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Question 1[3,3,5]. a) Assume that the function f satis�es jf(x)j � C

for all x 2 [0;1) and
1Z
0

jf(x)j dx < 1: Show that f 2 L2(0;1): Show that

the converse is not true by giving an example of a bounded function inL2(0;1)
which is not integrable on (0;1):

b) Obtain the limit of the sequence of functions Fn(x) = nx(1� x)n in the
space L2(0; 1):

c) For which value of �, the following functions belongs to L2(0;1) :
i) f(x) = e(1�5�)x; ii) g(x) = e�x

p
1� cosx; iii) h(x) = x1=2e2�x:

Question 2[5,4,4]. a) Determine the Fourier transform for the function

f(x) = e�ajxj; a > 0;

and deduce the value of the integral

1Z
�1

d�
a2+�2

:

b) Let

f(x) =

�
3; jxj < 1
0 otherwise

i) Find the Fourier cosine integral of f

ii) Deduce the value of the integral

1Z
�1

sin �
� d�:

c) Solve the integral equationZ 1

0

f(x) sin(x�)dx =

�
2; 0 < � < 1
e��; � > 1

Question 3[5,3]. a) Find the Fourier series for the function

g(x) = 1� 2

�
x such that g(x+ 2�) = g(x)

b) Deduce that
1X
n=0

1
(2n+1)2 =

�2

8 :

Question 4[3,3,2]. Consider the eigenvalue problem�
x2u00 + xu0 + �u = 0; x 2 [1; 2]

u(1) = 0; u(2) = 0:
(1)

i) Write the equation in problem (1) in the Sturm-Liouville form.
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ii) Show that Z 2

1

"
�
u2

x
� x

�
du

dx

�2#
dx = 0: (2)

(Hint: Multiply the Sturm-Liouville from by u and integrate over the interval
[1; 2]).
iii) Deduce from (2) that all eigenvalues are positive.
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