Chapter 6: Univariate Random Variables
Part (3)

Continuous Distribution

uniform distribution
Q1: The current (in mA) measured in a piece of copper wire is known to follow a uniform
distribution over the interval [0, 25]. Write the formula for the probability density function f(x)
of the random variable X representing the current. Calculate the mean and variance of the
distribution and find the cumulative distribution function F(x).

Given that X~Uniform (a,b) f(x) = ﬁ ;a<x<bh

1 1
= =— ;0<x<25
f)=35=5"73 x
Mean :aTHJ = % = 22—5 =12.5
N2 M2
Variance Z(bla) = B07 52.083

(bia) [t]=—"_a<x<b

cumulative distribution function F(x)= f: fdt = ﬁ f: 1dx = "= 20ay

x—0 x
—2(25_0)— 5 ,OSXSZS

F(x)

Normal Distribution

Q2: Resting heart rate was measured for a group of students; the students then drank 6
ounces of coffee. Ten minutes later their heart rates were measured again. The change in
heart rate followed a normal distribution, with a mean increase of 5 beats per minute

(1 =5) and a standard deviation of 10 (o = 10)

Let X denotes the change in heart rate for a randomly selected person.

1) The probability that for a randomly selected person the change in heart rate greater
than 3 is

A) 0.57926 B) 0.42074 0) 0.00135 D) 0.99868
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2) If the population size is 100000 persons, The number of people has change in heart rate
between 2 to 4 is
A) 38209 B) 7808 O) 0.07808 D) 0.38209

3) Let P(X<K)=0.99111, The value of K is

A) 2.37 B) 23.7 C) 28.7 D) 0.37

Exponential Distribution

Q3: Let X be an exponential random variable with parameter 8 = [n(3). Compute the
following probability:P(2 < X < 4).

Solution :
X~exp(8)> f(x)= 0e 0 : Fx)=1—e"9%% x>0

X ~exp( 6 =1In(3) )

fx)=n@B)e"®x . x>0

Fx)=1-em®x . x>0

pdf P2 <x<4)=[; f(x)dx=In(3) [, e"®* dx =~ =0.0988

cdff PR<x<4)=p(X <4)— PX<2)=1-e @®NB _(1 -~ @B = 00988

Q4: Suppose the random variable has an exponential distribution with parameter 6 = 1.
compute P(X > 2).

Solution :
X~exp(0)=> f(x)= Qe 0 ; F(x)=1—e"% x>0

x~exp (0 =1)

f(x) =e™ ; x>0

Flx)=1—-e* ;x>0

pdf P(x >2)= fzoof(x)dx = fzooe‘x dx = — e~ |°2° = —(e7® —e72) =¢72=0.1353

cdf: Px>2)=1-p(x<2)=1—-(1—-e?) =e?
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Q5:What is the probability that a random variable X is less than its expected value, if X has an
exponential distribution with parameter 67

Solution:
X ~exp(6)

f(x) = fe=%* , x>0 : Fix)=1—e"%% x>0

E(x)=j6€‘9x dx =0 F§§)= 1/6
0
P(x<E(X))=P(x<gi)=F(g)=1—e‘9($)= 1—e"1=06321

6.14.6 Properties of the exponential distribution
1. Lack of memory property for £(\): For z,y > 0,

P(X>z+y|X>z2)=P(X >y). (6.141)

2. Link to Poisson distribution: Suppose that X ~ £(\), and we regard X as the time
between successive occurrences of some type of event (e.g., the arrival of a new insurance
claim at an insurance office), where time is measured in appropriate units (seconds, minutes,

hours, or days, etc.).

Now, imagine choosing a starting time (say labeled as ¢ = 0), and from this point onward,
we begin recording times between successive events. Let N represent the number of events
(claims) that have occurred when one unit of time has elapsed. Then N will be a random
variable related to the times of the occurring events. The distribution of N is Poisson with

parameter \.

3. Minimum of independent exponential variables: If X;, Xs,..., X, are independent

exponential random variables with parameters A\j, Aa,..., A,, then

min(X;, Xo,...,. Xn)~E(DN)- (6.142)

Lack of Memory Property:

Q6:Suppose a device has a lifetime X that follows an Exponential distribution with a mean of
10 hours.

assume the device has already been running for 5 hours without failing. What is the probability
that it survives for at least another 10 hours?
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Using Lack of Memory Property: P(X > x+y | mid X > x) =P(X >Yy)
P(X > 5+10| mid X > 5) =P(X > 10)

we compute: P(X > 10)

given that the mean =E (X) = %:10 which means that 1 = %

1
P(X>10)=e ™ = ¢ 1011 =0.3679
Thus,
P(X>15|X>5)=0.3679

This shows that the probability of surviving another 10 hours does not depend on the fact that it
has already survived 5 hours. The past does not affect the future, which is exactly the lack of
memory property in action.

Link to the Poisson Distribution

Q7: Suppose that calls arrive at a customer service center according to an Exponential distribution
with a rate of A =4 calls per hour.

* The time between consecutive calls follows:
X~exp(1)=exp(4)

* The number of calls in 1 hour follows a Poisson distribution:
N~ Poisson (At)= Poisson (4(1))

* Probability of exactly 3 calls in an hour:

e—4
3!

2 —0.1954.

P(N =3)=

The number of calls in 2 hour follows a Poisson distribution
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Minimum of Independent Exponential Random Variables

Q8: Consider two independent servers processing jobs:

* Server A takes an Exponential time with A;=3 jobs per hour.

* Server B takes an Exponential time with A, =5 jobs per hour.

Find the expected time until the first job is completed:
Let X;~exp(3) be the service time of Server A, and X,~exp(5) be the service time of Server B.
* The minimum processing time follows:
min(X;, X,) ~Exp(4;+4,) = Exp(3+5)= Exp(8)

* Expected time until the first job is completed:

E[ min(Xy, X,)] = % =0.125 hours (7.5 minutes).

Gamma Distribution
Q9: et X be a Gamma random variable with a = 4 and A = é Compute P(2 <X < 4)?

—Axxa—l _ Ae—lx (lx)“_l
r@) r(a)

1 _x x4—1
P(2<X<4) F?ez(?) d ! f43
= X = X
, rc4) 2'1(4) J,

~T(4)=31=6

Solution: Gamma dis : f(x) = e , x>0

_X
e 2 dx

By use calculate we get % f24x3e_5 dx =0.1239

Q10: (HW) if X has a probability density function given by

4x2% 72X x>0
f(x) = ’
(x) { 0 otherwise
Find the mean and the variance?

—Axxa—l - Ae—lx (Ax)“_l

Solution : Gamma dis : f(x) = A er(a) = o

, x>0
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3

X~Gamma (@ =3,1=2) = E(X)Z%:g ; V(X):%:4

or EQ) =[" xf(x)dx= EX) = [ 4x3edx= 4%=%=§= 15
0 0 r(s) 44!
E(Xz)zj xzf(x)dx:»E(Xz)zf 4x* e P dx = 4 ;5)= (25)=
—o0 0

VX) =EX?*») - [EX)]*?=3-(1.5)2= % = 0.75

Q11: (HW) Let X be a gamma random variable with « = 2 and A = 3. Compute P(X > 3)?

—/1x a—-1 - Ax a—-1
Solution: Gamma dis : f(x) = r(a)x =2 F(S;) , x>0

2
f(X)_ﬁ Bx)*lte3* = 2

-3x

xXe

PX>3)=1-PX<3)=1- x e73% dxl =1-0.9988 =0.001234

r)J,

Q12: Suppose the continuous random variable X has the following pdf:

1
_ ) —x%e” 2 if x>0
fx) = { f
0 otherwise
Find E(X3) ?
Solution :
1 (® re6)
3) = 5072 = — =
E(X?) 16f0 x* e 2dx = 3o — =5 = 480
2)
E(X3) = 480
QI3(HW) If we have
a.f(x)=$ ;a<x<bh
b. f(x) = Ae"l" ;x>0
cf(x)— exp[ 2(x—u)z] ; —0 < x <

Find E(X) and V(X).
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Solution :

a) f(x)=$ ;a<x<bh
b 1 b 1 xzb 1 i i
0 = [ xfGodx =5 [ wax = g2 =2t (52— a?)
1 b+a ¢
=m(b+a)(b—a)= 5
b 1 b 1 31b b3_ 3
00 = [ fooax = 1 [ ar = 2o <G5

_(b- a)(b? + ab + a?) B (b% + ab + a?)
- 3(b—a) B 3

(b? +ab +a?®) (b+ a)?
V(X) = E(X*) - [E(X)]* = 3 -

1\ 1 3\ 1
_ (22 p2 2y _ (21 p2 2
—(4>3(b + ab + a?) (3>4(b + 2ab + a®)

1 1
2 _ 2y — N2
=1 (b* — 2ab + a*) 2 (b—a)

b) f(xX)=2e ™™ ;x>0

E(X) = foooxf(x)dx =AJ:ox e Mdx =2 F)(j) =%
[byusefowxae-bx dx =%, (@)= (a—1!]
E(X%) = j:oxz f(x)dx =Aj;oox2 e dx :Arg) :j_z
2 1 1
V) = EXH) —[EX) =5 — 55 =3
0 fO)=—=exp| -5 & -w? ;—w<x<oo

E(X) =fo:oxf(x)dx = 12n J;:x exp [—%(x;M)Z] dx

— o
x

Letu:%” = x=ou+pu - dx=ocdu - idxzdu

—o<x<ow = —oo<<u<o
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! foo( e d 7 fm -2 du + f -2 g
[p— ou e u =— ue u — e u =
T J_ # V2 J_w —o #

Odd function: f(—x) = —f(x)
Even function: f(—x) = f(x)

o _ L2 ., . .
Where f_oou e 2° du =0 because it is odd function over a symmetric

range.
0 12 2 o0 L2
\/T_nf_we 2 du=\/2—Tfoe 2 du =1
1
Note: the pdf of standard normal distribution f(u) = \/% e 2%

1
Then —f e ¥ du =1

E(X?) = f_o:oxz f(x)dx = Ujﬁjj;xz exp[

Letuz% = x=ou+u - dx=o0du - %dx=du

—o<x<o0n = —oo<u< o

—f (ou + p)? e 2% du = \/?f (c*u? + 2o0pu + uz)e_fu2 du
o T J oo

ue_%u2 m e_%uz du = o? + p?
- V2m ) B
1 _12
where —f u?e 7 du =%f_°ooo 2 du =1

V(X) = EX?) - [EX)]? = 0% + p* — p? = o?

Note:

1
(XJ 2 __u
u“e 2 du
\/Zn_ \/211
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Letz =u? - dz=2udu- —dz-du —>—dz-du
272
P<u<ow = 0<z<x

3
202 o0 _lZ 1 o2 o 1 _lZ o2 T3 2 o2 3 2021
:Ffo zZe 2 _1dZ:\/?f0 Zze 27 dz = (Z)Z_F(_):__ T 2
Vs = s
272

weknow I'(x+1)=xI'(x) and T G) =m

ehen 1(3) =r(1+3) =5 (5) =37

\V2m
__u -~ _luz
> an_ du = \/ﬁf du
Letz =u? - dz=2udu- —dz-du—> : dz = du
ZZZ
w1 _1 _1 r(
S Lelieifae LMW L gr g

V2m

y
o]

Pareto Distribution

Q14: suppose that the wealth (in million of dollars) of individuals in certain country follows

pareto with m = 1 million(minimum wealth is 1 million)and a = 2.5

am®
f) =7, x>m

2.5)1%5 25
f(x)=%=ﬁ,x>1 F(x):(%)a

a. Find the probability that a randomly chosen individual has wealth less than 5§ million

525
P(X <5) = f ﬁdx =0.98211

1

b. Find the expected wealth of an individual. E(X) = % = ;i—(l) = 1.667

. . _ am?  (25)1? _
c. Find the variance of wealth V(X) = G D2 D G5 D) 2.222
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Ql15: If X~Exp(2) independent of Y ~Gamma(3,4), find:

a. E(XY).
b. E(X?Y?).
. V(X-Y)
d. V(X +2Y)
where
pdf EX) | VX
X~Exp(2) fx) = e ;x>0 111
A A2
Y~Gamma(a, B) _ BT sy . s £
f(y)—r(a)y e y>0| 3 72
Solution :

X~Exp(A = 2); Y~Gamma(a = 3,8 =4)

3

a) E(XY)=EX)E(Y) =122 2

3
2 4
b) E(X2Y3) = E(X2)E(Y3) = Lo

1
2 32

5
Vo) = EQX?) ~[EWP = EXD) =V +[EQP=+;=5=

o) 43 0 — —
EY:) =f, ¥ fDdy =15l ¥y’ e™ dy

43 (o, 431(6) 5 15
2 Jy 2 45 128 16
1 3 7
) VX-V =V +V) =, +-=1

d) V(3X+2Y)=9V(X)+4V(Y)=9()+4( )=3

1 3
4 16
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Q16: Suppose X follows a standard normal distribution (0, 1), meaning it has:

Ix(x) = \/ﬁ‘f"&/g
We define the transformation:
Y=u(X) = eX
To find the PDF of Y, we first determine the inverse function:
oY) =In(Y)
and compute its derivative:
1
V(YY) = %

Thus, the PDF of Y'is:

F) = fx(n(y) - %

Q17: Let X be uniformly distributed between [0, 1], meaning:
Define Y= X2 The CDF of Yis:
Since Fx(z) =z for X ~ U(0,1), we get:

Fy) =y, 0<y<1

Differentiating to get the PDF:
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