Also,
[fu(z)| < 1,
and 1 € L'([0,1]). By the Dominated Convergence Theorem,
1 -n 1
lim <1 + x) coS <x> dx = / e "dx.
n— Jo n n 0
Therefore,
1 -n
lim <1 + x) coS (x) dr =1—e "
n—oo Jo n n
m
. Evaluate
1 n
lim ———dx

n—oo Jo 1+n2x2 ’

Solution. For each fixed x > 0,

n

1 + n2z? =0,

but at = 0, the value is n. The functions form a spike near 0, so the Dominated
Convergence Theorem does not apply.

Compute directly. Let

U = n, du = ndzx.
Then
/1 " e = "1 gy = [arctanul? = arct
———dr = u = |arctan u|; = arctann.
0 1+ n2x? 0o 1+u? 0
Taking the limit,
1
lim o de = _.
n—oo Jo 1+ n2x? 2
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Although the functions converge to 0 almost everywhere, their integrals do
not converge to 0. This shows why the dominating function in the Dominated
Convergence Theorem is essential.

5 Exercises: Riemann Integrability by the Lebesgue
Criterion

Exercises

Use the Lebesgue criterion for Riemann integrability: a bounded function on |a, b] is
Riemann integrable if and only if its set of discontinuities has measure zero. Exercise
34 was mentioned in the heading but was not included in the prompt, so the solutions
below cover Exercises 28-33.

1. Determine whether ) )
4 sin () dx
0 T

exists.

Solution. The expression 4sin(1/z) is not defined at x = 0. For the ordinary
Riemann integral on [0, 27|, we may assign any finite value to the function at 0;
changing one point does not affect Riemann integrability.

On (0, 27|, the function

f(x) =4sin <1>

T

is continuous because it is a composition of continuous functions. At z = 0, the
function oscillates and has no limit, since sin(1/x) oscillates between —1 and 1
infinitely often near 0. Therefore the only point of discontinuity is

Dy = {0}.

Also,

[f(2)] < 4,

so f is bounded. Since {0} has measure zero, the Lebesgue criterion implies that f
is Riemann integrable.

2m 1
4 sin () dx exists after defining f(0) arbitrarily.
x

0
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2. Determine whether

where

exists.

Solution. The function is constant on [0,0.5) and constant on [0.5,1). Therefore it
is continuous at every point except possibly the jump point z = 0.5, and possibly
at x = 1 if no value is specified there.

At x = 0.5, the left-hand limit is 1, while the right-hand limit and the value are 0.
Hence f is discontinuous at 0.5.

If we define f(1) = 0, then f is continuous at the right endpoint 1. Even if another
value is assigned at 1, that only adds one more discontinuity. Thus the set of
discontinuities is finite, for example

D; = {0.5}

if f(1) =0. A finite set has measure zero, and the function is bounded. Hence f is
Riemann integrable on [0, 1].

/01 f(x)dxexists.

3. Determine whether

where
1, x €10,1),
x, z € [1,2),
f@)=1"
x?,  x€[2,3),
Inz, z€(3,4]
exists.

Solution. Each formula is continuous on the interval where it is used. Therefore
possible discontinuities can occur only at the joining points

At x = 1:
lim f(z) =1, f(1) =1, lim f(z) = 1.

r—1— x—1t

So f is continuous at 1.

20



Atz =2:
lim f(z) =2, f(2) =2% =4, lim f(z) = 4.

r—2~ r—2+

The left-hand limit does not equal the value, so f is discontinuous at 2.

Atz = 3:

lim f(z)=3*=9,  f(3)=1In3, lim f(r) =1In3.

z—3~ z—3t+

The left-hand limit does not equal the value, so f is discontinuous at 3.

Thus

Dy = {2,3}.

The function is bounded on [0, 4], and Dy is finite, hence has measure zero. By the
Lebesgue criterion, f is Riemann integrable.

4
/ f(z) dx exists.
0
m
. Solution. .
| r@)dz,
0
where 1
1, @ = - for integers n,
flx) = 2
0, otherwise.
Let 1
A:{W:neN}ﬂ[O,l].
We have e
A= {17 a0 o) }
2°4°8
Thus

1, z€A,

flw) = {0 x ¢ A

The set A is countable, and its only accumulation point in [0, 1] is 0.
We now identify the points of discontinuity.
If x € A, then

fz)=1.

However, every interval around x contains points not in A, where f = 0. Therefore
f is discontinuous at every point of A.

At z =0, we have

f(0) =o0.

21



But

! — 0
2n
and ]
— ) =1
z)
Hence f is discontinuous at 0.
Now suppose
x ¢ AU{0}.

Then zx is not an accumulation point of A. Hence there exists a small interval
around z containing no points of A. On that interval,

f=o.

Therefore f is continuous at z.

Thus the set of discontinuities is
111
D;=AU{0}=:1,- }u 0.
p= AU} = {1555 fU D)
This set is countable, so it has measure zero. Also,
0< flz) <1,

so f is bounded.
By the Riemann-Lebesgue criterion, f is Riemann integrable on [0, 1].

Since f =1 only on a countable set and f = 0 elsewhere,
1
/ f(z)dx =0.
0

Therefore,

1
/ f(z) dz exists and equals 0.
0
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