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Fist Midterm Exam Solutions for math 203   ( 1st  semester 1446 ) 

 

1.  Find the sum of the series   ∑     
ସ

଻೙షభ
 +   ∑     

ଵଶ

(ଶ௡ି଺)(ଶ௡ିସ)
ஶ
௡ୀସ

ஶ
௡ୀଵ  . 

 

Solution: 

A =  ∑     
ସ

଻೙షభ
  = 4ஶ

௡ୀଵ  ∑  ቀ
ଵ

଻
 ቁ

௡ିଵ
    ஶ

௡ୀଵ = 4 ∑  ቀ
ଵ

଻
 ቁ

௡
 4 ቆ

ଵ

ଵି
భ

ళ

 ቇ  =   
ଵସ

ଷ
  ஶ

௡ୀ଴ . 

 

B =   ∑     
ଵଶ

(ଶ௡ି଺)(ଶ௡ିସ)
ஶ
௡ୀସ  =   3 ∑   𝑏௡  ஶ

௡ୀସ  

 

3𝑏௡ =  
12

(2𝑛 − 6)(2𝑛 − 4)
 =  

3

(𝑛 − 3)(𝑛 − 2)
= 3 ൬

1

𝑛 − 3
−

1

𝑛 − 2
൰ 

 

𝑆௡ =  𝑏ସ+ . . .  𝑏௡ାଷ  

=   ቀ1 −
ଵ

ଶ
ቁ +  ቀ

ଵ

ଶ
−

ଵ

ଷ
ቁ + . . .  + ቀ

ଵ

௡
−

ଵ

௡ାଵ
ቁ = 1 −

ଵ

௡ାଵ
   

 

lim
௡→ஶ

𝑆௡  =  lim
௡→ஶ

൬1 −
1

𝑛 + 1
൰  =  1  

Hence   

B =   ∑     
ଵଶ

(ଶ௡ି଺)(ଶ௡ିସ)
ஶ
௡ୀସ  =   3 ∑   ቀ

ଵ

௡ିଷ
−

ଵ

௡ିଶ
ቁ  = 3ஶ

௡ୀସ  

Therefore  

෍     
4

7௡ିଵ
 +   ෍     

12

(2𝑛 − 6)(2𝑛 − 4)

ஶ

௡ୀସ

ஶ

௡ୀଵ

= 𝐴 + 𝐵 =  
14

3
+ 3 =  

23

3
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2.  Determine  whether the  series    ∑     
|ୡ୭ୱ ௡|

√ଷା ௡మାଶ௡య  
 ஶ

௡ୀଵ    is convergent or 

divergent.  

Solution: 

𝑎௡  =
|ୡ୭ୱ ௡|

√ଷା ௡మାଶ௡య  
 ≤   

ଵ

√ଷା ௡మାଶ௡య  
 ≤  

ଵ

√௡య  
=  

ଵ

௡
య
మ

   

 

 Now, the series   ∑    
ଵ

௡
య
మ

    ஶ
௡ୀଵ  converges. that is, since it is a p – series 

 with  𝑝 =  
ଷ

ଶ
> 1. And by the basic comparison test the series  

      ∑     
|ୡ୭ୱ ௡|

√ଷା ௡మାଶ௡య  
 ஶ

௡ୀଵ   is convergent.  
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3.  Find the radius and the interval of convergence for the power series  

∑   
(௫ିଵ)೙

௡ (௅௡(௡))మ
ஶ
௡ୀଶ  

   Solution: 

Taking  
2))((

)1(

nLnn

x
u

n

n


      then   

    
))1(( )1(

))(( 
  1       

2

2
1




nLnn

nLnn
x

u

u

n

n . 

 

Now taking   𝑓(𝑡) =
௅௡(௧)

௅௡(௧ାଵ)
  𝑡ℎ𝑒𝑛  𝑓(𝑛) =  

௅௡(௡)

௅௡(௡ାଵ)
   and  

 

lim
௧→ஶ

𝑓(𝑡) =  𝐿𝑖𝑚
௧→ஶ

 
௅௡(௧)

௅௡(௧ାଵ)
    𝐿

ᇱ𝐻𝑜𝑝𝑖𝑡𝑎𝑙
=

     1  
1



 t

t
Lim
t

. 

    So  

𝐿𝑖𝑚
௡→ஶ

  
(௅௡(௡))మ

(௅௡(௡ାଵ))మ = 1   and since    𝐿𝑖𝑚
௡→ஶ

  
௡

௡ାଵ
= 1   

 

     We have 

 

  1        1 


x
u

u
Lim

n

n

n
 

 

 By the ratio test, the series converges if     1   1   x    

   That is   111  x    2      0     x   . 
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  If 2x   we have the series   


2
2))(( 

1
  

n nLnn
 






1
na    

n
 

   

   𝑓(𝑥) =
ଵ

௫ (௅௡(௫))మ   is decreasing continuous function on [2 , ∞] and 

       

    𝑓(𝑛) = 𝑎௡ . Also 

∫   
ௗ௫

௫ (௅௡(௫))మ  =   
ଵ

௅௡ଶ

ஶ

ଶ
     

   

  Hence  by the integral test the series 


2
2))(( 

1
  

n nLnn
  converges. 

 

     If 0x   we get the series   










22

2
b      

))(( 

)1(
  

nn

n

n
nLnn

. 

 

 But   



  b 

2
n

n
 


2
2))(( 

1
  

n nLnn
  which converges, therefore   

))(( 

)1(
  

2
2







n

n

nLnn
  

converges. So 

    The interval of convergence is    𝐼 = [ 0 , 2 ]    

  

and the radius of convergence is 𝑟 =
ଶ

ଶ
= 1. 
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4. Find the power series representation for function  
21

1
)(

x
xf


   

   

  if  −1 < 𝑥 < 1   and use it to find power series representation of 

 

𝑡𝑎𝑛ିଵ(𝑥)  , 𝑖𝑓 − 1 ≤  𝑥 ≤ 1 . 

 

Solution: 

 We know that   1        
1

1
 

0








u

u
u

n

n  ,  taking 2xu   we get 

 

  1           1 
1

1

0

2
2








xx

x n

nn  , integrating both sides, we get for any  

  

𝑥 ∈ (−1 , 1 ) : 

     1  
1

1

0 0

2

0
2  








x

n

nnx
dttdt

t
 

Therefore   

 

 





   )(tan 
1

1 1

0
2

xdt
t

x
    

12
 1     1 

12

00 0

2











 

n

x
dtt

n

n

nx

n

nn  

 

  If 1x   we have the series   









0

1

12

)1(
  

n

n

n
  and  If 1x   we get the series  
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        


 


0 12

)1(
  

n

n

n
    , both of these series converge by the alternating series 

test.   

And we conclude that: 

   )(tan 1 x  
12

 1  
12

0 







n

x n

n

n         𝑖𝑓   − 1 ≤  𝑥 ≤ 1. 
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5. Find the  Maclaurin  series  for function 𝑓(𝑥) =  𝑒௫  and approximate the 
integral   

dxex x       
22

1.0

0


  

using the first three nonzero terms. 

 

Solution:  

  Maclaurin series for a function 𝑓 is given by   


0

)(

  
n!

(0)
  

n

n
n

x
f

, 

 if 𝑓(𝑥) = 𝑒௫   then  xn xf e)()(     and   1)0()( nf .  Hence   







0
  

n!
  

n

n
x x

e . 

 Replacing  𝑥  𝑏𝑦 − 𝑥ଶ  we get    






 


0

2

  
!

)1(
  

2

n

n
x

n

x
e

n

 

And 







 


0

22
2   

!

)1(
  

2

n

n
x

n

x
ex

n

 

Therefore  

 





 


1.0

0 0

221.0

0

2   
!

)1(
       

2
dx

n

x
dxex

n

n
x

n

 

1.0

0

753

1453









xxx

14

)1.0(

5

)1.0(

3

)1.0(
    

753

    

≈ 0.00033134   


