Lecture: Fourier Series

Periodic Functions

Definition (Periodic Function).
A function f: R — R is called periodic with period T" > 0 if

flz+T)= f(z) forall zeR.

The smallest positive number 7' satisfying this property is called the funda-
mental period of f.

Examples.

e The function f(x) = sinz is periodic with fundamental period 2.
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e The functions

are periodic with period %

How to plot a periodic function.

e Plot the function on one basic interval, for example [0, 7] or [—L, L].

e Repeat this graph to the right and left by shifting it by multiples of the
period T'.

e That is, copy the graph using the rule

fla+T)=f(z), fle-T)=f(z).

Example.
If f(z) =z on [0,2n], then its periodic extension is obtained by repeating this
line segment every 27 units.

Remark. A periodic function is completely determined by its values on any
interval of length T




Fourier Series Representation

Fourier Series Representation.

Let f be a 2L-periodic function. Then f can be represented by its Fourier series:

f(z) = % +§—O:1 (ancos <nzx> + b, sin (T)) ,

at all points where the series converges.
The coefficients of the Fourier series are given by:
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Orthogonality

Orthogonality of Trigonometric Functions.
For integers m,n > 1, the following orthogonality relations hold on [—L, L]:

L mnx nwT L, m=n,
/ coS coS dr =
=L L L 0, m#n,
L /mmx\ . (nnx L, m=n,
/ sin sin dr =
~L L L 0, m#n.

Remark. These relations show that sine and cosine functions behave like or-
thogonal vectors. This property allows us to compute the Fourier coefficients.




Even and Odd Periodic Functions




7. Convergence (Dirichlet Theorem)




8. Example 1







9. Example 2




10. Example 3: Absolute Value




11. Example

Counsider the function
f(z) =z+1, —T<x<m,

extended periodically with period 27.

This function is neither even nor odd, since
f(z)=—z+1# f(z), [f(-=2)#—f(2).

Therefore, its Fourier series contains both cosine and sine terms:

flx) = % + i (ay, cos(nx) + b, sin(nz)) .

n=1

The coefficients are given by

1 ™
aoz—/ (x+1)dz,
™ J—7

an = i/j;(:r + 1) cos(nx) du, b, = i/_i(m + 1) sin(nx) dz.
Simplification using symmetry.
e The function can be written as
f(x) =2+ 1

e The term x is odd = contributes only to sine terms.

e The constant 1 is even = contributes only to cosine terms.

Final decomposition.

fe)= L + & -
cosine part  sine part
Thus,
= (=" .
fl@)=1+> (—2—sin(nz) |.
n=1 n
Key idea.

If a function is neither even nor odd:
e both cosine and sine terms appear,

e but it can often be decomposed into an even part and an odd part:

f(l’) = feven(w) + ded<x>'

f(@) + f(==)

feven(x) — 9 )




12. Half-Range Expansions
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Example: Half-Range Sine Series
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