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7.1 Integration By Parts
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Integration By Parts

Theorem
If 𝑢 = 𝑓(𝑥) and 𝑣 = 𝑔(𝑥) and if 𝑓 ′ and 𝑔′ are continuous then

∫ 𝑢𝑑𝑣 = 𝑢𝑣 − ∫ 𝑣𝑑𝑢

.
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Integration By Parts

Example
Evaluate the following integrals

1 ∫ 𝑥𝑒−𝑥 𝑑𝑥

2 ∫ 𝑥 sin 𝑥 𝑑𝑥

3 ∫ 𝑥 sec 𝑥 tan 𝑥 𝑑𝑥

.
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Integration By Parts

Example
Evaluate the following integrals

1 ∫ tan−1 𝑥 𝑑𝑥

2 ∫ sin−1 𝑥 𝑑𝑥

3 ∫ √𝑥 ln 𝑥 𝑑𝑥

.
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Integration By Parts

Example
Evaluate the following integrals

1 ∫ 𝑥 csc2 𝑥 𝑑𝑥

2 ∫ 𝑒−𝑥 sin 𝑥 𝑑𝑥

3 ∫(ln 𝑥)2 𝑑𝑥

.
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Exam Problem

Exam problem

Find the indefinite integral ∫ 𝑥(cos 𝑥)2𝑑𝑥

.
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Exam Problem

Exam problem

Find the indefinite integral ∫ 𝑥(ln 𝑥)2𝑑𝑥

.
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7.2 Trigonometric Integrals
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Trigonometric Integrals

To evaluate
∫ sin𝑚 𝑥 cos𝑛 𝑥 𝑑𝑥

1 If m is an odd integer

∫ sin𝑚 𝑥 cos𝑛 𝑥 𝑑𝑥 = ∫ sin𝑚−1 𝑥 cos𝑛 𝑥 sin 𝑥 𝑑𝑥

Then use the identity sin2 𝑥 = 1 − cos2 𝑥, and the substitution
𝑢 = cos 𝑥
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Trigonometric Integrals

2 If n is an odd integer

∫ sin𝑚 𝑥 cos𝑛 𝑥 𝑑𝑥 = ∫ sin𝑚 𝑥 cos𝑛−1 𝑥 cos 𝑥 𝑑𝑥

Then use the identity cos2 𝑥 = 1 − sin2 𝑥, and the substitution
𝑢 = sin 𝑥

3 If m and n is are even integer Then use the identities

sin2 𝑥 = 1 − cos 2𝑥
2 and cos2 𝑥 = 1 + cos 2𝑥

2
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Trigonometric Integrals

To evaluate
∫ tan𝑚 𝑥 sec𝑛 𝑥 𝑑𝑥

1 If m is an odd integer

∫ tan𝑚 𝑥 sec𝑛 𝑥 𝑑𝑥 = ∫ tan𝑚−1 𝑥 sec𝑛−1 𝑥 sec 𝑥 tan 𝑥 𝑑𝑥

Then use the identity tan2 𝑥 = sec2 𝑥 − 1, and the substitution
𝑢 = sec 𝑥
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Trigonometric Integrals

2 If n is an even integer

∫ tan𝑚 𝑥 sec𝑛 𝑥 𝑑𝑥 = ∫ tan𝑚 𝑥 sec𝑛−2 𝑥 sec2 𝑥 𝑑𝑥

Then use the identity sec2 𝑥 = 1 + tan2 𝑥, and the substitution
𝑢 = sec 𝑥

3 If m is even and n is odd integers, we have to find another way,
sometimes integration by parts.
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Trigonometric Integrals

To evaluate

∫ sin 𝑚𝑥 cos 𝑛𝑥 𝑑𝑥, ∫ sin 𝑚𝑥 sin 𝑛𝑥 𝑑𝑥

∫ cos 𝑚𝑥 cos 𝑛𝑥 𝑑𝑥

we use the following formulas

sin 𝑛𝑥 cos 𝑚𝑥 = 1
2[sin(𝑛 − 𝑚)𝑥 + sin(𝑛 + 𝑚)𝑥]

cos 𝑛𝑥 cos 𝑚𝑥 = 1
2[cos(𝑛 − 𝑚)𝑥 + cos(𝑛 + 𝑚)𝑥]

sin 𝑛𝑥 sin 𝑚𝑥 = 1
2[cos(𝑛 − 𝑚)𝑥 − cos(𝑛 + 𝑚)𝑥]
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Trigonometric Integrals

Example
Evaluate the following integrals

1 ∫ cos3 𝑥 𝑑𝑥

2 ∫ sin2 𝑥 cos2 𝑥 𝑑𝑥

3 ∫ cos7 𝑥 𝑑𝑥

.
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Trigonometric Integrals

Example
Evaluate the following integrals

1 ∫ sin3 𝑥 cos2 𝑥 𝑑𝑥

2 ∫ sin6 𝑥 𝑑𝑥

.
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Trigonometric Integrals

Example
Evaluate the following integrals

1 ∫ tan3 𝑥 sec4 𝑥 𝑑𝑥

2 ∫ tan3 𝑥 sec3 𝑥 𝑑𝑥

3 ∫ tan6 𝑥 𝑑𝑥

.
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Trigonometric Integrals

Example
Evaluate the following integrals

1 ∫
√

sin 𝑥 cos3 𝑥 𝑑𝑥

.
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Exam Problem

Exam problem

Compute ∫ sin(4𝑥) cos(2𝑥)𝑑𝑥

.
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Exam Problem

Exam problem

Evaluate ∫ sin4(2𝑥)𝑑𝑥

.
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7.3 Trigonometric Substitutions
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Trigonometric Substitutions
For

√
𝑎2 − 𝑥2, use

𝑥 = 𝑎 sin 𝜃, 𝜃 ∈ [−𝜋/2, 𝜋/2]
𝑑𝑥 = 𝑎 cos 𝜃 𝑑𝜃√
𝑎2 − 𝑥2 = 𝑎 cos 𝜃

For
√

𝑎2 + 𝑥2, use

𝑥 = 𝑎 tan 𝜃, 𝜃 ∈ (−𝜋/2, 𝜋/2)
𝑑𝑥 = 𝑎 sec2 𝜃 𝑑𝜃

√𝑎2 + 𝑥2 = 𝑎 sec 𝜃
For

√
𝑥2 − 𝑎2, use

𝑥 = 𝑎 sec 𝜃, 𝜃 ∈ [0, 𝜋/2) ∪ [𝜋, 3𝜋/2)
𝑑𝑥 = 𝑎 sec 𝜃 tan 𝜃 𝑑𝜃√

𝑥2 − 𝑎2 = 𝑎 tan 𝜃
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Trigonometric Substitutions

Example
Evaluate

∫ 1
𝑥

√
4 − 𝑥2 𝑑𝑥

.
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Trigonometric Substitutions

Example
Evaluate

∫ 1
𝑥

√
9 + 𝑥2 𝑑𝑥

.
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Trigonometric Substitutions

Example
Evaluate

∫ 1
𝑥2

√
𝑥2 − 25

𝑑𝑥

.
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Trigonometric Substitutions

Example
Evaluate

∫ 𝑥√
4 − 𝑥2 𝑑𝑥

.

Ibraheem Alolyan Integral Calculs Math - KSU 27 / 73



Trigonometric Substitutions

Example
Evaluate

∫ 1
(𝑥2 − 1) 3

2
𝑑𝑥

.
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Trigonometric Substitutions

Example
Evaluate

∫ 1√
4𝑥2 − 25

𝑑𝑥

.
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Trigonometric Substitutions

Example
Evaluate

∫ (4 + 𝑥2)2

𝑥3 𝑑𝑥

.
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Trigonometric Substitutions

Example
Evaluate

∫ 3𝑥 − 5√
1 − 𝑥2 𝑑𝑥

.
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Exam Problem

Exam problem

Find ∫ 𝑑𝑥
𝑥3

√
𝑥2 − 4

.
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7.4 Integrals of Rational Functions
(Partial Fraction Decomposition)
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Partial Fraction Decomposition

To find the integral
∫ 𝑞(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)

𝑔(𝑥) 𝑑𝑥

where 𝑓(𝑥) and 𝑔(𝑥) are polynomials. .
1 If deg 𝑓(𝑥) ≥ deg 𝑔(𝑥), use long division.

𝑞(𝑥) = ℎ(𝑥) + 𝑟(𝑥)
𝑔(𝑥)

where the degree of 𝑟(𝑥) is less than 𝑔(𝑥).
2 Use partial fraction decomposition,
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Partial Fraction Decomposition

1 If 𝑞(𝑥) = 𝑓(𝑥)
𝑔(𝑥) and degree of 𝑓(𝑥) is less than degree of 𝑔(𝑥),

we factor 𝑔(𝑥) into linear polynomials

(𝑎𝑥 + 𝑏)𝑛, 𝑛 ∈ ℕ

or irreducible quadratic polynomials

(𝑎𝑥2 + 𝑏𝑥 + 𝑐)𝑛

( irreducible means the polynomial has no real zeros, i.e.
𝑏2 − 4𝑎𝑐 < 0)
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Partial Fraction Decomposition

3 We write

𝑞(𝑥) = 𝑓(𝑥)
𝑔(𝑥) = 𝐹1(𝑥) + 𝐹2(𝑥) + … + 𝐹𝑟(𝑥)

where each 𝐹𝑘(𝑥) has one of the forms

𝐴
(𝑎𝑥 + 𝑏)𝑛 or 𝐴𝑥 + 𝐵

(𝑎𝑥2 + 𝑏𝑥 + 𝑐)𝑛

The sum 𝐹1(𝑥) + 𝐹2(𝑥) + … + 𝐹𝑟(𝑥) is the partial fraction
decomposition of 𝑞(𝑥).
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Partial Fraction Decomposition

Case 1: Distinct Linear Factors If

𝑔(𝑥) = (𝑥 − 𝑎1)(𝑥 − 𝑎2) ⋯ (𝑥 − 𝑎𝑛),

then
𝑓(𝑥)
𝑔(𝑥) = 𝐴1

𝑥 − 𝑎1
+ 𝐴2

𝑥 − 𝑎2
+ ⋯ + 𝐴𝑛

𝑥 − 𝑎𝑛
.
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Partial Fraction Decomposition

Case 2: Repeated Linear Factors
If (𝑥 − 𝑎)𝑚 is a factor of 𝑔(𝑥), then include terms of the form:

𝐴1
𝑥 − 𝑎 + 𝐴2

(𝑥 − 𝑎)2 + ⋯ + 𝐴𝑚
(𝑥 − 𝑎)𝑚 .
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Partial Fraction Decomposition

Case 3: Irreducible Quadratic Factors If (𝑎𝑥2 + 𝑏𝑥 + 𝑐) is an irreducible
quadratic factor, include:

𝐵𝑥 + 𝐶
𝑎𝑥2 + 𝑏𝑥 + 𝑐 .

If it is repeated 𝑚 times:

𝐵1𝑥 + 𝐶1
𝑎𝑥2 + 𝑏𝑥 + 𝑐 + 𝐵2𝑥 + 𝐶2

(𝑎𝑥2 + 𝑏𝑥 + 𝑐)2 + ⋯ + 𝐵𝑚𝑥 + 𝐶𝑚
(𝑎𝑥2 + 𝑏𝑥 + 𝑐)𝑚 .
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Partial Fraction Decomposition

Example
Evaluate the following integrals

1 ∫ 5𝑥 − 12
𝑥(𝑥 − 4) 𝑑𝑥

2 ∫ 𝑥 + 34
(𝑥 − 6)(𝑥 + 2) 𝑑𝑥

.
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Partial Fraction Decomposition

Example
Evaluate the following integrals

1 ∫ 6𝑥 − 11
(𝑥 − 1)2 𝑑𝑥

2 ∫ −19𝑥2 + 50𝑥 − 25
𝑥2(3𝑥 − 5) 𝑑𝑥

.
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Partial Fraction Decomposition

Example
Evaluate the following integrals

1 ∫ 5𝑥2 − 10𝑥 − 8
𝑥3 − 4𝑥 𝑑𝑥

2 ∫ 2𝑥2 − 25𝑥 − 33
(𝑥 + 1)2(𝑥 − 5) 𝑑𝑥

.

Ibraheem Alolyan Integral Calculs Math - KSU 42 / 73



Partial Fraction Decomposition

Example
Evaluate the following integrals

1 ∫ 𝑥6 − 𝑥3 + 1
𝑥4 + 9𝑥2 𝑑𝑥

.
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Exam Problem

Exam problem

Evaluate ∫ 𝑥2 + 1
𝑥3 − 𝑥𝑑𝑥

.
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7.5 Quadratic Forms and Miscellaneous
Substitution
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Quadratic Forms
If the integral contains irreducible quadratic expression

𝑎𝑥2 + 𝑏𝑥 + 𝑐
where 𝑏 ≠ 0.

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 𝑎 (𝑥2 + 𝑏
𝑎𝑥) + 𝑐 = 𝑎 (𝑥 + 𝑏

2𝑎)
2

+ 𝑐 − 𝑏2

4𝑎
.
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Integrals Involving Fractional Powers
If we have integrand that consists of fractional powers, we use the
substitution

𝑢 = 𝑥 1
𝑛

where 𝑛 is the least common multiple of the denominators of the powers.

∫ 1
𝑥 1

𝑘 + 𝑥 1
𝑚

𝑑𝑥

substitute
𝑢 = 𝑥 1

𝑛

where 𝑛 is the least common multiple of 𝑚 and 𝑘. .
𝑢𝑛 = 𝑥

𝑛𝑢𝑛−1𝑑𝑢 = 𝑑𝑥
𝑥 1

𝑘 = 𝑢 𝑛
𝑘 𝑥 1

𝑚 = 𝑢 𝑛
𝑚
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Integrals of the Form 𝑛√𝑓(𝑥)
If integral contains an expression of the form 𝑛√𝑓(𝑥) we use the
substitution

𝑢 = 𝑛√𝑓(𝑥)
𝑢𝑛 = 𝑓(𝑥)

𝑛𝑢𝑛−1𝑑𝑢 = 𝑓 ′(𝑥)𝑑𝑥
.
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Fractional Functions in sin 𝑥 and cos 𝑥
If the integral consists of rational expression in sin 𝑥 and cos 𝑥 then we use
tangent half-angle substitution

𝑢 = tan 𝑥
2 , −𝜋 < 𝑥 < 𝜋

then we have
sin 𝑥 = 2𝑢

𝑢2 + 1
cos 𝑥 = 1 − 𝑢2

𝑢2 + 1
𝑑𝑥 = 2

𝑢2 + 1𝑑𝑢
.
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Quadratic Forms and Miscellaneous Substitution

Example
Evaluate the following integrals

1 ∫ 1
(𝑥 + 1)2 + 4 𝑑𝑥

2 ∫ 1
𝑥2 − 4𝑥 + 8 𝑑𝑥

.
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Quadratic Forms and Miscellaneous Substitution

Example
Evaluate the following integrals

1 ∫ 1√
4𝑥 − 𝑥2 𝑑𝑥

2 ∫ 1√
7 + 6𝑥 − 𝑥2 𝑑𝑥

.
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Quadratic Forms and Miscellaneous Substitution

Example
Evaluate the following integrals

1 ∫ 1
(𝑥2 − 6𝑥 + 34) 3

2
𝑑𝑥

2 ∫ √𝑥(6 − 𝑥) 𝑑𝑥

.
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Quadratic Forms and Miscellaneous Substitution

Example
Evaluate the following integrals

1 ∫
9

4

1√𝑥 + 4 𝑑𝑥

2 ∫
25

0

1
√4 + √𝑥

𝑑𝑥

.
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Quadratic Forms and Miscellaneous Substitution

Example
Evaluate the following integrals

1 ∫
√𝑥

1 + 3√𝑥 𝑑𝑥

2 ∫ 1
4√𝑥 + 3√𝑥 𝑑𝑥

.
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Quadratic Forms and Miscellaneous Substitution

Example
Evaluate the following integrals

1 ∫ 𝑥 1
3 + 1

𝑥 1
3 − 1

𝑑𝑥

2 ∫ 1
2 + sin 𝑥 𝑑𝑥

.
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Quadratic Forms and Miscellaneous Substitution

Example
Evaluate the following integrals

1 ∫ 1
3 + 2 cos 𝑥 𝑑𝑥

2 ∫ 1
1 + sin 𝑥 + cos 𝑥 𝑑𝑥

.
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Quadratic Forms and Miscellaneous Substitution

Example
Evaluate the following integrals

1 ∫ 1
tan 𝑥 + sin 𝑥 𝑑𝑥

.
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Exam Problem

Exam problem

Compute ∫ 1√
𝑥2 − 4𝑥 + 2

𝑑𝑥

.
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7.7 Improper Integrals
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Integrals with Infinite limits of integration

Definition
1 If 𝑓 is continuous on [𝑎, ∞), then

∫
∞

𝑎
𝑓(𝑥)𝑑𝑥 = lim

𝑡→∞
∫

𝑡

𝑎
𝑓(𝑥)𝑑𝑥

provided the limit exists.
2 If 𝑓 is continuous on (−∞, 𝑎], then

∫
𝑎

−∞
𝑓(𝑥)𝑑𝑥 = lim

𝑡→−∞
∫

𝑎

𝑡
𝑓(𝑥)𝑑𝑥

provided the limit exists.
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Integrals with Infinite limits of integration

An improper integral is said to converge if the limit exists.
If the limit does not exist, then the improper integral is diverges
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Integrals with Infinite limits of integration

Definition
If 𝑓 is continuous on ℝ, then

∫
∞

−∞
𝑓(𝑥)𝑑𝑥 = ∫

𝑎

−∞
𝑓(𝑥)𝑑𝑥 + ∫

∞

𝑎
𝑓(𝑥)𝑑𝑥

provided both improper integrals converge.
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Integrals with discontinuous integrands

Definition
1 If 𝑓 is continuous on [𝑎, 𝑏), and discontinuous at 𝑏 then

∫
𝑏

𝑎
𝑓(𝑥)𝑑𝑥 = lim

𝑡→𝑏−
∫

𝑡

𝑎
𝑓(𝑥)𝑑𝑥

provided the limit exists.
2 If 𝑓 is continuous on (𝑎, 𝑏], and discontinuous at 𝑎 , then

∫
𝑏

𝑎
𝑓(𝑥)𝑑𝑥 = lim

𝑡→𝑎+
∫

𝑎

𝑡
𝑓(𝑥)𝑑𝑥

provided the limit exists.
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Integrals with discontinuous integrands

Definition
If 𝑓 is discontinuous at 𝑐 ∈ (𝑎, 𝑏), but continuous elsewhere, then

∫
𝑏

𝑎
𝑓(𝑥)𝑑𝑥 = ∫

𝑐

𝑎
𝑓(𝑥)𝑑𝑥 + ∫

𝑏

𝑐
𝑓(𝑥)𝑑𝑥

provided both integrals converge.
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Improper Integrals

Example
Determine whether the improper integral converges of diverges

∫
∞

1

1
𝑥 4

3
𝑑𝑥

.
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Improper Integrals

Example
Determine whether the improper integral converges of diverges

∫
0

−∞

1
(𝑥 − 1)3 𝑑𝑥

.

Ibraheem Alolyan Integral Calculs Math - KSU 66 / 73



Improper Integrals

Example
Determine whether the improper integral converges of diverges

∫
∞

0

𝑥
1 + 𝑥2 𝑑𝑥

.
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Improper Integrals

Example
Determine whether the improper integral converges of diverges

∫
∞

0
𝑒−2𝑥𝑑𝑥

.
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Improper Integrals

Example
Determine whether the improper integral converges of diverges

∫
∞

0

cos 𝑥
1 + sin2 𝑥

𝑑𝑥

.
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Improper Integrals

Example
Determine whether the improper integral converges of diverges

∫
2

−∞

1
𝑥2 + 1𝑑𝑥

.
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Improper Integrals

Example
Determine whether the improper integral converges of diverges

∫
∞

−∞
𝑥𝑒−𝑥2𝑑𝑥

.
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Improper Integrals

Example
Determine whether the improper integral converges of diverges

∫
∞

1

ln 𝑥
𝑥 𝑑𝑥

.
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Improper Integrals

Exam problem

Does the integral ∫
1

0

𝑑𝑥√𝑥(1 + 𝑥) converge ? Find its value if it does

.
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