King Saud University Semester 471
College of Sciences Final Exam
Department of Mathematics MATH-244 (Linear Algebra)

Solution Key
Max. Marks: 40
Time: 3 hours

Question 1 [10 Marks]

Which of the given choices are correct?

(i) If a matrix A is symmetric (A7 = A) and skew-symmetric (AT = —A), then A
must be:
* SinceA=A"=—-A,wehave24=0 = A=0.
« Answer: (d) Zero.
(i) If Ais a4 x 4 matrix such that adj(A) = A~!, then the determinant |adj(4)] is
equal to:
* We know A - adj(A) = |A|I.
« Substituting adj(A) = A~!,weget A- A" =1 =|A|l = |A|=1.
* Then [adj(A)| = |[A™![ =y = 1. Also JA? = 12 = 1.
« Answer: (a) |A]? (or 1).
(iii) If the matrix of coefficients in the linear system AX = B is invertible, then
the system must have:
« If Aisinvertible, X = A~ B is the unique solution.
« Answer: (b) a unique solution.
(iv) Let B = {(2,1),(2,3)} and C = {(0,1),(2,0)} be ordered bases of a vector
space V. The transition matrix Pgz_,¢ is:
* Express vectors of B in terms of C:

c (2,1) =1(0,1) + 1(2,0) = [v]e = E .

¢+ (2,3)=3(0,1) + 1(2,0) = [v5]c = E’ .

* Answer: (c) E ﬂ
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1 4 5 2
vIfA=|2 1 3 0|,thenrank(A)is:
-1 3 2 2

* Row reducing: Ry — Ry — 2Ry, R3 — R3 + Ry.

1 4 5 2 1 4 5 2
0 —7 —7 —4| Bt o 7 7 _4].

o 7 7 4 0O 0 0 O
* TWO non-zero rows.
* Answer: (c) 2.

-1 3
4 1

5 2

(vi) IfA:{ 01

} and B = { } in M>(R), the angle 6 between A and B is:

(A,B) =(-1)(5)+ 3)(2) + (4)(0)+ (1)(1) =—-5+6+0+1=2.
|A| = VI+9+ 16+ 1 =+27=33.
IB|| =25 +4+0+1 = /30.

. — _ _ 2
COSO = G/A WA — 3V — svi"

Answer: (c) § = cos! (ﬁ)

(vii) If T : My(R) — R?is defined by T ([Z Z

* T(A)=0 = (a,b) =(0,0) = a=0,b=0.
* Answer: (c){{g ﬂ .8, t ER}.

D = (a,b), then ker(T) is:

(viii) If {(=3r +4s,r — s,1,8) | r,s € R} is the solution set of AX =0, then:
* The solution space has dimension 2 (parameters r, s). Thus, nullity(A) =
2.

* nullity(74) = nullity(A).
« Answer: (a) nullity(7,4) = 2.

(ix) If T: R? — R3 is defined by T'(x1,22) = (1 — xa, 22 — 21, 3x2), matrix [T]¢ g for

bases B = {(2,0),(1,1)} and standard C"

« T(2,0)=(2—-0,0—2,0) = (2,-2,0).
« T(1,1) = (1—1,1—1,3(1)) = (0,0, 3).

2 0
« Answer: (b) |2 0].
0 3

2 -1

(x) If A= [O 3

], then eigenvalues of A* are:

* Eigenvalues of A are 2, 3 (triangular matrix).
* Eigenvalues of A* are 2% 3 = 16, 81.
* Answer: (a) 16, 81.
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Question 2 [2+2+2 Marks]

1 1 -2 1 01

(A)Let A= |1 2 -1l and B = |1 2 2|. Find the invertible matrix C such
2 2 -1 211

that AC~! = B.

Solution: Given AC™'=B = C'=A"'B = C = (A"'B)"! = B 'A. First,
calculate B™L. |B|=1(2—-2) -0+ 1(1 —4) = —3.

0 1—2T10—12
3 -1 —1| =-11 -1 -1
3 —1 2 311 -1 4
0 —1/3 2/3]

Using solution key values for B~! (which match cofactor expansion): B! = !—1 /3 1/3

pio_1
3

1 1/3 —2/3
Now, compute C' = B! A:

0 —1/3 2/37[1 1 —2 1 2/3 —1/3
-1 1/3 1/3| |1 2 —1| =10 1/3 —2/3
1 1/3 2/3] L 2 1] L 1/3 4/3]

C =

Note: The solution key image shows slight variations in final calculation, but explicitly
states the formula C = B~' A.

2

o 1 0
(b) Find all values of o for which the matrix is non-invertible: [a +2 2 1] .
I} 2 3

Solution: The matrix is non-invertible if its determinant is zero.
det(A) =a(6—2) —1(3(a+2) —a®)+0=4a - Ba+6—-a’)=a’+a—6

Seta? +a—-6=0 = (a+3)(a—2)=0.
Values: o = -3, 2.

0 2 -1 1
. 1 -3 0 -1 .. o
(c) Consider A = L -1 1 ol Find rank(A) and nullity(A").
1 -1 1 0
Solution: Row reduce A:
1 -3 0 -1 1 -3 0 -1 1 -3 0 -1
A 0 2 -1 1| R-pr |0 2 -1 1| R-pr |0 2 -1 1
1 -1 1 0 0 2 1 1 0O 0 2 0
0 0 0 O 0O 0 0 O 0O 0 0 O

There are 3 pivot rows, so rank(A) = 3. Since A is 4 x 4, AT is 4 x 4. rank(AT) =
rank(A) = 3. nullity(AT) = columns(AT) — rank(AT) =4 -3 = 1.
Answer: rank(A) = 3, nullity(AT) = 1.
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Question 3 [2+(3+2+2) Marks]

(a) Consider the subspace F = {(z,y,2) e R®* |z +y+ 2z = 0,2z + 3y = 0}. Find a
basis B of F and a basis C of R? containing B.

Solution: From 2z + 3y = 0 = =z = —3y. Substitute into z + y + z = 0
—3yt+y+2=0 = —ly+z=0 = z=ly. Lety =2t thenz = -3t » =t. General
vector: t(—3,2,1). Basis B = {(-3,2,1)}. To extend to R?, add vectors linearly inde-
pendent of B, e.g., standard basis vectors. Basis C = {(—3,2,1),(1,0,0),(0,1,0)}.
(Determinant is non-zero).

(b) Consider vectors u; = (1,1,0),us = (0,1,1),u3 = (1,1, —1).
(i) Use Gram-Schmidt to transform {u;,u,,u3} into an orthonormal basis

{Ul,vg,'l};g}. SO|uti0n: 1. wyp = Uy = (1,1,0) "LUlH = \/§ v = %(1,1,0) 2. Wo —

Uz — <u27U1>U1 - (07171) - %(1)(17170) - <_%7%71) Hw2H2 - zl;_'_ % +1= % ||U)2H =
%. Vg = %(—%,l,l) 3 w3 = Uz — <U,3,U1>Ul - <U3,1)2>U2. <U3,Ul> = % = \/5

(us,vm) = JRH=3+ 3 - 1) = /2wy = (1L1,-1) = (1,L,0) = (-3)(~4,4,1) =
0.0, + (=341 = (=5, 1= sl = /3 = J v = V(=4 1D
(ii) Express u —2) as a linear combination of v, v,,v5. Solution: u
(u, v1)v1 + (u, v2)ve + (u, v3)vs. (u,v1) = \%(1 +2) = \% (u,v9) = \/g(—% +1-2)
28 = /3 ) = VB(-E+ 2+ D) = VB(1) = VB u= Su - \/§v2 + v3us.

ceen pms P _ {ww) o 3/V2

(iii) Find the angle 9 between « and v;. Solution: cosf = Tullod] = Viraal =
3v2 _ 1 p_n=
3 T V2T T4

I
—~

—
no
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Question 4 [2+2+3 Marks]
Let T)p = [_12 g be the matrix of 7 : R? — R? relative to basis B = {v; =
(173>7U2 = (174)}‘

(i) Find [T'(v1)]p and [T'(v)]5. Solution: From the definition of the matrix of a
transformation, the columns are the coordinate vectors of the images of the basis

1 3
vectors. [T(vy)]s = [_2}, [T'(v2)]B = 1L

(ii) Find 7'(v;) and T'(v;). Solution: T'(vy) = 1- vy + (—=2) - vy = (1,3) — 2(1,4) =
(=1,=5). T(vy) = 3-v1 +5- vy = 3(1,3) +5(1,4) = (3,9) + (5,20) = (8,29).

(iii) Find a formula for 7T'(z, y). Solution: Express (z,y) as a combination of B:
(2,y) = aqv1 + aova. a1(1,3) +az(1,4) = (x,y). System: a; +ay = x and 3oy +4ay = y.
Solving yields: oy =4z —yand as = =3z +y. T(z,y) = auT(v1) + T (v2) = (4o —

y) (=1, =5)+(=3x+y)(8,29). T'(z,y) = (—(4o —y) + 8(—3zx +y), —5(da — y) + 29(—3z + y)).
T(z,y) = (—4x+y—24x+8y, —20x+5y —87x+29y). T'(x,y) = (—28x+9y, —107z+34y).

Question 5 [4+2+2 Marks]

00 3
Consider A= |1 1 1
00 -1

(i) Find the eigenvalues and bases for the corresponding eigenspaces. So-
lution: Eigenvalues: We solve |\ — A| = 0. Since A is block triangular (or expand-
ing determinant), det(A\/ — A) = AA—-1)(A+1)=0. A =—-1,0, 1.

Eigenspaces:

] — z=0,2+4+y=0. Basis: {(—1,1,0)}.

3
1
0

N e R

10
* For A = —1: Solve (A + I)v = 0. {1 2
0 0

{(=3,1,1)}.

] =0 = r=-32,y=2z. Basis:

3
1

S = O
S = O

* For A = 0: Solve Av = 0. {
—1

—1 3
* For A =1: Solve (A—I)v = 0. [1 1

— z=0,2 = 0. Basis: {(0,1,0)}.
0 0 =2

(ii) Is the matrix A diagonalizable? Justify. Solution: Yes, A is diagonalizable
because itis a 3 x 3 matrix with 3 distinct eigenvalues (—1,0, 1).
(iii) Compute A°. Solution: Since A is diagonalizable, A = PDP~! where
D = diag(-1,0,1). A = PDP~'. D = diag((—1)°,0°,1°) = diag(—1,0,1) = D.
Therefore, A = PDP~! = A.
0 3
1 1
0 —1
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