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Exercise 1: Let (X,Y) ar.v. in R? admitting the density f(xy) given by

_2n?

e
f(‘x,y)('x’.?y): x?.YGR'

2m
1) Are the random variables X and Y independent?

. T X+Y
2) Find the distribution of the r.v. Z = 5

Exercise 2: We recall the Gamma function is given by I'(t) = fooo X ~Le ™ dx, t >0 and we admit that

oo yi-1
L Ty = l,
o I'(r) !

Let X and Y two independent r.v. having respectively a Gamma(A,s) and Gamma(A,t) distribution (A,s,7 > 0), i.e. their
densities are given by

Vz=x+iyeC, x>0.

Ax

S

4o [Fhe ifx>0, Y Ale™™ifx >0,

fXU):fTS and fYU):fTS

0, otherwise 0, otherwise.

1) Show that the moment generating function of X, M, (u) = E[¢"¥] = [, € fx (x) dx, has the form:

Mx(u):(ll_u)s, <.

2) Deduce the moment generating function M, of Y.

3) Express the moment generating function M, , of the r.v. 1 X.
4) What is the distribution of A X?
5) Express the moment generating function of the r.v. Z=A (X +Y), M,(u) =E[

6) What is the distribution of Z?

elu(X+Y)] )

Exercise 3: Let (X,Y) a couple of random variables with density function given by:

f(‘x7y) = 12x2y3 1(){,)))6(0,1)2 :
Compute P(X > %,Y < %, ).

Exercise 4: We throw two dices: one black, one red, both are numerated from 1 to 6. We denote Z the random variable that
gives the sum observed on the two dices.

1) Calculate P(Z = 3).

2) We make the following game: we continue to throw the two dices and we win as soon as we obtain a sum equal 5. We
have then generated a sequence of i.i.d. random variables X;,X>,...,X,,..., given by

1 if the n™ throw gives a sum equal to 3
X, = .
0 otherwise-

We also denote T the time at which the game stops, that means that the event (7 = n) is given by

(T:n):(XI:O,XZ:O,w,Xn:1), n>1l.

2.a) Calculate P(X, =0) and P(X, = 1).

2.b) What is the distribution of X, ?

2.c) What is the distribution of 7" ?

2.d) In average, how long should we wait before winning ?
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Exercise 5: Let X a discrete random variable such that

P(X =k)=ck®, k=1,2,3,4,5.
1) Find the value of c.

2) Calculate E[X].

Exercise 6: Let X a r.v. with uniform distribution over [0,1]:

Sx(u)=1ifuel0,1], fx (1) =0 otherwise.

1) Express the cumulative distribution function Fx (x) = P(X < x).
2) Calculate P(0<X < 1), P(X <0) and P(X > 1).

Exercise 7: An insurance company looks at its auto insurance customers and finds that:

(a) all insure at least one car;

(b) 75% insure more than one car;

(¢) 35% insure a sports car;

(d) 10% insure more than one car, including a sports car.

Find the probability that a customer selected at random insures exactly one car and it is not a sports car.

Exercise 8: In an insurance company, a model describes the time until a loss X occurs. The size of the loss is denoted Y. We
know that X has pdf

1
fX()C):—Z; x>1,
X

and that the conditional distribution of ¥ given X = x has pdf

1
=—for x<y<2x
X

fY\X:x()’)

Find the distribution of Y.
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