
Question: 

Consider the normal modes of a linear chain, in which the masses are alternately 𝑀𝑀 and 𝑚𝑚. 
Assuming that the force constants between nearest-neighbor atoms are equal, and the nearest-
neighbor separation is 𝑎𝑎/2 . M≠m  and K=G 

Find : 

1- The dispersion relation 𝜔𝜔(𝑘𝑘)𝑎𝑎𝑎𝑎 𝑘𝑘 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘 = 𝜋𝜋
𝑎𝑎
 

2- The conditions for acoustic and optical modes. 

 

Solution: 

 

𝑀𝑀
𝑑𝑑2𝑢𝑢𝑠𝑠
𝑑𝑑𝑑𝑑2

=  𝐶𝐶2(𝑣𝑣𝑠𝑠 − 𝑢𝑢𝑠𝑠) + 𝐶𝐶1(𝑣𝑣𝑠𝑠−1 − 𝑢𝑢𝑠𝑠) = 𝐶𝐶2𝑣𝑣𝑠𝑠 + 𝐶𝐶1𝑣𝑣𝑠𝑠−1 − (𝐶𝐶1 + 𝐶𝐶2)𝑢𝑢𝑠𝑠 

𝑚𝑚
𝑑𝑑2𝑣𝑣𝑠𝑠
𝑑𝑑𝑑𝑑2

=  𝐶𝐶2(𝑢𝑢𝑠𝑠 − 𝑣𝑣𝑠𝑠) + 𝐶𝐶1(𝑢𝑢𝑠𝑠+1 − 𝑣𝑣𝑠𝑠) = 𝐶𝐶2𝑢𝑢𝑠𝑠 + 𝐶𝐶1𝑢𝑢𝑠𝑠+1 − (𝐶𝐶1 + 𝐶𝐶2)𝑣𝑣𝑠𝑠 

Trying to solve the problem by the periodic solutions in the form of a traveling wave as follows: 

𝑢𝑢𝑠𝑠 = 𝑢𝑢𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) and 𝑣𝑣𝑠𝑠 = 𝑣𝑣𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔)   

This leads us to the eigenvalue equation: 

 

�
𝐶𝐶1 + 𝐶𝐶2 −𝑀𝑀𝜔𝜔2 −(𝐶𝐶2 + 𝐶𝐶1𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖)
−(𝐶𝐶2 + 𝐶𝐶1𝑒𝑒+𝑖𝑖𝑖𝑖𝑖𝑖) 𝐶𝐶1 + 𝐶𝐶2 − 𝑚𝑚𝜔𝜔2 ��

𝑢𝑢
𝑣𝑣� = 0 

Then, the two solutions can be given as: 

𝑀𝑀𝑀𝑀𝜔𝜔4 − 2𝐶𝐶(𝑀𝑀 + 𝑚𝑚)𝜔𝜔2 + 2𝐶𝐶2(1− cos𝑘𝑘𝑘𝑘) = 0 

 

𝜔𝜔2 =
2𝐶𝐶(𝑀𝑀 + 𝑚𝑚) ±�4𝐶𝐶2(𝑀𝑀 + 𝑚𝑚)2 − 8𝐶𝐶2𝑀𝑀𝑀𝑀(1 − cos𝑘𝑘𝑘𝑘)

𝑀𝑀𝑀𝑀
 

𝜔𝜔2 =
2𝐶𝐶(𝑀𝑀 + 𝑚𝑚) ± �4𝐶𝐶2(𝑀𝑀 + 𝑚𝑚)2 − 16𝐶𝐶2𝑀𝑀𝑀𝑀 sin𝑘𝑘𝑘𝑘2

𝑀𝑀𝑀𝑀
 

 
 
At k= 0, let’s assume  



𝜔𝜔2 =
2𝐶𝐶(𝑀𝑀 + 𝑚𝑚) ± �4𝐶𝐶2(𝑀𝑀 + 𝑚𝑚)2

𝑀𝑀𝑀𝑀
=  

2𝐶𝐶(𝑀𝑀 + 𝑚𝑚) ± 2𝐶𝐶(𝑀𝑀 + 𝑚𝑚)
𝑀𝑀𝑀𝑀

  

 
𝜔𝜔−2 = 0 

 

𝜔𝜔+
2 =

2𝐶𝐶(𝑀𝑀 + 𝑚𝑚) + 2𝐶𝐶(𝑀𝑀 + 𝑚𝑚)
𝑀𝑀𝑀𝑀

=
4𝐶𝐶(𝑀𝑀 + 𝑚𝑚)

𝑀𝑀𝑀𝑀
 

𝜔𝜔+ = �4𝐶𝐶(𝑀𝑀 +𝑚𝑚)
𝑀𝑀𝑀𝑀

 

 
 
At = 𝜋𝜋

𝑎𝑎
 ,       

 

𝜔𝜔2 =
2𝐶𝐶(𝑀𝑀 + 𝑚𝑚) ± �4𝐶𝐶2(𝑀𝑀 + 𝑚𝑚)2 − 16𝐶𝐶2𝑀𝑀𝑀𝑀

𝑀𝑀𝑀𝑀
 

𝜔𝜔2 =
2𝐶𝐶(𝑀𝑀 + 𝑚𝑚) ± �4𝐶𝐶2(𝑀𝑀−𝑚𝑚)2

𝑀𝑀𝑀𝑀
 

𝜔𝜔2 =
2𝐶𝐶(𝑀𝑀 + 𝑚𝑚) ± 2𝐶𝐶(𝑀𝑀 −𝑚𝑚)

𝑀𝑀𝑀𝑀
 

𝜔𝜔+
2 =

2𝐶𝐶𝐶𝐶
𝑀𝑀𝑀𝑀

 

𝜔𝜔+
2 = �2𝐶𝐶

𝑚𝑚
 

𝜔𝜔−2 =
2𝐶𝐶𝐶𝐶
𝑀𝑀𝑀𝑀

 

𝜔𝜔−2 = �2𝐶𝐶
𝑀𝑀

 

 
For acoustic mode, 𝜔𝜔 → 0 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑘𝑘 = 0, so 
𝜔𝜔− 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡𝑡𝑡 𝑡𝑡ℎ𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑤𝑤ℎ𝑖𝑖𝑖𝑖𝑖𝑖 𝜔𝜔+𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑡𝑡ℎ𝑒𝑒 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 
 

 



 

 
 
 
 
 


