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Chapter 1

Artificial Neurons

Suggested reading:
Section 1.7 of Chapter 4 in [1] and Sections 1.1 and 1.2 of Chapter 1 in [2].

We have, so far, focused on some fundamental tasks in supervised machine learning, i.e.,
regression and classification, and we have discussed some learning algorithms to perform
those tasks. All those algorithms, in general, share one defining characteristic, which is their
linearity. Real-world problems, however, can rarely be handled with “linear algorithms,” and,
thus, we need more powerful algorithms to deal with those complex problems. “artificial
neural network” is the algorithm of choice in this lecture and the rest of this course to
deal with complex real-world problems. This chapter aims to lay the necessary groundwork
for discussions on neural networks (and, later, on deep learning); it discusses the basic
architecture of artificial neurons, classical and modern.

1 Rosenblatt’s Perceptron

One of the early attempts to build an artificial neuron is that of Frank Rosenblatt, an American
psychologist. His idea on modeling neurons has led to the design and implementation of
the first learning machine [1], which implemented a simple neural network using dedicated
hardware. His work and interests in artificial intelligence and neural networks has recently
earned him the title of “father of deep learning”[3]—Of course along with doctors Hinton,
LeCun, and Bengio.
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Figure 1.1: Architecture of the Rosenblatt’s perceptron

Following the short stroll down history lane, we will take a step towards a more technical
discussion on artificial neural networks. The perceptron algorithm is recognized by many as
the first artificial neuron, and for obvious reason, it is commonly referred to as the Rosenblatt’s
perceptron. The algorithm is a type of linear classifier that learns a decision boundary for
binary classification tasks. Figure 1.1 depicts a schematic for the perceptron. Its architecture
is composed of an augmentation of two functions: (i) a linear transformation, and (ii) a
thresholding function. Mathematically, the perceptron function could be expressed by

y = ϕ

(
b+

N∑

i=1

wixi

)
= ϕ(wTx+ b), (1.1)

where

ϕ(wTx+ b) =

{
+1, wTx+ b ≥ 0

−1, wTx+ b < 0
(1.2)

As Equation 1.1 indicates, the perceptron is a way to learn a linear decision boundary.
It differs from the least squares classifier in the way it learns that boundary. We learned in
Lecture 2 Chapter 2 that least squares learns a classifier using a closed-form solution which
is the normal equation; however, the perceptron follows an iterative approach to learn the
decision boundary. In each iteration, it uses the mis-classified inputs in the previous iteration
to correct the position of the line, i.e., the parameters w and w0. The loss function of the
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Figure 1.2: (a) Architecture of the modern neuron, and (b) A drawing of a pyramidal neuron

algorithm is also very different from that of the least squares classifier. It is expressed by

min
w,b
L = min

w,b
−
∑

i∈M

(wTx+ b)t (1.3)

where M is the set of mis-classified inputs. Note that the loss in Problem 1.3 is always
positive (Why is that?). The perceptron algorithm attempts to minimize the loss by iteratively
adjusting the parameters w and b so that the setM shrinks over iterations. It does so using
a gradient descent algorithm, but let’s not get ahead of ourselves; we will discuss gradient
descent some time around Lecture 4, inshallah.

2 Artificial Neuron: The Building Block

The perceptron algorithm, and architecture, has a major limitation, its inability to deal with
non-linearly separable patterns. This drawback restricts the use of Rosenblatt’s perceptron
to simple tasks—as we know, linear classification is not common in real-world problems.
To deal with such issue, artifficial neurons tweak the perceptron architecture to include a
differentiable activation function that replaces the thresholding function (see Figure 1.2a),
and, then, they use this neuron to build neural networks. We will leave the discussion about
neural network to the next chapter, and focus on the artificial neuron here. Equation 1.1 still
models the neuron operation, but with a different function, i.e., ϕ(.).

The artificial neuron mimics the architecture of an actual biological neuron, but not the
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functionality [2]. Let’s try to untangle that sentence with the help of Figure 1.2b. This is
called a pyramidal neuron cell, and it is the most common type of cortical neurons. Artificial
neurons are inspired by the architecture of the pyramidal cell. The input terminals in an
artificial neuron model dendrites in the cell. The synaptic weights, bais, and activation
function (i.e., w, b, and ϕ(.), respectively) model the nucleus and axon. Finally, the output
terminal models a single axon terminal. The resemblance between the two stops right here;
the operation performed by the artificial neuron does not quite model that of the pyramidal
cell. The artificial neuron basically applies a linear combiner followed by the activation
function while the pyramidal cell performs a slightly more complex operation that produces
spikes at the output instead of a constant value.

We will not spend more time dissecting biological neurons and highlighting similarities
and differences with artificial ones, for this will stray us away from the subject of the course.
Instead, we will explore types of activation functions that are dominant in the field of neural
networks and deep learning.

2.1 Activation functions

It is a non-linear operation applied on the output of the combiner. It serves two objectives:

1. Provides control over the range of the output (activation range).

2. It helps expand the representational ability of neural networks beyond linearly-separable
patterns.

Below are three of the most popular activations:

• Sigmoid function: this is one of the oldest choices for activation. It performs a
squashing operation to the output of the linear combiner such that is guarantees a
neuron output y that ranges from 0 to 1. Mathematically, it is given by

ϕ(x) =
1

1 + e−x
(1.4)

• Hyperbolic tangent function (tanh): this activation still performs a squashing
operation on the output of the linear combiner, but it has a larger range compared to
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the sigmoid function, going from -1 to 1. It is expressed as

ϕ(x) =
ex − e−1

ex + e−1
(1.5)

• Rectified Linear Unit (ReLU): this function is one of the most popular in modern-
day deep neural networks. There are a few reasons for that, and we will discuss the
most important of those in Lecture 5. However, for now, we need to learn that ReLU
does not subscribe to the squashing operation as the former two functions do. Formally,
ReLU is described by

ϕ(x) = max{0, x} (1.6)

The above three activations are only the most popular, yet they are not the most advanced.
Designing non-linearities is a major research direction in neural networks and deep learning,
for they determine important properties like the universal approximation property, which we
will touch upon at the end of this lecture. One important point to bring up here is that all
three activations are not parameterized ; they are not learnable. This is a common feature
among most state-of-the-art activation functions, Leaky ReLU and Exponential Linear Unit
(ELU) to name two.
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Chapter 2

Multilayer Perceptron Networks

Suggested readings:
Sections 2 to 4 of Chapter 6 in [4] and Section 12 of Chapter 4 in [2].

In the pervious chapter, we have learned about the artificial neuron which is the building
block of Artificial Neural Networks (ANNs). This means we have the necessary background
to dive into a lengthy albeit exciting discussion on ANNs. After all, they are the core of this
course and modern deep learning. The discussion will be spread across three lectures, and
the start here will be with Multilayer Perceptron (MLP) networks, which are also known as
Fully-Connected (FC) or dense networks. MLP could be considered the most basic and, to
some extent, most generic form of neural networks.

1 Multilayer Perceptron Networks

There is quite little that one can do using a single neuron, for it is only suitable to deal with
linear regression and classification problems. A method to circumvent that limitation is to
stack neurons into a layer and stack multiple layers to construct a “network.” This is exactly
what we are going to be doing in this chapter.
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One dense layer

Figure 2.1: Single fully-connected (dense) layer

1.1 A Single Layer

A single layer in a neural network is the result of stacking several neurons. The number of
neurons stacked to form a layer is usually referred to as th breadth of the layer and we will
denoted by Q. Each of those neurons sees the whole input vector all at once, and, hence,
this layer is commonly referred to as fully-connected or dense layer—we will use these names
exchangeably throughout the course. Figure 2.1 depicts an illustration of a dense layer. Other
defining features for a dense layer are the distinct parameters and biases and the matching
activation functions. The q-th neuron in a layer has its own parameter vector wq and bq that
are different form those of other neurons, and it applies activation function ϕ(.) that is the
same across all neurons. Mathematically, we can express the operation of a single layer as
follows




y1

y2
...
yQ



= ϕ







wT
1

wT
2
...

wT
Q



x+




b1

b2
...
bQ







(2.1)

y = ϕ(WTx+ b), (2.2)

where ϕ(.) here is an element-wise activation function that guarantees all neurons apply the
same activation; W ∈ RN×Q is the matrix encompassing all the weights of a layer, i.e., each
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<latexit sha1_base64="P+Y2NVTk93fYiH+0bO+AAgHE8NQ=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAcka5id9CZDZh/M9KrLkv/w4kERr/6LN//GSbIHTSxoKKq66e7yYik02va3VVhZXVvfKG6WtrZ3dvfK+wctHSWKQ5NHMlIdj2mQIoQmCpTQiRWwwJPQ9sbXU7/9AEqLKLzDNAY3YMNQ+IIzNNJ9D+EJM8lSUJO+0y9X7Ko9A10mTk4qJEejX/7qDSKeBBAil0zrrmPH6GZMoeASJqVeoiFmfMyG0DU0ZAFoN5tdPaEnRhlQP1KmQqQz9fdExgKt08AznQHDkV70puJ/XjdB/9LNRBgnCCGfL/ITSTGi0wjoQCjgKFNDGFfC3Er5iCnG0QRVMiE4iy8vk1at6pxVa7fnlfpVHkeRHJFjckocckHq5IY0SJNwosgzeSVv1qP1Yr1bH/PWgpXPHJI/sD5/APluktA=</latexit>

layer2
<latexit sha1_base64="hQ33Lj6LCFe9sHhlMt0NZS8JTgM=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaWDbbSbt0swm7EzWE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x+0dJQoBk0WiUh1fKpBcAlN5CigEyugoS+g7Y+vp377AZTmkbzDNAYvpEPJA84oGum+h/CEmaApqEm/1i9XnKozg71M3JxUSI5Gv/zVG0QsCUEiE1TrruvE6GVUIWcCJqVeoiGmbEyH0DVU0hC0l82untgnRhnYQaRMSbRn6u+JjIZap6FvOkOKI73oTcX/vG6CwaWXcRknCJLNFwWJsDGypxHYA66AoUgNoUxxc6vNRlRRhiaokgnBXXx5mbRqVfesWrs9r9Sv8jiK5Igck1PikgtSJzekQZqEEUWeySt5sx6tF+vd+pi3Fqx85pD8gfX5A/ryktE=</latexit>

Input Layer Output Layer

Figure 2.2: Schematic of multilayer perceptron network

column wq belongs to one neuron; b is a vector of Q biases, one per neuron; x is the input
vector; and y is the output vector.

1.2 Multiple layers

Stacking neurons in a single layer could be argued to be useless for non-linear tasks (whether
classification or regression), for the linearity are the same and are fixed, i.e., non-parametric.
This limits their ability to represent different non-linear input-output relations—more about
this in Section 3.1. Hence, it is common to use multiple layers and build a neural network.
These layers are usually stacked sequentially like those in Figure 2.2 where the output of one
layer is the input of the other one. The number of stacked layers is commonly referred to as
the depth. In the literature of neural networks, the layer seeing the input x is either referred
to as the “input layer” or “first hidden layer,” and in this course, we will use the former as
illustrated in Figure 2.2. The last layer, just before the output, is referred to as the output
layer. We express the input-output relation as follows

y = ϕL

(
W(L)TϕL−1

(
W(L−1)TϕL−2

(
. . .W(2)Tϕ1

(
W(1)Tx+ b(1)

)
+ b(2)

)
+ b(L−1)

)
+ b(L)

)
,

(2.3)
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wT
<latexit sha1_base64="6iGDaQ5K2E9wwXyAcEn+YptWquE=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsKfcF0LJk004ZmkiG5o5TSz3DjQhG3fo07/8ZMOwttPRA4nHMvOfeEieAGXPfbKaytb2xuFbdLO7t7+wflw6O2UammrEWVULobEsMEl6wFHATrJpqROBSsE45vM7/zyLThSjZhkrAgJkPJI04JWMnvxQRGYYSfHpr9csWtunPgVeLlpIJyNPrlr95A0TRmEqggxviem0AwJRo4FWxW6qWGJYSOyZD5lkoSMxNM55Fn+MwqAxwpbZ8EPFd/b0xJbMwkDu1kFtEse5n4n+enEF0HUy6TFJiki4+iVGBQOLsfD7hmFMTEEkI1t1kxHRFNKNiWSrYEb/nkVdKuVb2Lau3+slK/yesoohN0is6Rh65QHd2hBmohihR6Rq/ozQHnxXl3PhajBSffOUZ/4Hz+AOttkQM=</latexit>x

<latexit sha1_base64="JNYUZgcJtOk2XCqxjYn3UACHvaI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9ph5JJM21okhmSjFiGfoUbF4q49XPc+Tdm2llo64HA4Zx7ybkniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMbjK/80iVZpG8N9OY+gKPJAsZwcZKD32BzTgI0dOgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n88AzdGaVIQojZZ80aK7+3kix0HoqAjuZBdTLXib+5/USE175KZNxYqgki4/ChCMToex6NGSKEsOnlmCimM2KyBgrTIztqGRL8JZPXiXtWtW7qNbu6pXGdV5HEU7gFM7Bg0towC00oQUEBDzDK7w5ynlx3p2PxWjByXeO4Q+czx+OCJA+</latexit>

'(.)
<latexit sha1_base64="o/cAD1fX5Jl8/GTYpBNPgQzYR2k=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCl80umuiR6MUjJoJE2JBu6UJDt920XRKy4V948aAxXv033vw3FtiDgi+Z5OW9mczMCxPOtPG8b6ewtr6xuVXcLu3s7u0flA+PWlqmitAmkVyqdog15UzQpmGG03aiKI5DTh/D0e3MfxxTpZkUD2aS0CDGA8EiRrCx0lN3jFUyZFX3vFeueK43B1olfk4qkKPRK391+5KkMRWGcKx1x/cSE2RYGUY4nZa6qaYJJiM8oB1LBY6pDrL5xVN0ZpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJroOMiaS1FBBFouilCMj0ex91GeKEsMnlmCimL0VkSFWmBgbUsmG4C+/vEpaNde/cGv3l5X6TR5HEU7gFKrgwxXU4Q4a0AQCAp7hFd4c7bw4787HorXg5DPH8AfO5w+1KZBH</latexit>

X
<latexit sha1_base64="lXNimHrjaDw1OBrGyJYiyJRtSGo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTIzOwyDyEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypk2vv/tra1vbG5tl3bKu3v7B4eVo+O2TqwitEUSnqhuhDXlTNKWYYbTbqooFhGnnWhyl/udJ6o0S+SjmaY0FHgkWcwINrnU11YMKlW/5s+BVklQkCoUaA4qX/1hQqyg0hCOte4FfmrCDCvDCKezct9qmmIywSPac1RiQXWYzW+doXOnDFGcKFfSoLn6eyLDQuupiFynwGasl71c/M/rWRPfhBmTqTVUksWi2HJkEpQ/joZMUWL41BFMFHO3IjLGChPj4im7EILll1dJu14LLmv1h6tq47aIowSncAYXEMA1NOAemtACAmN4hld484T34r17H4vWNa+YOYE/8D5/ADM5jlc=</latexit>

(wQ)(2)
<latexit sha1_base64="rG9YHZllzdfQW2qi59hEOuW/iLE=">AAAB8nicbVBNTwIxEO3iF+IX6tFLIzGBC9lFEz0SvXiERMAEVtItXWjotpt2VkM2/AwvHjTGq7/Gm//GAntQ8CWTvLw3k5l5QSy4Adf9dnJr6xubW/ntws7u3v5B8fCobVSiKWtRJZS+D4hhgkvWAg6C3ceakSgQrBOMb2Z+55Fpw5W8g0nM/IgMJQ85JWClbvmp36w8pOVaZdovltyqOwdeJV5GSihDo1/86g0UTSImgQpiTNdzY/BTooFTwaaFXmJYTOiYDFnXUkkiZvx0fvIUn1llgEOlbUnAc/X3REoiYyZRYDsjAiOz7M3E/7xuAuGVn3IZJ8AkXSwKE4FB4dn/eMA1oyAmlhCqub0V0xHRhIJNqWBD8JZfXiXtWtU7r9aaF6X6dRZHHp2gU1RGHrpEdXSLGqiFKFLoGb2iNwecF+fd+Vi05pxs5hj9gfP5A7qykD0=</latexit>

(w1)
(2)

<latexit sha1_base64="MIxw2VuXyb8+alQl25V5ugstxPI=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahvZTdKuix6MVjBfsB7VqyabYNzSZLklXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1C0/9b3KQ1quVab9YsmtunOgVeJlpAQZGv3iV28gSRJRYQjHWnc9NzZ+ipVhhNNpoZdoGmMyxkPatVTgiGo/nZ88RWdWGaBQKlvCoLn6eyLFkdaTKLCdETYjvezNxP+8bmLCKz9lIk4MFWSxKEw4MhLN/kcDpigxfGIJJorZWxEZYYWJsSkVbAje8surpFWreufV2t1FqX6dxZGHEziFMnhwCXW4hQY0gYCEZ3iFN8c4L86787FozTnZzDH8gfP5A4lSkB0=</latexit>

(wT
Q)(1)

<latexit sha1_base64="ozetpg22YlUVVTFvNLZnk+IgUW0=">AAAB/nicbVDLSgMxFL3js9bXqLhyEyxCuykzVdBl0Y3LFvqCdloyaaYNzTxIMkoZCv6KGxeKuPU73Pk3ZtpZaOuBwOGce7knx404k8qyvo219Y3Nre3cTn53b//g0Dw6bskwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O7lL/fYDFZKFQUNNI+r4eBQwjxGstDQwT4s9H6ux66HHfmNQL/WTol2aDcyCVbbmQKvEzkgBMtQG5ldvGJLYp4EiHEvZta1IOQkWihFOZ/leLGmEyQSPaFfTAPtUOsk8/gxdaGWIvFDoFyg0V39vJNiXcuq7ejLNKpe9VPzP68bKu3ESFkSxogFZHPJijlSI0i7QkAlKFJ9qgolgOisiYywwUbqxvC7BXv7yKmlVyvZluVK/KlRvszpycAbnUAQbrqEK91CDJhBI4Ble4c14Ml6Md+NjMbpmZDsn8AfG5w9aDJRx</latexit>

(wT
1 )(1)

<latexit sha1_base64="mKcJSAZ9GdTKlpcHaREXw7fryRY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2AR2k2ZqYIui25cVugL2mnJpJk2NPMgyShlKPgrblwo4tbvcOffmGlnoa0HAodz7uWeHDfiTCrL+jZya+sbm1v57cLO7t7+gXl41JJhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3Kb+u0HKiQLg4aaRtTx8ShgHiNYaWlgnpR6PlZj10OP/cbALveTkl2eDcyiVbHmQKvEzkgRMtQH5ldvGJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyQSPaFfTAPtUOsk8/gyda2WIvFDoFyg0V39vJNiXcuq7ejLNKpe9VPzP68bKu3YSFkSxogFZHPJijlSI0i7QkAlKFJ9qgolgOisiYywwUbqxgi7BXv7yKmlVK/ZFpXp/WazdZHXk4RTOoAQ2XEEN7qAOTSCQwDO8wpvxZLwY78bHYjRnZDvH8AfG5w8orJRR</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

X
<latexit sha1_base64="lXNimHrjaDw1OBrGyJYiyJRtSGo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTIzOwyDyEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypk2vv/tra1vbG5tl3bKu3v7B4eVo+O2TqwitEUSnqhuhDXlTNKWYYbTbqooFhGnnWhyl/udJ6o0S+SjmaY0FHgkWcwINrnU11YMKlW/5s+BVklQkCoUaA4qX/1hQqyg0hCOte4FfmrCDCvDCKezct9qmmIywSPac1RiQXWYzW+doXOnDFGcKFfSoLn6eyLDQuupiFynwGasl71c/M/rWRPfhBmTqTVUksWi2HJkEpQ/joZMUWL41BFMFHO3IjLGChPj4im7EILll1dJu14LLmv1h6tq47aIowSncAYXEMA1NOAemtACAmN4hld484T34r17H4vWNa+YOYE/8D5/ADM5jlc=</latexit>

b
<latexit sha1_base64="YJjhR7RY5hyNtVLBH/MerrmOQ7I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPxi+M6g==</latexit>

x
<latexit sha1_base64="JNYUZgcJtOk2XCqxjYn3UACHvaI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9ph5JJM21okhmSjFiGfoUbF4q49XPc+Tdm2llo64HA4Zx7ybkniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMbjK/80iVZpG8N9OY+gKPJAsZwcZKD32BzTgI0dOgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n88AzdGaVIQojZZ80aK7+3kix0HoqAjuZBdTLXib+5/USE175KZNxYqgki4/ChCMToex6NGSKEsOnlmCimM2KyBgrTIztqGRL8JZPXiXtWtW7qNbu6pXGdV5HEU7gFM7Bg0towC00oQUEBDzDK7w5ynlx3p2PxWjByXeO4Q+czx+OCJA+</latexit>

wT
<latexit sha1_base64="6iGDaQ5K2E9wwXyAcEn+YptWquE=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsKfcF0LJk004ZmkiG5o5TSz3DjQhG3fo07/8ZMOwttPRA4nHMvOfeEieAGXPfbKaytb2xuFbdLO7t7+wflw6O2UammrEWVULobEsMEl6wFHATrJpqROBSsE45vM7/zyLThSjZhkrAgJkPJI04JWMnvxQRGYYSfHpr9csWtunPgVeLlpIJyNPrlr95A0TRmEqggxviem0AwJRo4FWxW6qWGJYSOyZD5lkoSMxNM55Fn+MwqAxwpbZ8EPFd/b0xJbMwkDu1kFtEse5n4n+enEF0HUy6TFJiki4+iVGBQOLsfD7hmFMTEEkI1t1kxHRFNKNiWSrYEb/nkVdKuVb2Lau3+slK/yesoohN0is6Rh65QHd2hBmohihR6Rq/ozQHnxXl3PhajBSffOUZ/4Hz+AOttkQM=</latexit>

�(.)
<latexit sha1_base64="5pWdutx4aRf8FvQkD8X4ABHrEJQ=">AAAB/XicbVBLSwMxGMzWV62v9XHzEixCvZTdKuix6MVjBfuA7lKy2Wwbmk2WJCvUpfhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJkgYVdpxvq3Syura+kZ5s7K1vbO7Z+8fdJRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8U3udx+IVFTwez1JiB+jIacRxUgbaWAfeYFgoZrE5sq8ZESntfrZwK46dWcGuEzcglRBgdbA/vJCgdOYcI0ZUqrvOon2MyQ1xYxMK16qSILwGA1J31COYqL8bJZ+Ck+NEsJISHO4hjP190aGYpUHNJMx0iO16OXif14/1dGVn1GepJpwPH8oShnUAuZVwJBKgjWbGIKwpCYrxCMkEdamsIopwV388jLpNOrueb1xd1FtXhd1lMExOAE14IJL0AS3oAXaAINH8AxewZv1ZL1Y79bHfLRkFTuH4A+szx9QaZUe</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

X
<latexit sha1_base64="lXNimHrjaDw1OBrGyJYiyJRtSGo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTIzOwyDyEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypk2vv/tra1vbG5tl3bKu3v7B4eVo+O2TqwitEUSnqhuhDXlTNKWYYbTbqooFhGnnWhyl/udJ6o0S+SjmaY0FHgkWcwINrnU11YMKlW/5s+BVklQkCoUaA4qX/1hQqyg0hCOte4FfmrCDCvDCKezct9qmmIywSPac1RiQXWYzW+doXOnDFGcKFfSoLn6eyLDQuupiFynwGasl71c/M/rWRPfhBmTqTVUksWi2HJkEpQ/joZMUWL41BFMFHO3IjLGChPj4im7EILll1dJu14LLmv1h6tq47aIowSncAYXEMA1NOAemtACAmN4hld484T34r17H4vWNa+YOYE/8D5/ADM5jlc=</latexit>

b
<latexit sha1_base64="YJjhR7RY5hyNtVLBH/MerrmOQ7I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPxi+M6g==</latexit>

x
<latexit sha1_base64="JNYUZgcJtOk2XCqxjYn3UACHvaI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9ph5JJM21okhmSjFiGfoUbF4q49XPc+Tdm2llo64HA4Zx7ybkniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMbjK/80iVZpG8N9OY+gKPJAsZwcZKD32BzTgI0dOgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n88AzdGaVIQojZZ80aK7+3kix0HoqAjuZBdTLXib+5/USE175KZNxYqgki4/ChCMToex6NGSKEsOnlmCimM2KyBgrTIztqGRL8JZPXiXtWtW7qNbu6pXGdV5HEU7gFM7Bg0towC00oQUEBDzDK7w5ynlx3p2PxWjByXeO4Q+czx+OCJA+</latexit>

b
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Figure 2.3: illustration of input-output and output-parameters relations in all models discussed
from Lecture 1 till now.

which encompasses the sequential nature of neural networks. It is very obvious that Equation
2.3 is quite missy and not pleasant to the eye. Hence, we will re-write it in the following
compact form

y = (ϕL ◦ ϕL−1 ◦ · · · ◦ ϕ1) (x), (2.4)

where each ϕi, ∀i ∈ {1, . . . , L}, encloses its own W(i) and b(i).
The stacking of these layers is what gives neural networks the ability to learn non-linear

functions. We will explore this ability further in the next section when we touch upon the
universal approximation theorem for neural networks.

2 Regression and Classification with Neural Networks

3 Universal Approximation Property

All the learning algorithms discussed prior to this lecture is limited to learning linear patterns,
whether in regression or classification. Only in Assignment 1 have we discussed an approach
for learning non-linear patterns using linear regression models and basis functions. Neural
networks is another way to do that, and a very powerful one for that matter. We are not
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going to delve into proving why it is powerful and how—not in a formal way anyhow—but
we will try to develop an intuitive understanding to their representational abilities. This
discussion will lead us to the universal approximation property of neural networks, which is
one way to explain their popularity and superiority over other algorithms.

3.1 Bird’s-eye View

Let’s consider Figure 2.3, which depicts an illustration of most of the models we have
encountered so far. We will discuss each one below.

• Model 1: The top-left model is a graph representation of the linear model with
which we started this course. One could notice that this model is equivalent to a
modern neuron with a linear activation function. Because of its linear architecture, it
is incapable of representing anything but linear x-y relations.

• Model 2: To deal with such limitation, the bottom-left model introduces a non-linear
non-parameterized transformation to the observed variables right before they are passed
to the linear combiner (a weighted sum with a bias will be called weight combine
henceforth). The transformation is referred to as the basis function, and it is one way
to deal with non-linear x-y relations without jeopardizing the linearity of the model.
The catch with such model is also its point of strength, the reliance on non-parametric
functions. These functions are determined by the machine learning engineer (hyper-
parameter) and not derived from the data. These functions give raise to handcrafted (or
engineered) feature extraction, which has been the core for classical machine learning.
Overall, such feature extraction approach has been shown to be inferior to feature
learning approaches, more will be said soon.

• Model 3: Top-right model shows the modern neuron we discussed in Chapter 1 Section
2. It represents a form of symmetry to Model 2; the basis function is removed and we
are back to feeding the input to a linear combiner. The output of the combiner is, then,
passed through a non-linear activation function, which results in a non-linear relation
between both input and output as well as output and parameters. This again presents a
way to overcome the linear model shortcoming. However, similar to Model 2, the point
of strength is also a point of weakness. The non-linear activation is non-parametric
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and it limits what input-output relations could be represented (Think of a sigmoid and
what patterns it could represent!)

• Model 4: The bottom-right model in Figure 2.3 represents a natural evolution for
Models 2 and 3; it gets the best of both worlds, non-linear feature extraction and
non-linear activation outputs. The first layer (light yellow box) deploys several neurons
to produce a hidden variable, which has a non-linear relation with the input. The
second layer (dark yellow box) is a simple parametric linear combiner that learns to
combine the elements of the hidden variables. This layered architecture helps capture
non-linear input-output relations and maintain a mix of linear and non-linear parameter
relations. We can think of the first layer as a parametrized basis function that could be
learned by training while the second layer acts as a simple combiner. This architecture
is the core of fully-connected networks, and it brings about an interesting property, the
universal approximation ability. We will briefly talk about it in the next section.

3.2 Universal Approximation Theorem for Neural Networks

The ability of FC networks to represent non-linear pattern is consolidated by the universal
approximation theorem [5]. We are not going to dive deep into the inner workings of that
theorem as it does not have direct impact on designing neural networks (the focus of this
course). It provides a vessel for proving the powerful representational capability of neural
networks. We are, instead, going to state the main conclusion of the theorem. A two-layer
network with non-linear activations, like sigmoid and ReLU, in the first layer and linear ones
in the second layer can learn any continuous and smooth function given the right first layer
breadth. This means by varying the breadth of the first layer, a two-layer network have the
ability to represent any function. Of course, there are some conditions the functions and the
choice of activation need to satisfy, but we will not discuss them here.

3.3 Expressiveness of MLP networks
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