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Fist Midterm Exam Solutions for math 203 ( 1%t semester 1446 )

1. Find the sum of the series Y, % + Xn=a m-

Solution:

A= 3o o o=av (B) =ezno ()4 (i) =

_ 0 12 _ o
B= Zn=4 (2n-6)(2n—4) - 32n=4 bn

12 3

3b,, = = =3 1 1
" 2n-6)2n—4) ®M-3)(n-2) (n—S_n—Z)

Sn = byt ... Dpy3
1 1 1 1 1 1
= (1-)+ G-+ + G- =1-1
1
lim §,, = lim (1——) =1
n—oo n—oo n+
Hence
— [o'e) 12 — o L — L e
B = Zn=4 (2n—6)(2n-4) 3211:4 (n—3 n—Z) 3
Therefore

i 4 +§: 12 gt 23
7n-1 2n—-6)(2n—4) K 3
n=1 n=4
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2. Determine whether the series Y, | | Is convergent or
V3+n2+2n3

divergent.
Solution:
1 < L _

converges. that is, since it is a p — series

S
NTEY B

Now, the series Y.,

with p = % > 1. And by the basic comparison test the series

|cosn| .
Is convergent.

ZOO
n=1l /31 nZion3
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3. Find the radius and the interval of convergence for the power series

(o (x=1)"
Solution:
Taking u, = (x—1) - then
n (Ln(n))
tyet| _ |y (Lnn)”
u, (n+1) (Ln(n+1))?
. Ln(t L
Now taking f(t) = Ln?t(+)1) then f(n) = Ln?riz) and

: _ g, n@®  L'Hopital o t+l
th—g};f(t) - %i’Z;‘ Ln(t+1) = tL_l)’Z p =1
So
2
Lim )" _ 1 andsince Lim — =1
n—oo (Ln(n+1))>2 n-oco n+l
We have
Lim Unsl| _ ‘x—l‘
n—oo | U,
By the ratio test, the series converges if x-1< 1

Thatis —-1<x-1<1 = 0<x<?2 .
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If x=2 we have the series Y —F—— =
2

=2 n(Ln(n))*

&MS
o
=

f(x) = m is decreasing continuous function on [2, o] and
f(n) =a, .Also
fOO dx _ 1
2 x(n(x)?  Ln2
Hence by the integral test the series 2 ; converges.

n=2 n(Ln(n))

If x=0 we get the series § Lz —
n=2 n(Ln(n)) n

I M8
o
S

But 2 by = = ; which converges, therefore » &
n=2 n(Ln(n)) n=2 n(Ln(n))

converges. So

The interval of convergenceis [ =[0,2]

. . 2
and the radius of convergence is r = 5= 1.
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4. Find the power series representation for function f(x) :1
+x

2

if —1 < x <1 anduse itto find power series representation of
tan"1(x) ,if — 1< x <1.

Solution:

We know that § u =

ELEIN u[<1, taking u =-x* we get
n=0 l—u

! 5= 5 -1)'x*" < x| <1, integrating both sides, we get for any

1+ x n=0

x€(—1,1):
! 5 di=1% (<14 di
ol+1¢ 0n=0
Therefore

] -1 T o n.,2n X n
| dt=tan (x) = [ X (-1)t"dt = ¥ (-1
01+t2 On:O( ) n:O( ) 2n+1

x2n+1

0 (_1)l’l+1
If x=—1 we have the series

and If x=1 we get the series
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> ; ) T both of these series converge by the alternating series
n=0 <Zn-+

test.

And we conclude that:

2n+1

-1 2 n X .
tan (x) = > (-1 [ —-1< x <1.
(x) nzo( ) -~ f
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5. Find the Maclaurin series for function f(x) = e* and approximate the
integral
0.1 2
[ x?e™ dx
0

using the first three nonzero terms.

Solution:

©  £(0)

Maclaurin series for a function f is given by > '
n=0 n!

n
X

if f(x) =e* then f™(x)=¢* and [ (0)=1. Hence

=y X
n=0 n! .
Replacing x by — x? we get
) 0 _1N\n 2n
% (D'
n=0 n!
And
5 © _1\n 2n+2
xZe—x _ z ( 1) X
n=0 n!
Therefore
0.1 2 0.1 o0 (_1\n 21+2
[ X dc=1 % (=D"x dx
0 0 n=0 n!

0.1
X3 x5+£ ~ (0.1)3_(0.1)5+(0.1)7
3005 14 3 5 14

~ 0.00033134



