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Fourier Series
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Fourier Series

Definition ( Fourier Series)

If f and f” are piecewise continuous on the interval [—L, L], or f is define
outside the interval [—L, L] so that it is periodic with period 2L, then f
has a Fourier series

1) = 3 + 3 (wweos () +busin (7))

where the coefficients are given by:

= 11_/[2 f(z)dz, a, = ;/_z f(z) cos (?) dz,

b, = ;/_z f(z)sin (?) dzx.
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Convergence of Fourier Series

The Fourier series converges to f(z) if f is continuous at x,

and to
@)+ fla7)
2
if f is discontinuous at .
For x = L and x = —L, the series converges to
f(=LT)+ f(L7)
2
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Symmetric Functions

o If f(z) is even, then Fourier coefficients

9 L
=— f(x)dx
cl
/f cos )dx, n=12,..
=0, n=12 .

o If f(x) is odd, then Fourier coefficients

ap,=0, n=0,1,2,..
2 rt nwx
bn = L/O f(x) sin (T) dl', n = 1,27
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Fourier Cosine and Sine Series

If a function f is defined on (0, L), and we want to represent this function
by a trigonometric series, then we can extend f(x) to an odd function f,

f(z), 0<z<L,
fo(@) :{
—f(—x), —L<z<0.

with f,(x 4+ 2L) = f,(x) which can be approximated by sin series
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Fourier Cosine and Sine Series

we can extend f(x) to an even function f,

f(x), O<ax<lL,
felz) = {
fl—z), —L<z<0.

with f.(z +2L) = f_(z) which can be approximated by cos series
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Fourier Cosine Series

Definition

Let f(x) be piecewise continuous function on the interval [0, L]. The
Fourier cosine series of f on [0, L] is

where
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Fourier Sine Series

Definition

Let f(x) be piecewise continuous function on the interval [0, L]. The
Fourier sine series of f on [0, L] is

where
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Fourier Series

* Find the Fourier series to the 2w-periodic function

f(x)z{m’ 0<x <,

0, —m<x<0

Sketch on (—3m,37), and deduce the values of

=1 o ()"
Z(2n+1)2’ ;2n+1

n=0
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Fourier Series

* Find the Fourier series to the 2w-periodic function

f(x):{m’ 0<z<m,

0, —m<x<0

Sketch on (—3m,37), and deduce the values of

S o ()"
Z(2n+1)2’ ;2n+1

n=0

fay ="y ] ent e+ 3 U
r)=——— ——————= CO0S(2n T —— SInnx
4 mi=(2n+1)2 —~ n
o [e%] 1 2 o [e%e] (71)” o7
z =0, Zn:O (2n+1)2 — %’ T = g’ Zn:O o2n+1 ~ 4
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Fourier Series

* Find the Fourier cosine series of
f(x) =sinx, x € (0,7)

and deduce the values of
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Fourier Series

* Sketch 27-periodic function f and obtain Fourier series
—cosz, —Tw<zx<(,
flz) =
cos T, O<zx<m
and deduce the value of
i n sin 2n
— 4n? — 1
n=1
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Fourier Series

* Sketch 27-periodic function f and obtain Fourier series
—cosz, —Tw<zx<(,
flz) =
cos T, O<zx<m
and deduce the value of
i n sin 2n
— 4n? — 1
n=1

8 — n .
f(.’L') = ; Z m sin 2nx
n=0

_ o nsin2n _ 7
=1 >, miT =gcosl
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Fourier Series

Example
*If f: R — R is 2m-periodic odd function

flz) =o(r—x) x € [0, 7]
Sketch the graph of f on [—2m, 2x|. Then find Fourier series of f and

deduce the value of -
3 (="
(2n+1)3

n=0

Hint: sin(2n +1)5 = (—=1)"
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Fourier Series

Example
*If f: R — R is 2m-periodic odd function

flz) =o(r—x) x € [0, 7]

Sketch the graph of f on [—2m, 2x|. Then find Fourier series of f and

deduce the value of

= (1)
Z (2n+1)3

n=0
Hint: sin(2n +1)5 = (—=1)"
_8 Z 3 sin(2n + 1)
T n=0
_ o (=" _ x®
T =79 Zn:O (2n+1)3 — 32
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Fourier Integral
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Fourier Integral

Definition

The Fourier Integral of a function f defined on (—o0, ) is given by

flz) == /OOO[A()\) cos(Az) + B(A) sin(Ax)] d\

A()\)—/_ f(t) cos(At) dt

B(\) = / £(#) sin(At) dt

1 oo oo
x)=— cos(At — Ax) dt dA
swy= [ ] roeose—war
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Fourier Integral

If f is absolutely integrable

/ : @)l < oo

and f, ' are piecewise continuous on every finite interval, then the Fourier
integral of f converges to f(x) at a point of continuity and converges to

f(@) + fz7)
2

at a point of discontinuity.
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Fourier Sine and Cosine Integrals

If fis an odd function on (—o0, c0), then

/ F(t) cos(At) d
= /_: f(t)sin(\t) dt = 2/000 f(t)sin(At) dt
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Fourier Sine and Cosine Integrals

If fis an even function on (—o0, c0), then
AN) = t At)dt =2 t At) dt
() /Oof()COS( ) / £(t) cos()

B(\) = / ) sin(M) dt = 0
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Fourier Integral

* Let
||, |z| <2
fle) = {07 |z| > 2

Sketch the graph of f. Find the Fourier integral of f and deduce that

/°° sin 2\ dA:/O" stAdA
0 >\ 0 >\

Ibraheem Alolyan Differential Equations Math - KSU 20/22



Fourier Integral

* Let
||, |z| <2
fle) = {07 |z| > 2

Sketch the graph of f. Find the Fourier integral of f and deduce that

/°° sin 2\ dA:/O" stAdA
0 >\ 0 >\

2/°° 28in2X\  cos2iA —1
[ 4
0

3 32 ] COS A\x dA
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Fourier Integral

* Let
sinz, |z|<m7
-

0, lz| > 7

Sketch the graph of f. Find the Fourier integral of f and deduce the value

of )
* gin® \
———d\
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Fourier Integral
* Let
sinz, |z|<m7
f@) =
0, lz| > 7

Sketch the graph of f. Find the Fourier integral of f and deduce the value

of )
/ sin” \ I\
0

T2 — )\2

 sin A\
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Fourier Integral
* Let
sinz, |z|<m7
f@) =
0, lz| > 7

Sketch the graph of f. Find the Fourier integral of f and deduce the value

of )
/ sin” \ I\
0

T2 — )\2

 sin A\

fOOO sin? \ d\ =0

T2_\2

r =, we get
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Fourier Integral

* Let
0, r<—1
fle)=q1—2, —-1<z<1
0, rz>1

Sketch the graph of f. Find the Fourier integral of f and deduce the value

of iy
/ sin A\
b A
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Fourier Integral

* Let
0, r<—1
fle)=q1—2, —-1<z<1
0, rz>1

Sketch the graph of f. Find the Fourier integral of f and deduce the value
of iy

/ sin A\

. A

1 [ [2sinA 2cos A 2sin A
f(x):/o [ s;\n cos)\x—i—( C(;S — 8;21 >sin)\x] d\
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Fourier Integral

* Let
0, r<—1
fle)=q1—2, —-1<z<1
0, rz>1

Sketch the graph of f. Find the Fourier integral of f and deduce the value

of iy
/ sin A\
b A
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