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Exercises

© 7.1 Integration By Parts
© 7.2 Trigonometric Integrals

© 7.3 Trigonometric Substitutions

@ 7.4 Integrals of Rational Functions
(Partial Fraction Decomposition)

© Quadratic Forms and Miscellaneous Substitution

@ mproper Integrals

Ibraheem Alolyan Integral Calculs Math - KSU 2/71



7.1 Integration By Parts
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Integration By Parts

Ifu= f(x) and v = g(z) and if f* and g’ are continuous then

/udv—uv—/vdu
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Integration By Parts

Example

Evaluate the following integrals

(4] /$e“’ dx

Q /msinxdm

9 /wsecxtanxdm
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Integration By Parts

Example

Evaluate the following integrals

(4] /tan_lxda:
Q /sinlxdw

o /\/Elnxdax
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Integration By Parts

Example

Evaluate the following integrals

(4] /avcchxdx
Q /e‘wsinwd:p

) /(ln:r)Qd:E
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Exam Problem

Exam problem

Find the indefinite integral /x(cos x)%dx
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Exam Problem

Exam problem

Find the indefinite integral /x(ln z)2dz
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7.2 Trigonometric Integrals
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Trigonometric Integrals

To evaluate .
/ sin™ z cos™ x dx

O If mis an odd integer
. . —1 .
/smm x cos" xdr = /smm x cos" x sinx dx

2

Then use the identity sinz = 1 — cos x, and the substitution

U = COST
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Trigonometric Integrals

@ If nis an odd integer
/sinm x cos” xdx = /sinm x cos" 1z cosxdx

Then use the identity cos?z =1 — sin® x, and the substitution
u=sinx
© If m and n is are even integer Then use the identities

.9 1 —cos2x 9 1+ cos2x
sin x:# and cos :r:#
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Trigonometric Integrals

To evaluate i
/ tan” x sec™ x dx

@ If mis an odd integer
/tanm z sec" xdxr = /tanm1 x sec™ ! x secxtan z dx

Then use the identity tan® z = sec? z — 1, and the substitution
u = secx
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Trigonometric Integrals

@ If nis an even integer
/tanm z sec” ¢ dx = /tanm x sec" 2z sec® xdx

Then use the identity sec? z = 1 4 tan® z, and the substitution
U = Secx

© If mis even and n is odd integers, we have to find another way,
sometimes integration by parts.
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Trigonometric Integrals

To evaluate

/ sinmax cosnx dx, / sinmax sinnx dx

/ cos mx cosnx dx

we use the following formulas

. 1. . .
sinnz cosmz = 5[8111(” —m)x + sin(n + m)x]

1
COS NIT COSMT = §[cos(n —m)z + cos(n + m)z]

. . 1
sinnz sinmz = 5 [cos(n —m)z — cos(n + m)z]
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Trigonometric Integrals

Example

Evaluate the following integrals

Qo /cos3mdx
. 2 2
Q sin” x cos® x dx

9 /cos7wdx
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Trigonometric Integrals

Example

Evaluate the following integrals

.3
(4] /sm xcos? xdx

Q /Sin6 T dx
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Trigonometric Integrals

Example

Evaluate the following integrals

(4] / tan® z sect z dx
Q / tan® x sec3 r dz

9 /tan6 z dx
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Trigonometric Integrals

Evaluate the following integrals

(4] / Vsin x cos® x dz
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Exam Problem

Exam problem

Compute / sin(4x) cos(2x)dx
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Exam Problem

Exam problem

Evaluate / sin®(2z)dx
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7.3 Trigonometric Substitutions
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Trigonometric Substitutions

For m, use
r = asinb, 6 e|—n/2,m/2]
dx = acosfdf
Va2 — 22 = acosf
For Va2 + 22, use
r = atané, 0e(—n/2,m/2)
dx = asec? 0do
m: asect
For V22 — a2, use
xr = asec, 0 €[0,7/2)U[m,3m/2)
dx = asecfOtanfdl
Va2 — a2 = atanf
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Trigonometric Substitutions

Evaluate
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Trigonometric Substitutions

Evaluate
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Trigonometric Substitutions

Evaluate

1
—_dx
/ z2vV/x2 — 25
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Trigonometric Substitutions

Evaluate
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Trigonometric Substitutions

Evaluate
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Trigonometric Substitutions

Evaluate

1
—d
/\/4362—25 *
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Trigonometric Substitutions

Evaluate
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Trigonometric Substitutions

Evaluate
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Exam Problem

Exam problem

Find /d—“’
x3vVzx2 —4
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7.4 Integrals of Rational Functions

(Partial Fraction Decomposition)
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Partial Fraction Decomposition

To find the integral

[ atarda = /gégm

where f(x) and g(x) are polynomials.
Q If deg f(z) > degg(x), use long division.

iy 4 7@
alz) = h(x) + 705

where the degree of r(x) is less than g(x).

@ Use partial fraction decomposition,
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Partial Fraction Decomposition

Q If g(x) = % and degree of f(z) is less than degree of g(z),

we factor ;(x) into linear polynomials
(az +b)", neN
or irreducible quadratic polynomials
(ax? + bz + )"

(irreducible means the polynomial has no real zeros, i.e.
b2 — dac < 0)
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Partial Fraction Decomposition

© We write
q(z) = == =F,(z) + Fy(z) + ... + F.(2)

where each F(z) has one of the forms

A Az + B
(ax + b)" g (azx? + bx + )™

The sum F(x) 4+ Fy(x) + ... + F,(z) is the partial fraction
decomposition of ¢(x).
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Partial Fraction Decomposition

Case 1: Distinct Linear Factors If

g9(x) = (z = a;)(x — ay) -+ (x = ay,),

then
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Partial Fraction Decomposition

Case 2: Repeated Linear Factors
If (x —a)™ is a factor of g(x), then include terms of the form:
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Partial Fraction Decomposition

Case 3: Irreducible Quadratic Factors If (az? + bz + c) is an irreducible
quadratic factor, include:

Bx+C
ar? +br+c
If it is repeated m times:
B,z +C, Byx + C, B, x+C,,
ax?+br+c  (ax?+bx +c)? (ax? + bz + )™
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Partial Fraction Decomposition

Example

Evaluate the following integrals

51:—12
° [it=s

x+34
e/ 93—}—2)dx
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Partial Fraction Decomposition

Example
Evaluate the following integrals
6x — 11
¢ / x—1)2
—192% + 50z — 25
o/

d
x2(3x —5) .
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Partial Fraction Decomposition

Example

Evaluate the following integrals

o /53: —10:1:— e

22 —253:—33
d
9/ z+1)2z—5 "
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Partial Fraction Decomposition

Evaluate the following integrals

—z3+1
d
0/ w492 °F
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Exam Problem

Exam problem

2
1
Evaluate/x + dx

3 —zx
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Quadratic Forms and Miscellaneous Substitution
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Quadratic Forms

If the integral contains irreducible quadratic expression
az? +br +c
where b # 0.

: (24 2a) veafas ) wem
ar*+br+c=alx*+-z|+c=alz+—]| +c——
a 2a
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Integrals Involving Fractional Powers

If we have integrand that consists of fractional powers, we use the

substitution
1
uU=In

where n is the least common multiple of the denominators of the powers.

' 1
/ —dx
Tk +axm

1
U =xrn

where n is the least common multiple of m and k.

substitute

n

u" =

nu ldu = dx

n 1

1 n
Tk = Uk Tm = yum
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Integrals of the Form 3/ f(x)

If integral contains an expression of the form {/f(x) we use the
substitution

u={/f(x)
u" = f(x)
nu"tdu = f'(z)dx
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Fractional Functions in sinx and cosz

If the integral consists of rational expression in sinx and cosx then we use
tangent half-angle substitution

T
u:tang, —rm<r<T
then we have
. 2u
sinx =
u? +1
1—u?
COST = ———
u2 +1
2
dx = du
u? +1
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Quadratic Forms and Miscellaneous Substitution

Example

Evaluate the following integrals
1
—d
° / @+Z2+a™”

1
—d
@ /1‘2—41'+8 *
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Quadratic Forms and Miscellaneous Substitution

Example

Evaluate the following integrals
1
i
4z — x2
1
T —
74 6z — x?
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Quadratic Forms and Miscellaneous Substitution

Example

Evaluate the following integrals

1
o / = dx
(2 — 6+ 34)2

o [ViG-nds
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Quadratic Forms and Miscellaneous Substitution

Example

Evaluate the following integrals
9
o / b dx
VT +4

25

1
.
b V4+Vx !
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Quadratic Forms and Miscellaneous Substitution

Example

Evaluate the following integrals

°/1+\F

o [ iyt
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Quadratic Forms and Miscellaneous Substitution

Example

Evaluate the following integrals
z3 + 1
° /5
T3 —

® /Q—i—sinwdiv
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Quadratic Forms and Miscellaneous Substitution

Example

Evaluate the following integrals

1
—d
© /3—1—2cos:z‘ .

1
d
o /1+sinx+cosx o
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Quadratic Forms and Miscellaneous Substitution

Evaluate the following integrals

1
—d
¢ /tanx+sin3: v
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Exam Problem

Exam problem

1
Compute /—dx
Va2 —dx+2
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Improper Integrals
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Integrals with Infinite limits of integration

@ If f is continuous on [a, c0), then

/aoo f(z)dx = tlggo /at f(z)dx

provided the limit exists.

@ If f is continuous on (—o0, a], then

/_:o flz)dz = tl}i{noo [‘1 f(z)dzx

provided the limit exists.
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Integrals with Infinite limits of integration

@ An improper integral is said to converge if the limit exists.

o If the limit does not exist, then the improper integral is diverges
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Integrals with Infinite limits of integration

(Definition |

If fis continuous on R, then

/ : f(@)dz = / OO f(@)dz + / " Ha)da

provided both improper integrals converge.
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Integrals with discontinuous integrands

@ If f is continuous on [a,b), and discontinuous at b then

/ab f(z)dz = tli)rlg /at f(z)dx

provided the limit exists.

@ If f is continuous on (a,b], and discontinuous at a , then

/ ' fe)de = lim [ seyia

provided the limit exists.
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Integrals with discontinuous integrands

If f is discontinuous at ¢ € (a,b), but continuous elsewhere, then

/abf(x)dm—/acf(x)d:v—i—/cbf(x)dx

provided both integrals converge.
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Improper Integrals

Determine whether the improper integral converges of diverges

[e%e)
1

/ —édl‘

1 s
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Improper Integrals

Determine whether the improper integral converges of diverges

[
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Improper Integrals

Determine whether the improper integral converges of diverges

*
—d
/0 1+ z2 *
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Improper Integrals

Determine whether the improper integral converges of diverges

o
/ e 2%dx
0
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Improper Integrals

Determine whether the improper integral converges of diverges

> cosx
=
o l-+sin"z
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Improper Integrals

Determine whether the improper integral converges of diverges

S|

d
[OomQ—i-l *
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Improper Integrals

Determine whether the improper integral converges of diverges

oo

9
/ ze T dx
—O0
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Improper Integrals

Determine whether the improper integral converges of diverges

“Inz
/ —dx
L T
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Improper Integrals

Exam problem

1
dx
Does the integral ————— converge ? Find its value if it does
2 /O Jz(1 + ) =
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