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Chapter 6: Univariate Random Variables  
Part (3) 

 
Continuous Distribution 

 

uniform distribution   
Q1: The current (in mA) measured in a piece of copper wire is known to follow a uniform 
distribution over the interval [0, 25]. Write the formula for the probability density function f(x) 
of the random variable X representing the current. Calculate the mean and variance of the 
distribution and find the cumulative distribution function F(x). 

Given that 𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚 (𝑎, 𝑏)     𝑓(𝑥) = 1
𝑏−𝑎

     ; 𝑎 ≤ 𝑥 ≤ 𝑏 

𝑓(𝑥) =
1

25 − 0 =
1

25     ; 0 ≤ 𝑥 ≤ 25 

Mean =𝑎+𝑏
2

= 0+25
2

= 25
2

= 12.5 

Variance =(𝑏−𝑎)2

12
= (25−0)2

12
= 52.083 

cumulative distribution function F(x)= ∫  𝒇(𝒕)𝒅𝒕 𝒙
𝒂 = 𝟏

𝒃−𝒂
 ∫  𝟏𝒅𝒙 𝒃

𝒂 = 𝟏
(𝒃−𝒂)

[𝒕]𝒂
𝒙 = 𝒙−𝒂

𝟐(𝒃−𝒂), 𝑎 ≤ 𝑥 ≤ 𝑏 

F(x)= 𝒙−𝟎
𝟐(𝟐𝟓−𝟎)

=  𝒙
𝟓𝟎

    , 0 ≤ 𝑥 ≤ 25     

 

Normal Distribution 

Q2:  Resting heart rate was measured for a group of students; the students then drank 6 
ounces of coffee. Ten minutes later their heart rates were measured again. The change in 
heart rate followed a normal distribution, with a mean increase of 5 beats per minute      
(𝝁 = 5) and a standard deviation of 10 (𝝈 = 10) 

 Let X denotes the change in heart rate for a randomly selected person.  

1) The probability that for a randomly selected person the change in heart rate greater 
than 3 is 

 

A) 0.57926 B) 0.42074 C) 0.00135 D) 0.99868 
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2) If the population size is 100000 persons, The number of people has change in heart rate 
between 2 to 4 is   

A) 38209 B) 7808 C) 0.07808 D) 0.38209 

 
3) Let P( X < K ) = 0.99111 , The value of K is 

A) 2.37 B) 23.7 C) 28.7 D) 0.37 

 

 

Exponential Distribution    

Q3: Let X be an exponential random variable with parameter 𝜃 =  𝑙𝑛(3). Compute the 
following probability:𝑃(2 ≤  𝑋 ≤  4) . 

Solution :  
𝑋 ~𝑒𝑥𝑝(  𝜃  ) ⇒       𝑓(𝑥) =  𝜃𝑒−𝜃𝑥              ;            𝐹(𝑥) =  1 − 𝑒− 𝜃𝑥       , 𝑥 > 0 

 𝑿 ~𝒆𝒙𝒑(   𝜽 = 𝒍𝒏(𝟑)  ) 

𝒇(𝒙) = 𝒍𝒏(𝟑) 𝒆−𝒍𝒏(𝟑) 𝒙   ;    𝒙 > 𝟎 

𝑭(𝒙) =  𝟏 − 𝒆−𝒍𝒏(𝟑) 𝒙         ;  𝒙 > 𝟎 

pdf:  𝑃(2 ≤ 𝑥 ≤ 4) = ∫ 𝑓(𝑥)𝑑𝑥 = ln (3)4
2 ∫ e−ln(3)x  dx4

2  = 8
81

= 0.0988   

cdf:  𝑃(2 ≤ 𝑥 ≤ 4) = 𝑝(𝑋 ≤ 4) −  𝑃(𝑋 ≤ 2) = 1 − 𝑒−(4) 𝑙𝑛(3) – (1 − 𝑒−(2) 𝑙𝑛(3)) =  0.0988 

 

Q4: Suppose the random variable has an exponential distribution with parameter 𝜃 = 1. 
 compute 𝑃(𝑋 > 2). 

Solution :  
 𝑋 ~𝑒𝑥𝑝(  𝜃  ) ⇒      𝑓(𝑥) =  𝜃𝑒−𝜃𝑥              ;            𝐹(𝑥) =  1 − 𝑒− 𝜃𝑥       , 𝑥 > 0 

𝒙~𝐞𝐱𝐩 (𝜽 = 𝟏) 

𝑓(𝑥)  = 𝒆−𝒙   ;    𝑥 > 0 

𝐹(𝑥) =  𝟏 − 𝒆−𝒙         ;  𝑥 > 0 

pdf:  𝑃(𝑥 > 2) = ∫ 𝑓(𝑥)𝑑𝑥∞
2 = ∫ 𝑒−𝑥∞

2  𝑑𝑥 = − 𝑒−𝑥   |∞
2 =  −(𝑒−∞ − 𝑒−2) = 𝑒−2 = 0.1353 

cdf:   𝑃(𝑥 > 2) = 1 − 𝑝(𝑥 ≤ 2) = 1 − (1 − 𝑒−2) = 𝑒−2 
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Q5:What is the probability that a random variable X is less than its expected value, if X has an 
exponential distribution with parameter 𝜃? 

Solution: 
𝑋 ~ exp(𝜃)  

𝑓(𝑥) =  𝜃𝑒− 𝜃𝑥         , 𝑥 > 0       ;    𝐹(𝑥) = 1 − 𝑒− 𝜃𝑥      , 𝑥 > 0 

 𝐸(𝑥) = ∫ 𝜃 𝑒−𝜃𝑥

∞

0

 𝑑𝑥 = 𝜃 
Γ(2)
𝜃2 =  1/ 𝜃  

 𝑃(𝑥 < 𝐸(𝑋)) = 𝑃 (𝑥 < 1
𝜃 

) = 𝐹 (1
𝜃

) = 1 − 𝑒− 𝜃 (1
𝜃) =  1 − 𝑒−1 = 0.6321 

 

 

Lack of Memory Property:   

Q6:Suppose a device has a lifetime  X  that follows an Exponential distribution with a mean of 
10 hours.  

 assume the device has already been running for 5 hours without failing. What is the probability 
that it survives for at least another 10 hours? 
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Using Lack of Memory Property:  P(X > x+y | mid X > x) = P(X > y)           

P(X > 5+10| mid X > 5) = P(X > 10) 

we compute: P(X > 10) 

given that the mean =𝐸(𝑋) = 1
𝜆
=10   which means that 𝜆 = 1

10
 

P(X > 10) = 𝑒−𝜆𝑥 = 𝑒− 1
10(10) =0.3679 

Thus, 

P(X > 15 | X > 5) = 0.3679 

This shows that the probability of surviving another 10 hours does not depend on the fact that it 
has already survived 5 hours. The past does not affect the future, which is exactly the lack of 
memory property in action. 

 

 

Link to the Poisson Distribution 

 

Q7: Suppose that calls arrive at a customer service center according to an Exponential distribution 
with a rate of 𝜆 = 4  calls per hour. 

 • The time between consecutive calls follows: 

𝑋~exp(𝜆)= exp(4) 

 • The number of calls in 1 hour follows a Poisson distribution: 

𝑁~ Poisson (𝜆𝑡)= Poisson (4(1)) 

 • Probability of exactly 3 calls in an hour: 

P(N = 3) = 𝑒
−4  43

3!
  = 0.1954. 

The number of calls in 2 hour follows a Poisson distribution 
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Minimum of Independent Exponential Random Variables 

Q8: Consider two independent servers processing jobs: 

 • Server A takes an Exponential time with  𝜆1= 3  jobs per hour. 

 • Server B takes an Exponential time with  𝜆2 = 5  jobs per hour. 

Find the expected time until the first job is completed: 

Let  𝑋1~exp(3)  be the service time of Server A, and  𝑋2~exp(5) be the service time of Server B. 

 • The minimum processing time follows: 

min(𝑋1, 𝑋2) ~Exp(𝜆1+𝜆2) = Exp(3+5)= Exp(8) 

 • Expected time until the first job is completed: 

E[ min(𝑋1, 𝑋2)] = 1
8
 = 0.125 hours (7.5  minutes). 

 

Gamma Distribution    

Q9: et X be a Gamma random variable with α = 4 and λ = 1
2
. Compute P(2 < X < 4) ? 

 
Solution: Gamma dis ∶  𝑓(𝑥) = 𝜆𝛼  𝑒− 𝜆𝑥 𝑥𝛼−1

Γ(𝛼 )
= 𝜆𝑒− 𝜆𝑥  (𝜆𝑥)𝛼−1

Γ(𝛼 )
   , 𝑥 ≥ 0     

 

P(2 < X < 4) = ∫   
1
2 𝑒− 𝑥2   (𝑥

2)
4−1

Γ(4 )  𝑑𝑥
4

2
=

1
24Γ(4 ) ∫ 𝑥3𝑒− 𝑥2   𝑑𝑥

4

2
 

∴ Γ(4) = 3! = 6 

By use calculate we get  1
96

   ∫ 𝑥3𝑒− 𝑥2   𝑑𝑥4
2 = 𝟎. 𝟏𝟐𝟑𝟗 

 
 
Q10: (HW) if X has a probability density function given by 

f(x) =  { 4x2 e−2x           ; x > 0
          0                otherwise 

 

Find the mean and the variance?  
 

Solution : Gamma dis ∶  𝑓(𝑥) = 𝜆𝛼  𝑒− 𝜆𝑥 𝑥𝛼−1

Γ(𝛼 )
= 𝜆𝑒− 𝜆𝑥  (𝜆𝑥)𝛼−1

Γ(𝛼 )
   , 𝑥 ≥ 0     
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 𝑋~𝐺𝑎𝑚𝑚𝑎 (𝛼 = 3 , 𝜆 = 2) ⇒   𝐸(𝑋) = 𝛼
𝜆

= 3
2

   ;    𝑉(𝑋) = 𝛼
𝜆2 = 3

4
   

Or  𝐸(𝑋) = ∫ 𝑥 𝑓(𝑥)∞
−∞ 𝑑𝑥 ⇒      𝐸(𝑋) = ∫ 4x3 e−2x∞

0 𝑑𝑥 = 4 Γ(4)
24 = 4 (3!)

24 = 3
2

=  1.5   

𝐸(𝑋2) = ∫ 𝑥2 𝑓(𝑥)
∞

−∞
𝑑𝑥 ⇒ 𝐸(𝑋2) = ∫ 4x4 e−2x

∞

0
𝑑𝑥 =  4

Γ(5)
25 =

4(4!)
25 =  3   

𝑉(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 = 3 − (1.5)2 =
3
4 = 0.75 

 
 
Q11: (HW) Let X be a gamma random variable with α = 2  and λ = 3. Compute P(X > 3)? 
 

Solution:  Gamma dis ∶  𝑓(𝑥) = 𝜆𝛼  𝑒− 𝜆𝑥 𝑥𝛼−1

Γ(𝛼 )
 = 𝜆𝑒− 𝜆𝑥  (𝜆𝑥)𝛼−1

Γ(𝛼 )
, 𝑥 ≥ 0     

𝑓(𝑥) =
3

Γ(2) (3x)2−1 e−3x =  
𝟑𝟐

𝚪(𝟐)  𝐱 𝐞−𝟑𝐱 

P(X > 3) = 1 − P(X < 3) = 1 − [
32

Γ(2) ∫ x e−3x
3

0
𝑑𝑥] = 1 − 0.9988 = 𝟎. 𝟎𝟎𝟏𝟐𝟑𝟒  

 
 

Q12: Suppose the continuous random variable X has the following pdf: 

𝑓(𝑥) =  {
1

16 𝑥2 𝑒− 𝑥2       𝑖𝑓   𝑥 > 0

          0                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
 

Find E(X3) ? 
 
Solution :  

𝐸(𝑋3) =
1

16
∫ x5 e−x

2
∞

0
𝑑𝑥 =

1
16 

Γ(6)

(1
2)

6 = 480  

E(X3) = 480  
 
 

 

Q13(HW)  If we have  
a. 𝑓(𝑥) = 1

𝑏−𝑎
       ; 𝑎 ≤ 𝑥 ≤ 𝑏  

b. 𝑓(𝑥) =  𝜆𝑒−𝜆𝑥       ;  𝑥 >  0   
c. 𝑓(𝑥) = 1

√2𝜋 𝜎
exp [− 1

2𝜎2 (𝑥 − 𝜇)2]      ;  −∞ < 𝑥 < ∞ 

Find E(X) and V(X).  
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Solution : 

a) 𝑓(𝑥) = 1
𝑏−𝑎

       ; 𝑎 ≤ 𝑥 ≤ 𝑏  

𝑬(𝑿) = ∫ 𝒙 𝒇(𝒙)𝒅𝒙 
𝒃

𝒂
=

𝟏
𝒃 − 𝒂

 ∫ 𝒙 𝒅𝒙 
𝒃

𝒂
=

𝟏
(𝒃 − 𝒂) [

𝒙𝟐

𝟐
]

𝒂

𝒃

=
𝟏

𝟐(𝒃 − 𝒂) (𝒃𝟐 − 𝒂𝟐)

=
𝟏

𝟐(𝒃 − 𝒂)
(𝒃 + 𝒂)(𝒃 − 𝒂) =

𝒃 + 𝒂
𝟐

 

𝑬(𝑿𝟐) = ∫ 𝒙𝟐 𝒇(𝒙)𝒅𝒙 
𝒃

𝒂
=

𝟏
𝒃 − 𝒂 ∫ 𝒙𝟐 𝒅𝒙 

𝒃

𝒂
=

𝟏
(𝒃 − 𝒂) [

𝒙𝟑

𝟑
]

𝒂

𝒃

=
(𝒃𝟑 − 𝒂𝟑)
𝟑(𝒃 − 𝒂)

=
(𝒃 − 𝒂)(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐)

𝟑(𝒃 − 𝒂) =
(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐)

𝟑   

𝑽(𝑿) = 𝑬(𝑿𝟐) − [𝑬(𝑿)]𝟐 =  
(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐)

𝟑 −
(𝒃 + 𝒂)𝟐

𝟒  

= (
𝟒
𝟒)

𝟏
𝟑

(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐) − (
𝟑
𝟑)

𝟏
𝟒

(𝒃𝟐 + 𝟐𝒂𝒃 + 𝒂𝟐) 

=
𝟏

𝟏𝟐 (𝒃𝟐 − 𝟐𝒂𝒃 + 𝒂𝟐) =
𝟏

𝟏𝟐
(𝒃 − 𝒂)𝟐 

 

b) 𝑓(𝑥) =  𝜆𝑒−𝜆𝑥       ;  𝑥 >  0   

𝑬(𝑿) = ∫ 𝒙 𝒇(𝒙)𝒅𝒙 
∞

𝟎
= 𝝀 ∫ 𝒙 𝑒−𝜆𝑥 𝒅𝒙 

∞

𝟎
= 𝝀 

𝚪(𝟐)
𝝀𝟐 =

𝟏
𝝀 

[𝑏𝑦 𝑢𝑠𝑒 ∫ 𝑥𝑎 𝑒−𝑏 𝑥  𝑑𝑥
∞

0
=

Γ(𝑎 + 1)
𝑏𝑎+1  , Γ(𝑎) = (𝑎 − 1)! ] 

𝑬(𝑿𝟐) = ∫ 𝒙𝟐 𝒇(𝒙)𝒅𝒙 
∞

𝟎
= 𝝀 ∫ 𝒙𝟐 𝑒−𝜆𝑥 𝒅𝒙 

∞

𝟎
= 𝝀

𝚪(𝟑)
𝝀𝟑 =

𝟐
𝝀𝟐     

𝑽(𝑿) = 𝑬(𝑿𝟐) − [𝑬(𝑿)]𝟐 =
𝟐
𝝀𝟐  −

𝟏
𝝀𝟐 =

𝟏
𝝀𝟐  

c) 𝑓(𝑥) = 1
𝜎 √2𝜋 

exp [− 1
2𝜎2 (𝑥 − 𝜇)2]      ;  −∞ < 𝑥 < ∞ 

 

𝑬(𝑿) = ∫ 𝒙 𝒇(𝒙)𝒅𝒙 
∞

−∞
=

1
𝜎 √2𝜋 

∫ 𝒙 exp [−
1
2 (

𝑥 − 𝜇
𝜎 )

2
]   𝒅𝒙 

∞

−∞
 

Let 𝒖 = 𝒙−𝝁
𝝈

  ⇒   𝒙 = 𝝈𝒖 + 𝝁  →  𝒅𝒙 = 𝝈 𝒅𝒖 →   𝟏
𝝈

𝒅𝒙 = 𝒅𝒖 

 −∞ < 𝒙 < ∞   ⇒     −∞ < 𝒖 < ∞    
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=
1

√2𝜋 
∫ (𝝈 𝒖 + 𝝁)𝑒− 12𝑢2

  𝒅𝒖 
∞

−∞
=

𝝈
√2𝜋 

∫ 𝒖 𝑒− 12𝑢2
  𝒅𝒖 

∞

−∞
+

𝝁
√2𝜋 

∫ 𝑒− 12𝑢2
  𝒅𝒖 

∞

−∞
= 𝝁 

Odd function: 𝒇(−𝒙) = −𝒇(𝒙) 

Even function: 𝒇(−𝒙) = 𝒇(𝒙)  

 

Where ∫ 𝒖 𝑒− 12𝑢2
  𝒅𝒖 ∞

−∞ = 0    𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑖𝑡 𝑖𝑠 𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 over a symmetric 
range. 

 

 𝟏
√2𝜋 ∫ 𝑒− 12𝑢2

  𝒅𝒖 ∞
−∞ = 𝟐

√2𝜋 ∫ 𝑒− 12𝑢2
  𝒅𝒖 ∞

𝟎 = 𝟏   

Note: the pdf of standard normal distribution 𝒇(𝒖) = 1
√2𝜋 

𝑒− 12𝑢2
 

Then  𝟏
√2𝜋 ∫ 𝑒− 12𝑢2

  𝒅𝒖 ∞
−∞ = 𝟏   

 

𝑬(𝑿𝟐) = ∫ 𝒙𝟐 𝒇(𝒙)𝒅𝒙 
∞

−∞
=

1
𝜎 √2𝜋 

∫ 𝒙𝟐  exp [−
1
2 (

𝑥 − 𝜇
𝜎 )

2
]   𝒅𝒙 

∞

−∞
 

Let 𝒖 = 𝒙−𝝁
𝝈

  ⇒    𝒙 = 𝝈𝒖 + 𝝁  →    𝒅𝒙 = 𝝈 𝒅𝒖 →     𝟏
𝝈

𝒅𝒙 = 𝒅𝒖 

−∞ < 𝒙 < ∞   ⇒     −∞ < 𝒖 < ∞    

=
1

√2𝜋 
∫ (𝝈𝒖 + 𝝁)𝟐 𝑒− 12𝑢2

 𝒅𝒖
∞

−∞
 =

1
√2𝜋 

∫ (𝝈𝟐𝒖𝟐 + 𝟐𝝈𝝁 𝒖 + 𝝁𝟐)𝑒− 12𝑢2
  𝒅𝒖 

∞

−∞
 

=
𝝈𝟐

√2𝜋 
∫ 𝒖𝟐 𝑒− 12𝑢2

 𝒅𝒖
∞

−∞
+

𝟐𝝈𝝁
√2𝜋 

∫  𝒖 𝑒− 12𝑢2
 𝒅𝒖

∞

−∞
+

𝝁𝟐

√2𝜋 
∫  𝑒− 12𝑢2

 𝒅𝒖
∞

−∞
= 𝝈𝟐 + 𝝁𝟐 

 𝑤ℎ𝑒𝑟𝑒  𝟏
√2𝜋 ∫ 𝒖𝟐𝑒− 12𝑢2

  𝒅𝒖 ∞
−∞ = 𝟏

√2𝜋 ∫ 𝑒− 12𝑢2  𝒅𝒖 ∞
−∞ = 𝟏  

 

.𝑽(𝑿) = 𝑬(𝑿𝟐) − [𝑬(𝑿)]𝟐 = 𝝈𝟐 + 𝝁𝟐 − 𝝁𝟐 =  𝝈𝟐  
 

Note:  

➢ 𝝈𝟐

√𝟐𝝅 ∫ 𝒖𝟐 𝒆− 𝟏𝟐𝒖𝟐
 𝒅𝒖∞

−∞ = 𝟐 𝝈𝟐

√2𝜋 ∫ 𝒖𝟐 𝑒− 12𝑢2
 𝒅𝒖∞

𝟎  
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    𝑳𝒆𝒕 𝒛 = 𝒖𝟐 →   𝒅𝒛 = 𝟐𝒖 𝒅𝒖 →    𝟏
𝟐𝒖

 𝒅𝒛 = 𝒅𝒖 → 𝟏

𝟐 𝒁
𝟏
𝟐

 𝒅𝒛 = 𝒅𝒖    

   0 < 𝑢 < ∞   ⇒     0 < 𝑧 < ∞    

 = 2 𝜎2

√2𝜋 ∫ 𝑧 𝑒− 12 𝑍  1

2𝑍
1
2

 𝑑𝑧∞
0 =  𝝈𝟐

√2𝜋 ∫ 𝒁
𝟏
𝟐 𝑒− 12 𝑍 𝒅𝒛∞

𝟎 =  𝝈𝟐

√2𝜋 
 
Γ(3

2)

(1
2)

3
2

= 2 𝝈𝟐

√𝜋 
Γ (3

2
) = 2 𝝈𝟐

√𝜋 
𝟏
𝟐 √𝝅 = 𝜎2  

 𝒘𝒆 𝒌𝒏𝒐𝒘  𝜞(𝒙 + 𝟏) = 𝒙𝜞(𝒙)       and  𝜞 (𝟏
𝟐
) = √𝝅   

 𝒕𝒉𝒆𝒏   𝜞 (
𝟑
𝟐) = 𝜞 (𝟏 +

𝟏
𝟐) =

𝟏
𝟐 𝜞 (

𝟏
𝟐) =

𝟏
𝟐 √𝝅   

 

➢ 𝟏
√𝟐𝝅 ∫  𝒖 𝒆− 𝟏𝟐𝒖𝟐

 𝒅𝒖∞
−∞ = 𝟏

√𝟐𝝅 
[− 𝒆− 𝟏𝟐𝒖𝟐

]
−∞

∞
= −𝟏

√𝟐𝝅 
(𝒆−∞ − 𝒆−∞) = 𝟎     ∵ 𝒆−∞ = 𝟎 

➢ 𝟏
√𝟐𝝅 ∫   𝒆− 𝟏𝟐𝒖𝟐

 𝒅𝒖∞
−∞ = 𝟐

√𝟐𝝅 ∫   𝒆− 𝟏𝟐𝒖𝟐
 𝒅𝒖∞

𝟎   

𝑳𝒆𝒕 𝒛 = 𝒖𝟐 →   𝒅𝒛 = 𝟐𝒖 𝒅𝒖 →    𝟏
𝟐𝒖

 𝒅𝒛 = 𝒅𝒖 → 𝟏

𝟐 𝒁
𝟏
𝟐

 𝒅𝒛 = 𝒅𝒖    

 = 𝟐
√𝟐𝝅 ∫ 𝟏

𝟐
 𝒛− 𝟏𝟐 𝒆− 𝟏𝟐 𝒁 ∞

𝟎 𝒅𝒛 =  𝟏
√𝟐𝝅 

 
𝚪(𝟏

𝟐)

√   𝟏𝟐     
 =  𝟏

√𝟐𝝅 √𝟐𝝅 = 𝟏 

 

 

Pareto Distribution  

Q14:  suppose that the wealth (in million of dollars) of individuals in certain country follows 

pareto with 𝑚 = 1 𝑚𝑖𝑙𝑙𝑖𝑜𝑛(𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑤𝑒𝑎𝑙𝑡ℎ 𝑖𝑠 1 𝑚𝑖𝑙𝑙𝑖𝑜𝑛)𝑎𝑛𝑑 𝛼 = 2.5 

 𝑓(𝑥) = 𝛼𝑚𝛼

𝑥𝛼+1  , 𝑥 > 𝑚    

𝑓(𝑥) = (2.5)12.5

𝑥2.5+1 = 2.5
𝑥3.5 , 𝑥 > 1          𝐹(𝑥) = (𝑚

𝑥
)𝛼 

 
a. Find the probability that a randomly chosen individual has wealth less than 5$ million 

𝑃(𝑋 < 5) = ∫
2.5
𝑥3.5 𝑑𝑥

5

1
= 0.98211 

b. Find the expected wealth of an individual.  𝐸(𝑋) = 𝛼𝑚
𝛼−1

= 2.5(1)
2.5−1

= 1.667 

c. Find the variance of wealth 𝑉(𝑋) = 𝛼𝑚2

(𝛼−1)2(𝛼−2)
= (2.5) 12

(2.5−1)2(2.5−2) = 2.222 
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Q15:  If 𝑋~𝐸𝑥𝑝(2) independent of 𝑌~𝐺𝑎𝑚𝑚𝑎(3,4), find:  
a. E(XY).  
b. 𝐸(𝑋2 𝑌3).  
c. V(X -Y)  
d. V(3X + 2Y)  
where   
 
 
 

  pdf  E(X)  V(X)  

𝑋~𝐸𝑥𝑝(𝜆)  𝑓(𝑥)  =  𝜆𝑒−𝜆𝑥     ;  𝑥 >  0  1
𝜆 

1
𝜆2 

𝑌~𝐺𝑎𝑚𝑚𝑎(𝛼, 𝛽)  
𝑓(𝑦) =

𝛽𝛼

Γ(𝛼) 𝑦𝛼−1𝑒−𝛽𝑦    ; 𝑦 > 0 
𝛼
𝛽 

𝛼
𝛽2 

Solution : 

𝑋~𝐸𝑥𝑝(𝜆 = 2);   𝑌~𝐺𝑎𝑚𝑚𝑎(𝛼 = 3, 𝛽 = 4)   

a) 𝐸(𝑋𝑌) = 𝐸(𝑋)𝐸(𝑌) = 1 
2 

  3
4

= 3
8
 

b)  𝐸(𝑋2𝑌3) = 𝐸(𝑋2)𝐸(𝑌3) = 1
2

  15
 16

= 15
32

  

 𝑉(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 ⇒   𝑬(𝑿𝟐) = 𝑽(𝑿) + [𝑬(𝑿)]𝟐 = 𝟏
𝟒

+ 1
4

= 2
4

= 1
2
 

 𝐸(𝑌3) = ∫ 𝒚𝟑 𝒇(𝒚)𝒅𝒚 ∞
𝟎 = 𝟒𝟑

 𝚪(𝟑)
 ∫ 𝒚𝟑 𝒚𝟑−𝟏 𝒆−𝟒𝒚  𝒅𝒚 ∞

𝟎  

=
𝟒𝟑

 𝟐  ∫ 𝒚𝟓  𝒆−𝟒𝒚  𝒅𝒚 
∞

𝟎
=

𝟒𝟑

 𝟐  
𝚪(𝟔)

𝟒𝟔 =
𝟓!

𝟏𝟐𝟖 =
𝟏𝟓
𝟏𝟔 

c) 𝑽(𝑿 − 𝒀) = 𝑽(𝑿) + 𝑽(𝒀) = 𝟏
𝟒

+ 𝟑
𝟏𝟔

= 𝟕
𝟏𝟔

  

d) 𝑉(3𝑋 + 2𝑌) = 9𝑉(𝑋) + 4𝑉(𝑌) = 9 (1
4
) + 4 ( 3

16
) = 3   
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Q16:

Q17:


