Motivation.

Fourier series represent periodic functions as sums of sines and cosines. But many

functions are defined on (—o0,00) and are not periodic. In such cases, we use the
Fourier integral to represent functions using integrals instead of infinite sums.

Convergence rule.

If f is continuous at z, then the Fourier integral converges to f(x).

If x = xy is a point of discontinuity, it converges to the midpoint value:

%(f(xa) + f(xﬁ{)) = %/Ooo [A()\) cos(Axzg) + B(N) sin(Azg)| dA.

Symmetry.

o If fiseven (f(—x)= f(x)), then B(\) =0 and

g

AN cos(Aa)dr, AN =2 /0 () cos(Mt) dt.
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o If fisodd (f(—z) = —f(x)), then A(\) =0 and

/Ooo B(N)sin(Az)dA, B(X) =2 /0 " f(8) sin(t) dt.
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Solution (sketch).
Consider

fz) = (and f(z) =0 for z < 0).

sinz, 0<ax<m,
0, T >,

Its sine transform is

B(\) = /0 () sin(A) dt = /O " sint sin(At) dt.
Using product-to-sum,

sint sin(At) = §<cos(()\ — 1)t) — cos((A + 1)15)),

SO

1 [sin((A—1)7w)  sin((A+ 1)7) sin(7\)
B(A):[ D P ]: 12
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The inversion formula gives for x > 0:

fl@) =2 7 BOysinow)
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hence

T .
oo sin(m)) | o _ It 0<z<m,
/o T e sm()\x)d)\zf(x){

and it is 0 for z < 0.




