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Exercises

@ 5.1 Area
© 5.2 Volume by Disk or Washer Method
© 5.3 Volume by Cylindrical Shells

@ 5.5 Arc Length and Surface of Revolution
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5.1 Area
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Area

Let f(x) be a continuous function on [a,b], and f(x) > 0, then the area A
of the region under the graph of f from a to b is given by the

A= / ' He)da
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Area

If f and g are continuous functions on [a,b], and f(x) > g(x), then the
area A of the region bounded by the f and g and the vertical lines
r=a,xrandx=>bis

b
/ F@)— g@)lde
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Graphs of some functions

o y=2z

o y=—3x

o y=uxa?

o y=23

e y=x+4
°oy=1x
°oy= 1z

o y=(z+1)
o y=2a%-2
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Guidelines for finding the area

@ Sketch the region and find the points of intersection of the graphs if
needed

@ Identify which function is on top: f(z) > g(z).

@ Subtract the lower function from the upper function.

@ Integrate the difference:

b
A= / [f(z) — g(z)] du.
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Sketch the region bounded by the graphs of the equations and find its area

y=22 and y=4x
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Sketch the region bounded by the graphs of the equations and find its area

z+y=3 and y+22=3
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Sketch the region bounded by the graphs of the equations and find its area

1
y=— and y=—2? o=1,3=2
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Sketch the region bounded by the graphs of the equations and find its area

y=2% and y=a?
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Sketch the region bounded by the graphs of the equations and find its area

r=9y%> and y—x=2, y=-—2 y=3
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Sketch the region bounded by the graphs of the equations and find its area

r=vy> and z—y=2,
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Find the are of the the region bounded by the graphs of the equations by
integrating with respect to

a) x

b) y

y=+z and y=—zx, z=1, =4
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Find the are of the the region bounded by the graphs of the equations by
integrating with respect to

a) x

b) y

2

y=1—2x° and y=x—1
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Find the are of the the region bounded by the graphs

f(z)=6—32%2 and g(z)=3z, z€][0,2]
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Exam problem

Sketch the region bounded by y = 22 + 1,y = 3z + 1, and find its area
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Exam problem

Find the area of the region bounded by the curves z = 4%, z+y =6,
y = —4 , y =] 2
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5.2 Volume by Disk or Washer Method

Ibraheem Alolyan Integral Calculs Math - KSU 20/58



Volume by Disk (Revolution about xz—axis)

Let f be continuous on [a,b] and R be the region bounded by the graph of
f, the x—axis and the vertical lines x = a and x = b, then the volume V
of the solid of revolution generated by revolving R about the x—axis is

V= / " nlf(@)Pd
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Volume by Disk (Revolution about y—axis)

Let g be continuous on [c,d] and R be the region bounded by the graph of
x = f(y), the y—axis and the horizontal lines y = ¢ and y = d, then the
volume V of the solid of revolution generated by revolving R about the
y—axis Is

d
V= / rlo(w) 2y
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Volume by Washer

If f and g are continuous functions such, f(xz) > g(x) >0 on [a,b] and R
be the region bounded by f, g , and x = a and x = b, then the volume V'
of the solid of revolution generated by revolving R about the x—axis is

b
V= / alf(@)? — g(z)?ldz
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Volume by Washer

If f and g are continuous functions, f(y) > g(y) > 0 on [c,d] and R be
the region bounded by x = f(y), v = g(y) , and y = ¢ and y = d, then
the volume V of the solid of revolution generated by revolving R about
the y—axis is

d
v =/ m[f(y)* — g(y)*]dy
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the z-axis
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the z-axis

y=+vz, r=4, y=0
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the z-axis
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the y-axis
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the y-axis

r=y% z—y=2
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the z-axis

y=sin2z, =0, z=m, y=0
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5.3 Volume by Cylindrical Shells
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Volume by Cylindrical Shells

Let f be continuous on [a,b] where a > 0, and f(xz) > 0, and R be the
region under the graph of f between a and b, then the volume V of the
solid of revolution generated by revolving R about the y—axis is

b
V:/ 2nx f(x)dz

Ibraheem Alolyan Integral Calculs Math - KSU 32/58



Volume by Cylindrical Shells

If g is continuous functions, on [c,d] where ¢ > 0, and g(y) > 0, and R be
the region bounded by x = g(y), the y—axis, y = ¢ and y = d, then the
volume V of the solid of revolution generated by revolving R about the
T—axis is

d
V= / 2myg(y)dy
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the y-axis

y=+vz, r=4, y=0
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the y-axis
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the y-axis

y=a? y’ =8
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the y-axis

20 —y=4, x=0, y=0
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the z-axis

? =4y, y=4
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the z-axis

y=2zx, y=6 x=0
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Sketch the region bounded by the graphs and find the volume of the solid
obtained by revolving the region about the z-axis

y=vVz+4, y=0 z=0
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Exam Problem

Exam problem

Find the area of the surface obtained by revolving the curve = = 2y |
0 <y <1, about the y-axis
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Exam Problem

Exam problem

Find the volume obtained by revolving the region bounded by y = 22 and
y = /x about the z-axis
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5.5 Arc Length and Surface of Revolution
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Arc Length

Let f be differentiable on [a,b], and f’ is continuous. The arc length of
)

I

the graph of f from A(a,

a)) and B(b, f(b)) is

L

/ab\/1+(f/(33))2d:n
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Arc Length

Let x = g(y) be differentiable on [c,d], and g’ is continuous. The arc
length of the graph of g from C(g(c),c) and D(g(d),d) is

L= /d V1+(0®) dy
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Find the length of the arc of y = 222/% between (1,2) and (8, %)

3
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Find the length of the arc of y = 5 — v/z3 between (1,4) and (4, —3)
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Find the length of the arc of 30xy® — y® = 15 between (,1) and (2%}, 2)

157 240
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Find the length of the arc of z = 31’—; + %5 between (2,—2) and (%, —1)

292 8 16°
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Set up an integral for finding the length of the arc of 2y — 7y + 22 =8
between (3,2) and (4,0)
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Exam problem

Compute the arc length of the curve y = coshz, 0<z <1
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Area of Surface of Revolution

Let f be differentiable on [a,b], and f’ is continuous and f(x) > 0. The
area S of the surface generated by revolving the graph of f about the
T—axis is

2

S = /b27rf(x)\/1 + (f'(z))" dzx

Ibraheem Alolyan Integral Calculs Math - KSU 52 /58



Area of Surface of Revolution

Let x = g(y) be differentiable on [c,d], and ¢’ is continuous and g(y) > 0.
The area S of the surface generated by revolving the graph of f about the

Yy—axis Is

d
S=/ 2mg(y)\/1 + (9 (y)) dy
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Area of Surface of Revolution

Find the area of the surface obtained by revolving the curve 4z = 3 from
(0,0) to (1,2) about the z-axis
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Area of Surface of Revolution

Find the area of the surface obtained by revolving the curve y = 23 from
(1,1) to (2,8) about the z-axis
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Area of Surface of Revolution

Find the area of the surface obtained by revolving the curve y = 2v/x + 1
from (0,2) to (3,4) about the z-axis
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Area of Surface of Revolution

If the smaller arc of the circle 2% + y? = 25 between (—3,4) to (3,4) is
revolved find the area of the surface

a) about the z-axis

b) about the y-axis
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Area of Surface of Revolution

Exam problem

Find the area of the surface obtained by revolving the curve

1
Y= 5.%‘2, 0 <z <1 about the y-axis
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Area of Surface of Revolution

Exam problem

Compute the area of the surface obtained by revolving the curve
y=v9—22, —2<x<2, aboutthe z-axis
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