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Chapter 1

Training Neural Networks

With the foundation of iterative training laid in Lecture 4, we are now ready to take a deep
dive into the training of neural networks. As we have established, we will follow an iterative
training approach that is based on gradient descent, for a close-form solution is out of reach.
However, training neural networks is not that simple; they commonly comprise multiple
layers and are heavily parameterized, forming complex augmented functions. This makes
gradient computations cumbersome and expensive (in terms of computational resources).

In this chapter, we will learn a way to deal with that complexity. We will discuss the
vastly popular backpropagation algorithm, which is the key to train modern neural networks.
The basic idea behind the algorithm rests on the use of the chain rule of derivatives. It is a
point of strength for the algorithm as well as a point of weakness. We will discuss both in
the next two sections.

1 The Backpropagation Algorithm

The layered nature of neural networks sort of implies that parameters should be adjusted
sequentially and in accordance to their reliance on each other. Recall from Lecture 3 that
a neural network is formed by stacking layers of neurons one after another, mush like the
simple schematic in Figure 1.1. This creates a form of dependence between the parameters
of layer 1 and layer 2. We will see now how this dependence is decoupled using the chain
rule.

Let’s learn backpropagation with a couple of examples from Figure 1.1. First let the
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<latexit sha1_base64="hMOYlhT4yN52q0t6UPi0wDfcfU0=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9lUQY9FLx4r2A9o15JNs21oNrskWaUs+ze8eFDEq3/Gm//GtN2Dtj4YeLw3w8w8PxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Gbqtx+Z0jyS92YSMy8kQ8kDTomxUu+pn2KcPaSV2lnWL5XdqjsDWiY4J2XI0eiXvnqDiCYhk4YKonUXu7HxUqIMp4JlxV6iWUzomAxZ11JJQqa9dHZzhk6tMkBBpGxJg2bq74mUhFpPQt92hsSM9KI3Ff/zuokJrryUyzgxTNL5oiARyERoGgAacMWoERNLCFXc3oroiChCjY2paEPAiy8vk1atis+rtbuLcv06j6MAx3ACFcBwCXW4hQY0gUIMz/AKb07ivDjvzse8dcXJZ47gD5zPH/2okP8=</latexit>

w(1)
12

<latexit sha1_base64="8xyJJdPlAUW67Dj/s4IfD+gAf7w=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9lUQY9FLx4r2A9o15JNs21oNrskWaUs+ze8eFDEq3/Gm//GtN2Dtj4YeLw3w8w8PxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Gbqtx+Z0jyS92YSMy8kQ8kDTomxUu+pn+Ja9pBW8FnWL5XdqjsDWiY4J2XI0eiXvnqDiCYhk4YKonUXu7HxUqIMp4JlxV6iWUzomAxZ11JJQqa9dHZzhk6tMkBBpGxJg2bq74mUhFpPQt92hsSM9KI3Ff/zuokJrryUyzgxTNL5oiARyERoGgAacMWoERNLCFXc3oroiChCjY2paEPAiy8vk1atis+rtbuLcv06j6MAx3ACFcBwCXW4hQY0gUIMz/AKb07ivDjvzse8dcXJZ47gD5zPH/2tkP8=</latexit>

h1
<latexit sha1_base64="yiZQYYYwO+F5pP+nrgz81eCgwJQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOp7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH0j42U</latexit>

Layer 1 Layer 2

b(2)2
<latexit sha1_base64="IheqtYW5uygtKmA/iORFwRe6APk=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ldBT0WvXisYD+kXUs2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epIrRBYh6rdog15UzShmGG03aiKBYhp61wdDP1W09UaRbLezNOaCDwQLKIEWys9BD2/Mes4p9NeqWyW3VnQMvEy0kZctR7pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdPEGnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5Oa6CrImExSQyWZL4pSjkyMpt+jPlOUGD62BBPF7K2IDLHCxNiMijYEb/HlZdL0q9551b+7KNeu8zgKcAwnUAEPLqEGt1CHBhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gCiFo+k</latexit>

b(1)2
<latexit sha1_base64="Gjdp8cb5k6xvNKQ2fF3HwbOwsSY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kPQrz6mZe982i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKtW7i1L9OosjDydwCmXw4BLqcAsNaAIBAc/wCm+Ocl6cd+dj0Zpzsplj+APn8wegkI+j</latexit>

b(2)1
<latexit sha1_base64="oSj3+vKSVtsRzoNVyWV0FR/4eNE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kPQ9x7TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKtW7i1L9OosjDydwCmXw4BLqcAsNaAIBAc/wCm+Ocl6cd+dj0Zpzsplj+APn8wegjI+j</latexit>

b(1)1
<latexit sha1_base64="eywSps97vmKWkciWsj739jEirpI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kPQ9x7Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqlerdRal+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOfBo+i</latexit>

v1
<latexit sha1_base64="CjmP85F9x9vbcL2ENUsPPB1Vqnk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnter1R2K+4cZJV4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4LXZTjQllIzrAjqWSRqj9bH7qlJxbpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTtCF4yy+vkma14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAJ8o2i</latexit>

v2
<latexit sha1_base64="lE8WDoWfUTC8KgvVYi3+vwjrTxc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc1qxbusVB+uyrXbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AELdo2j</latexit>

Figure 1.1: An example of simple two-layer neural network.

weights of layers 1 and 2 be represented as follows

W(1) =

[
w

(1)
11 w

(1)
12

w
(1)
21 w

(1)
22

]
=

[
w

(1)
1

T

w
(1)
2

T

]
(1.1)

W(2) =

[
w

(2)
11 w

(2)
12

w
(2)
21 w

(2)
22

]
=

[
w

(2)
1

T

w
(2)
2

T

]
, (1.2)

and let the activations of layer 2 be linear.
Eample 1: now, say we are interested in the gradient of the loss, L, w.r.t. the weights

of layer 2, in particular w
(2)
1 . This gradient could be decomposed using the chain rule (see

Lecture 4) into

∂L
∂w

(2)
1

=
∂L
∂y

∂y

∂w
(2)
1

(1.3)

where y = [y1 y2]
T . Let compute each partial separately starting with ∂y

∂w
(2)
1

. This partial is

a Jacobian as both y and w
(2)
1 are vectors. It is given by

∂y

∂w
(2)
1

=

[
∂y1/∂w

(2)
11 ∂y1/∂w

(2)
12

∂y2/∂w
(2)
11 ∂y2/∂w

(2)
12

]
. (1.4)
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The other partial, namely ∂L
∂y

, is a gradient since L is a scalar and y is a vector, and it is
written as

∂L
∂y

= [∂L/∂y1 ∂L/∂y2] . (1.5)

Therefore, the gradient of L w.r.t. w
(2)
1 is the result of multiplying the two factors as follows

∂L
∂w

(2)
1

= [∂L/∂y1 ∂L/∂y2]

[
∂y1/∂w

(2)
11 ∂y1/∂w

(2)
12

∂y2/∂w
(2)
11 ∂y2/∂w

(2)
12

]
(1.6)

=

[
∂L
∂y1

∂y1

∂w
(2)
11

+
∂L
∂y2

∂y2

∂w
(2)
11

∂L
∂y1

∂y1

∂w
(2)
12

+
∂L
∂y2

∂y2

∂w
(2)
12

]
. (1.7)

Evaluating the partials in Equation 1.7 results in the gradient of L w.r.t. w
(2)
1 . Note the

following:

1. The partials ∂y2/∂w
(2)
11 and ∂y2/∂w

(2)
12 equal zeros, for y2 is not a function of w(2)

11 and
w

(2)
12 . This is true for any input vector x and target vector t.

2. The gradient of L w.r.t. y is written as a row vector so that it could be multiplied by
the Jacobian ∂y

∂w
(2)
1

. This makes the gradient ∂L
∂w

(2)
1

a row vector, as well.

Example 2: in the above example, we looked at a weight vector in the last layer, so
let’s now turn our attention to a weight vector in a deeper layer. Consider computing the
gradient of L w.r.t. w

(1)
1 in layer 1 of the schematic in Figure 1.1. We will follow a similar

approach where we start by decomposing the gradient using the chain rule and compute each
partial separately. The gradient in this case is given by

∂L
∂w

(1)
1

=
∂L
∂y

∂y

∂h

∂h

∂v

∂v

∂w
(1)
1

, (1.8)

where h = [h1 h2]
T and v = [v1, v2]

T . Note that ∂L
∂y

is already computed in Equation 1.5, so
we need to evaluate the rest of the partials as follows
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• We start with the Jacobian of y w.r.t. the input of layer 2

∂y

∂h
=

[
∂y1/∂h1 ∂y1/∂h2

∂y2/∂h1 ∂y2/∂h2

]
(1.9)

• We then compute the Jacobian of h w.r.t. v, which are the partials of the output of
layer 1 w.r.t. the input to the activation functions of the same layer

∂h

∂v
=

[
∂h1/∂v1 ∂h1/∂v2

∂h2/∂v1 ∂v2/∂v2

]
(1.10)

=

[
∂h1/∂v1 0

0 ∂v2/∂v2

]
, (1.11)

where the zeros are a result of the fact that h1 and h2 do not depend on v2 and v1,
respectively.

• Finally, we compute the Jacobian ∂v

∂w
(1)
1

, which relates the output of the linear combiner
to the weights of layer 1.

∂v

∂w
(1)
1

=

[
∂v1/∂w

(1)
11 ∂v1/∂w

(1)
12

∂v2/∂w
(1)
11 ∂v2/∂w

(1)
12

]
(1.12)

=

[
∂v1/∂w

(1)
11 ∂v1/∂w

(1)
12

0 0

]
(1.13)

where the zeros result from v2 not depending on w
(1)
11 and w

(1)
12 in any way, see Figure

1.1.

With all partials computed, we just need to multiply them to get our gradient as follows

∂L
∂w

(1)
1

=
[

∂L
∂y1

∂y1
∂h1

∂h1

∂v1

∂v1

∂w
(1)
11

+ ∂L
∂y2

∂y2
∂h1

∂h1

∂v1

∂v1

∂w
(1)
11

∂L
∂y1

∂y1
∂h1

∂h1

∂v1

∂v1

∂w
(1)
12

+ ∂L
∂y2

∂y2
∂h1

∂h1

∂v1

∂v1

∂w
(1)
12

]
(1.14)

The above two examples show how the chain rule of derivatives could be used to evaluate
the gradient of the loss function with respect to any parameter in the neural network. The
Backpropagation algorithm is merely an implementation of the chain rule; it evaluates the
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Layer 1 Layer L-1 Layer L L
<latexit sha1_base64="n2ZkyHRQfuxyMWApcvw1zS/q5hw=">AAAB8XicbVC7SgNBFL3rM8ZX1NJmMAhWYTcKWgZtLCwimAcmS5id3E2GzM4uM7NCCPkLGwtFbP0bO//G2WQLTTwwcDjnXubcEySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdJP5rSdUmsfywYwT9CM6kDzkjBorPXYjaoaMCnLXK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjT6gynAmcFrupxoSyER1gx1JJI9T+ZJZ4Sk6t0idhrOyThszU3xsTGmk9jgI7mSXUi14m/ud1UhNe+RMuk9SgZPOPwlQQE5PsfNLnCpkRY0soU9xmJWxIFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEt1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/EZaQhA==</latexit>

x
<latexit sha1_base64="JNYUZgcJtOk2XCqxjYn3UACHvaI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9ph5JJM21okhmSjFiGfoUbF4q49XPc+Tdm2llo64HA4Zx7ybkniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMbjK/80iVZpG8N9OY+gKPJAsZwcZKD32BzTgI0dOgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n88AzdGaVIQojZZ80aK7+3kix0HoqAjuZBdTLXib+5/USE175KZNxYqgki4/ChCMToex6NGSKEsOnlmCimM2KyBgrTIztqGRL8JZPXiXtWtW7qNbu6pXGdV5HEU7gFM7Bg0towC00oQUEBDzDK7w5ynlx3p2PxWjByXeO4Q+czx+OCJA+</latexit>

hL�2
<latexit sha1_base64="vw0MIUQwWGBeStoFrb0QOrBRwQ4=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpJUQZdFNy5cVLAPaEOYTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHyT+51HKhWLxYOeJNSL8FCwkBGsjeTblX6E9SgI0cjP7s7qU9+uOjVnBrRM3IJUoUDTt7/6g5ikERWacKxUz3US7WVYakY4nZb7qaIJJmM8pD1DBY6o8rJZ8Ck6McoAhbE0T2g0U39vZDhSahIFZjKPqRa9XPzP66U6vPIyJpJUU0Hmh8KUIx2jvAU0YJISzSeGYCKZyYrICEtMtOmqbEpwF7+8TNr1mnteq99fVBvXRR0lOIJjOAUXLqEBt9CEFhBI4Rle4c16sl6sd+tjPrpiFTuH8AfW5w/v0pKd</latexit>

hL�1
<latexit sha1_base64="R3le9rCYshhaqCVhrMnr2ra5YqU=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpJUQZdFNy5cVLAPaEOYTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHyT+51HKhWLxYOeJNSL8FCwkBGsjeTblX6E9SgI0cjP7s7cqW9XnZozA1ombkGqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTsv9VNEEkzEe0p6hAkdUedks+BSdGGWAwliaJzSaqb83MhwpNYkCM5nHVIteLv7n9VIdXnkZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVNiW4i19eJu16zT2v1e8vqo3roo4SHMExnIILl9CAW2hCCwik8Ayv8GY9WS/Wu/UxH12xip1D+APr8wfuTZKc</latexit>

⇥(1) = {w(1)
1 , . . . ,w(1)

i , . . . ,w(1)
Q1

}
<latexit sha1_base64="cfN09/tBb1c41cVvl3fqBhf3yLg="></latexit>

⇥(L�1) = {w(L�1)
1 , . . . ,w(L�1)

i , . . . ,w(L�1)
QL�1

}
<latexit sha1_base64="fudWAWS9jgqa5ZTX6TGJb5qCNzU="></latexit>

⇥(L) = {w(L)
1 , . . . ,w(L)

i , . . . ,w(L)
QL

}
<latexit sha1_base64="/Wtip+RUBEOEO4MFE8okeeAvWbA="></latexit>

@L
@w(L)

i
<latexit sha1_base64="iYuh7McbpNB+2Ioj2yC4jAfYbm0=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0Wom5JUUZdFNy66qGAf0MQymU7aoZNJmJkoJeRP3PgrblwoIu76N07aLLT1wIXDOfdy7z1exKhUljU1Ciura+sbxc3S1vbO7p65f9CWYSwwaeGQhaLrIUkY5aSlqGKkGwmCAo+Rjje+yfzOIxGShvxeTSLiBmjIqU8xUlrqmxeOLxBOnAgJRRGDToDUCGvSSBdEz4dPffqQVBqnado3y1bVmgEuEzsnZZCj2Te/nUGI44BwhRmSsmdbkXKTbAFmJC05sSQRwmM0JD1NOQqIdJPZfyk80coA+qHQxRWcqb8nEhRIOQk83ZldKhe9TPzP68XKv3ITyqNYEY7ni/yYQRXCLCw4oIJgxSaaICyovhXiEdKBKR1pSYdgL768TNq1qn1Wrd2dl+vXeRxFcASOQQXY4BLUwS1oghbA4Bm8gnfwYbwYb8an8TVvLRj5zCH4A2P6A5Sgo0c=</latexit>

@L
@w(L�1)

i
<latexit sha1_base64="7cSQRMTb7TriGrpr81JKGFxxD2o=">AAACIXicbVDLSsNAFJ34rPUVdelmsAh1YUmqYJdFNy66qGAf0MQymU7aoZNJmJkoJeRX3Pgrblwo0p34M07aLLT1wIXDOfdy7z1exKhUlvVlrKyurW9sFraK2zu7e/vmwWFbhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74JvM7j0RIGvJ7NYmIG6Ahpz7FSGmpb9YcXyCcOBESiiIGnQCpEdakkS6Ing+f+vQhKTfO7bM07Zslq2LNAJeJnZMSyNHsm1NnEOI4IFxhhqTs2Vak3CRbgRlJi04sSYTwGA1JT1OOAiLdZPZhCk+1MoB+KHRxBWfq74kEBVJOAk93ZrfKRS8T//N6sfJrbkJ5FCvC8XyRHzOoQpjFBQdUEKzYRBOEBdW3QjxCOjKlQy3qEOzFl5dJu1qxLyrVu8tS/TqPowCOwQkoAxtcgTq4BU3QAhg8g1fwDj6MF+PN+DSm89YVI585An9gfP8AlfyjuQ==</latexit>

@L
@w(1)

i
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Figure 1.2: Implementing backpropagation

gradient of the loss w.r.t. any parameter, and applies a form of gradient descent to update
the parameter.

1.1 How Is It Implemented?

This is an important question. Evaluating partials may seem simple to us, people, but it
may not be that simple from a programming perspective. As the network grows deeper,
the number of factors in the chain rule grows, see how many factors are in Equation 1.8
compared to Equation 1.3. Do we really need to calculate all those factors as we go deeper?
Or is there a more modular approach to keep computations simple.

Let’s answer this question by first defining the following two operations:

Definition 1.1. Forward Pass is the operation where the network sees the input and
propagates it all the way to the output, obtaining the predictions. Then, it computes the
loss based on the available groundtruth targets. This operation corresponds to the first two
steps in the iterative training procedure, see Lecture 4.

Definition 1.2. Backward Pass is the operation where the training algorithm (backprop-
agation for example) starts computing the derivative of the loss w.r.t. the parameters of the
network. Then, it updates those parameters in preparation for the next forward pass.

The backward pass, and similarly the forward pass, is sequential in nature. Backpropaga-
tion works by breaking down the gradient into a sequence of partials. These partials follow
the same order of the layers (operations) in the network. Let’s try to understand this by
considering Equations 1.3 and 1.8. The first factor ∂L

∂y
represents a common factor between
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the two Equations. Hence, once it is computed for Equation 1.3 (the last layer), it should
not be re-calculated again. The algorithm should just save the value for deeper layers.

This observation hints at a way to implement backpropagation, moving backwards from
the loss to each layer, one by one. The following summarizes the steps:

1. Start with the loss L and compute its derivative w.r.t. the output of the network y.

2. Use the partial ∂L
∂y

to compute the gradient of L w.r.t. w
(L)
i where i ∈ {1, . . . , QL}.

Then, update the parameters. See Equation 1.3 for example.

3. Compute the Jacobian of ∂L
∂hL−1

and pass it back to the proceeding layer, e.g., ∂L
∂h

=
∂L
∂y

∂y
∂h

in Equation 1.8.

4. Use the Jacobine to compute the gradient of L w.r.t. w
(L−1)
i where i ∈ {1, . . . , QL−1}.

See the last two factors of Equation 1.8 as an example, i.e., ∂L
∂w

(1)
1

= ∂L
∂y

∂y
∂h

∂h
∂v

∂v

∂w
(1)
1

=

∂L
∂h

∂h
∂v

∂v

∂w
(1)
1

.

5. Repeat points 3 and 4 for layer L− 2.

Figure 1.2 is a visual illustration of the above points. Notice how at any layer L− j (where
j ∈ {1, . . . , L − 1}), we need to get the Jacobian of L w.r.t. hL−j to compute the gradient
of L w.r.t. w

(L−j)
i . Then, we prepare the new Jacobian of L w.r.t. hL−j−1 to pass it back

to the proceeding layer L− j − 1 so it can update its parameters. This sequential nature of
backpropagation makes it modular and makes the computations manageable.

2 The Vanishing Gradient Problem

The elegance of backpropagation is commonly shadowed by the vanishing gradient problem.
Such problem is a consequence of factorizing the gradient and the use of bounded activation
functions, e.g., sigmoid and hyperbolic tangent. It is one of the most pervasive issues that
causes training failures [1, 2], and various solutions have been proposed along the years to
deal with it. Here, we are interested in developing a good understanding for the problem,
and we will not go deep into how to deal with it. We will just discuss a simple solution and
scatter the rest of the discussion across other chapters.
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(a) Sigmoid
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(b) tanh
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(c) Derivative of sigmoid
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(d) Derivative of tanh

What is the vanishing gradient problem? This is the key question of this section. Let’s
answer it by examining Equation 1.8, which is composed of many factors. What happens
if one of the partials in the middle dies out, i.e., a Jacobian full of zeros? This causes the
gradient flow (i.e., backward pass) to be blocked. That means the gradient of any parameter
relying on that partial might either be zero or partly diminished in value. For instance, if
the partial ∂h1

∂v1
is zero, then the first element of the gradient in Equation 1.14 dies out (i.e.,

vanishes), and the weight w(1)
11 dose not get updated! In a network deeper than our example

in Figure 1.1, this vanishing gradient will cause some parameters in earlier layers (closer to
the input side) to get stuck at certain values, as well; their gradients depend on the dead
partial and, therefore, they vanish!
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2.1 The Role of The Activation Function

A natural question to ask now is what causes a gradient to vanish in the first place? One
simple answer is the use of bounded (i.e., squashing) activation functions. Let’s dig deeper
here. Recall from Lecture 3 the sigmoid and tanh functions which are given by

φ1(x) =
1

1 + e−x
(1.15)

φ2(x) =
ex − e−x

ex + e−x
. (1.16)

Both functions are bounded above and below, see Figures 1.3a and 1.3b. As such, their
first derivatives have a small activation (i.e., non-zero) range, which is illustrated in Figures
1.3c and 1.3d. Notice how the gradient dies out as a function of the output of the linear
combiner (i.e., the input to the activation). What the figures tell us is that if the output of
the i-th neuron in the l-th layer of a network approaches one of the edges of the activation
range, then its partial ∂hi

∂vi
rapidly dies out, causing the gradient of some parameters in layers

l, l − 1, l − 2, . . . , 1 to go to zero as well.
There are different ways to combat vanishing gradients, one of which is the choice of an

activation function. Consider replacing a sigmoid or a tanh function with a ReLU. This makes
the activation function unbounded from above, expanding the activation range. However,
it is still bounded from below; this makes it prone to vanishing gradient when the linear
combiner outputs negative values. Another possible choice is parameterized ReLU that is
defined as

φParReLU(x) =

{
x, x > 0

αx, x ≤ 0
, (1.17)

where α is a learnable parameter. This function is not bounded at all (i.e., has infinite
activation range), and, thus, it has a gradient for any linear combiner output. Although
semi-bounded and unbounded activations can mitigate the vanishing gradient problem, they
sometime cause a mirror problem called “exploding gradient.” As the name indicates, this
problem happens when the output of a neuron blows up in value, driving the value of the
gradient to be huge. Such huge value could bring about overflow issues or even cause the
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weight update to be unreasonable1.
REMARK: There are other more powerful approaches to deal with vanishing gradients

such as batch normalization and dropout regularization. We will discuss them in later chapters
and lectures.

3 Parameter Initialization

The parameters of a neural network has to be initialized to some values before the training
starts. This might seem like an easy requirement, but it is not. The function a neural network
is representing is complex, and this leads to a complex loss function. Such complexity means
the loss function is full of bad minima, several critical points that result in an underfitted
or overfitted model2. Therefore, where the algorithm starts (the initial set of parameters)
partially determines how likely it is going to fall in one of those bad minima.

It is always preferable to initialize the parameters such that they are close to either the
global or a good local minimum. Unfortunately, this is a difficult requirement to satisfy,
and to add insult to injury, how to best initialize a neural network is, to this day, not well
understood. The only thing known with certainty is that we need to break symmetry when
initializing the parameters [2].

Breaking symmetry means the initial parameters must be all different form each other.
Such requirement guarantees that different neurons in a layer would learn to respond to
different patterns in their inputs. To understand this, think of this simple example. When
two neurons are initialized to have the same weights in a fully-connected network, they will
compute the same output as their input is the same. This makes their gradients more likely
to be the same, leading to a fruitless update; they keep computing the same function through
out training, and this produces redundant patterns, which could harm the learning process.

A solution to breaking symmetry is to initialize the parameters by sampling a high-
entropy probability distribution—please see the remark below. Sampling a distribution like
the uniform or Gaussian distributions results in parameters that are likely to be very different
from one another. Such difference indicates they could respond to different patterns in the

1remember that the learning rate is usually fixed at the start of training
2Please note that not all local minima are bad, leading to under- or over- fitting; a small bunch results

in reasonably good and equivalent models.
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input, regardless of whether the response is good or bad. This leads to a better learning
experience.

REMARK: Entropy characterizes uncertainty in a probability distribution and it is
given for a probability mass function pX(x) by

H(p) = −
∑
x∈SX

pX(x) log [pX(x)] (1.18)

where SX is the sample space of the random variable X. Simply, the higher the entropy is
the higher the uncertainty. For example, the discrete uniform distribution has the highest
possible entropy amongst discrete distributions. This means when we draw a sample from
the distribution, it is very likely to be any of the elements of the sample space! The reader
should refer to an information theory book for more details such as [3].
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Chapter 2

Regularization

As we have already established, training neural networks is not an easy job. We have seen how
vanishing gradient could hinder the training process and how bad initialization could lead to
bad local minimum. We have discussed some simple techniques to tackle training challenges
like choosing semi- or non-saturating activations and sampling high-entropy distributions,
and in this chapter, we will expand on them by discussing a more sophisticated family of
techniques, which is collectively referred to as training regularization.

1 The Intuition

Recall from Lecture 4 that training a machine learning algorithm is equivalent to searching
a hypothesis space that is picked beforehand. For neural networks, the hypothesis space is
not easily characterized like in the case of linear regression. However, we can safely say that
the space is defined once the architecture of the network is defined—architecture here refers
to the depth, breadth, type of activation, and so forth—and we can also safely assume it is
relatively large given the universal approximation theorem [4]. Searching such space is not
easy, and we have already established some of the challenges associated with this search in
Chapter 1. This gives rise to the question: is there a way to guide the training algorithm
during the search process (i.e., training) such that it avoids bad solutions? This is the core
question behind training regularization.

Let’s try to develop some intuition about what regularization means before we go ahead
and discuss some popular methods. Consider Figure 2.1. The training process could be

13
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Un-regularized 
training

Training 
path

Regularized 
training

Figure 2.1: Regularization guides training by restricting the feasible hypothesis space.

visualized as a path traversing a set of functions in the hypothesis space defined by the
network architecture, e.g., the red dashed line passing through the gray set of functions
(hypothesis space) from f1 to f ⋆ in Figure 2.1. When a regularization method is considered,
the hypothesis space of the same network shrinks, changing the training path along with it,
e.g., the dashed blue path passing through the green set from f1 to f ⋆ in Figure 2.1. If we
consider the length of the path in the figure a reflection of how difficult the training process
is, then the path in the regularized training case is expect to be shorter than that of the
un-regularized case.

Regularization could be encoded into the performance metric used to train an algorithm
in the form of a penalty. More specifically, the optimization problem describing the training
process could be re-expressed with an extra term, the regularization term, as follows

min
Θ

L̃ = min
Θ

L+ λΩ(Θ), (2.1)

where Ω(Θ) is the regularization function, and λ ≥ 0 is a scaling factor. Note that:

• Regularization is some function of the algorithm parameters enforcing a certain behav-
ior.

• The scaling factor λ plays the role of balancing Equation 2.1. Its value enforces a form
of trade-off between minimizing the loss function L and minimizing the regularization
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Figure 2.2

function Ω(Θ).

2 Weight Decay and Sparsity Regularization

There are may regularization methods in training neural networks, and machine learning
algorithms in general. In this section we will discuss two very popular methods, which are
weight decay and sparsity regularization. Both methods have their roots in statistical learning
theory, yet since we do not focus on the statistical view of machine learning in this course,
we will discuss them from a functional perspective.

2.1 Weight Decay

This is arguably the most popular form of regularization. It involves penalizing the weights
of the network so that they become close to zero. Formally, this is given by

min
Θ

L+ λ

|Θ|∑
i=1

w2
i , (2.2)

where |Θ| is the total number of parameters of the algorithm. To understand the role of
the regularization function, let us first visualize it for a signal variable in Figure 2.2a. This
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is a simple square function, where the rate of decay changes as a function of x; notice how
fast the value of y decays for the region defined by |x| > 1 (the red regions in the figure),
but such decay slows down once we are in the region |x| ≤ 1 (close to zero). This behavior
indicates that the regularization function tends to push the weights to become small but not
zeros.

We can also consolidate the above observation analytically. Consider the gradient descent
update rule for the ith weight of a neural network

w
(t)
i = w

(t−1)
i − η∇L̃|

wi=w
(t−1)
i

(2.3)

the gradient for the new loss function L̃ in Equation 2.2 is given by

∇L̃ = ∇L+ 2λwi (2.4)

substituting back into Equation 2.3

w
(t)
i = w

(t−1)
i − η∇L|

wi=w
(t−1)
i

− 2ηλwi|wi=w
(t−1)
i

, (2.5)

and re-arranging gives us

w
(t)
i = (1− 2ηλ)w

(t−1)
i − η∇L|

wi=w
(t−1)
i

. (2.6)

Let’s explore the behavior of Equation 2.5 over several updates (iterations t)

t = 1, w
(1)
i = (1− 2ηλ)w

(0)
i − η∇L|

wi=w
(0)
i

t = 2, w
(2)
i = (1− 2ηλ)w

(1)
i − η∇L|

wi=w
(1)
i

= (1− 2ηλ)2w
(0)
i − (1− 2ηλ)η∇L|

wi=w
(0)
i

− η∇L|
wi=w

(1)
i

t = 3, w
(3)
i = (1− 2ηλ)w

(2)
i − η∇L|

wi=w
(2)
i

= (1− 2ηλ)3w
(0)
i − (1− 2ηλ)2η∇L|

wi=w
(0)
i

− (1− 2ηλ)η∇L|
wi=w

(1)
i

− η∇L|
wi=w

(2)
i
.
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This gives raise to the following formula

w
(t)
i = (1− 2ηλ)(t)w

(0)
i − η

[
t−1∑
j=0

(1− 2ηλ)t−j−1∇L|
wi=w

(j)
i

]
(2.7)

The product 2ηλ is typically less than one1, and this means the factor (1−2ηλ) < 1. Equation
2.7 is interesting; its first term decays exponentially faster than the other term with increasing
number of iterations. Its second term, on the other hand, is a sum of exponentially decaying
gradients. Notice how the oldest gradients (i.e., evaluated at early iterations t = 1, 2, 3, . . . )
has higher decay rate than those evaluated close to the end of training, and since the gradient
dies out as we get closer to the end (an intrinsic property of gradient descent), the whole
term approaches, but mostly never gets to, zero. Putting it all together, we can see how
Equation 2.7 could push the weight closer to zero as training progresses, explaining why the
regularization technique is referred to as weight decay.

2.2 Sparsity Regularization

This is another popular regularization technique. It aims at introducing a form of sparsity
in the algorithm parameters. This means it encourages most of the parameters in the set
Θ to be zeros. This is an important property for some applications, e.g., compact neural
networks. Sparsity is achieved in this form of regularization by penalizing the first norm of
the weights. Formally this is given by

min
Θ

L+ λ

|Θ|∑
i=1

|wi|. (2.8)

We will only follow a visualization approach to develop an understanding of how this tech-
nique works, for a formal analysis is a little advanced and beyond the scope of this course.
Consider Figure 2.2b. The absolute function produces a uniform decay around zero; it pushes
the weight to approach zero at a constant speed, and never slows down like the weight decay
regularization. This results in many weights going too zero as the training progresses, and
only those who has a strong impact on the loss (have quite large gradients) could escape the

1We usually want a balanced relation between Ω and L, which means λ should not be quite large, and
we would like to take very small steps when updating the parameters, which means η is very small.
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push toward zero.
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