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Capter 6: Univariate Random Variables  

Part(1) 

 

 

 

Q1. Consider the experiment of flipping a balanced coin three times independently.  

Let X= Number of heads – Number of tails.  

a) List the elements of the sample space S. 

𝑆 = {𝐻𝐻𝐻,𝐻𝐻𝑇, 𝐻𝑇𝐻, 𝑇𝐻𝐻,𝑇𝑇𝐻, 𝑇𝐻𝑇,𝐻𝑇𝑇, 𝑇𝑇𝑇}, 𝑛 = 23 = 8  

b) Assign a value x of X to each sample point.  

S TTT  TTH  THT  THH  HHH  HTT  HTH  HHT  

X 0-3= -

3  

1-2= -

1  

1-2= -

1  

2-1= 

1  

3-0= 

3  

1-2= -

1  

2-

1=1  

2-

1=1  

  

c) Find the probability distribution function of X.  

x  -3  -1  1  3  total 

f(x)  1/8  3/8  3/8  1/8  1 

  

d) Find 𝑃( 𝑋 ≤ 1 ) = 𝐹(1) =  (
1

8
) + (

3

8
) + (

3

8
) =

7

8
  

e) Find 𝑃( 𝑋 <  1 ) = (
1

8
) + (

3

8
) =

4

8
=

1

2
  

f) Find µ = 𝐸(𝑋)  

𝐸(𝑋) =  ∑𝑥. 𝑓(𝑥)

𝑥  

 =  −3(
1

8
) − 1 (

3

8
) + 1 (

3

8
) + 3 (

1

8
)  =  0  

g) Find 𝑠2 = 𝑉𝑎𝑟(𝑋)  

𝑉𝑎𝑟(𝑋) =  𝐸(𝑋2) − (𝐸(𝑋))
2
 = ∑ 𝑥2. 𝑓(𝑥)

𝑥

 – (𝐸(𝑋))
2
   

 =  9 (
1

8
) + 1 (

3

8
) + 1 (

3

8
) + 9 (

1

8
) − 0 = 3  

 

 

 

Q2. Let X be a random variable with the following probability distribution: 

x  -3  6  9  
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f(x)  0.1  0.5  0.4  

a) Find the mean (expected value) of X , µ = 𝐸(𝑋)  

𝐸(𝑋) =  ∑𝑥. 𝑓(𝑥)

𝑥  

 =  −3(0.1) + 6(0.5) + 9(0.4) =  6.3  

b) Find 𝐸(𝑋2)  

 𝐸(𝑋2) =∑ 𝑥2. 𝑓(𝑥)

𝑥

= (−3)2 (0.1) + 62(0.5) + 92(0.4) = 51.3  

c) Find the variance of X, 𝑉𝑎𝑟 (𝑋)  =  𝜎𝑥
2    

𝜎𝑥
2 = 𝐸(𝑋2) − (𝐸(𝑋))

2
= 51.3 − (6.3)2  =  11.61 

d) Find the mean of 2X+1,  𝐸(2𝑋 + 1) =  µ2𝑋 +1 

 = 2𝐸(𝑋) + 𝐸(1)  =  2(6.3) + 1 =  13.6 

e) Find the variance of 2X+1, 𝑉𝑎𝑟(2𝑋 + 1) = 𝜎2  𝑋 +1
2    

= 22 𝑉𝑎𝑟(𝑋) + 𝑉𝑎𝑟(1) = 4(11.61) + 0 =  46.44  

 

Q3. Which of the following is a probability distribution function:  

(a) 𝑓 (𝑥) =  
𝑥+1

10
     ;  𝑥 = 0,1,2,3,4        

 

   𝑓(0) = (
1

10
) = 0.1 <  1    ;    𝑓(1) = (

2

10
) = 0.2 <  1  ;   𝑓(2) = (

3

10
) = 0.3 <  1    ;  

  𝑓(3) = (
4

10
) = 0.4 <  1  ;      𝑓(4) = (

5

10
) = 0.5 <  1     

∑𝑓(𝑥) =
1 + 2 + 3 + 4 + 5

10
 = 1.5 ≠ 1  ∴ 𝑓(𝑥) 𝑖𝑠 𝑛𝑜𝑡 𝑃𝐷𝐹  

(b) 𝑓 (𝑥) =  
𝑥−1

5
     ;  𝑥 = 0,1,2,3,4 

𝑓(0) =
−1

5
<  0    ∴ 𝑓(𝑥) 𝑖𝑠 𝑛𝑜𝑡 𝑃𝐷𝐹. 

 

(c) 𝑓 (𝑥) =  
1

5
   ;  𝑥 = 0,1,2,3,4 

 𝑓(0) = 𝑓(1) = 𝑓(2) = 𝑓(3) = 𝑓(4) =
1

5
 

            ∑𝑓(𝑥) =
1+1+1+1+1

5
= 1           ∴ 𝑓(𝑥) 𝑖𝑠 𝑃𝐷𝐹 

(d) 𝑓 (𝑥) =  
5−𝑥2

6
     ;  𝑥 = 0,1,2,3  

  𝑓(0) =
5

6
  < 1   ;    𝑓(1) =

4

6
< 1   ;  𝑓(2) =

1

6
< 1 ;   𝑓(3) = −

4

6
 < 0  

            𝑠𝑖𝑛𝑐𝑒 𝑓(3) < 0   , 𝑓(𝑥) 𝑖𝑠 𝑛𝑜𝑡 𝑃𝐷𝐹 
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Q4. Let X be a discrete random variable with the probability distribution function:  

𝑓(𝑥)  =  𝑘𝑥     𝑓𝑜𝑟 𝑥 = 1, 2, 𝑎𝑛𝑑 3. 

(i) Find the value of k.   𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 ∑ 𝑓(𝑥)𝑥 = 1 

∑𝑘𝑥

𝑥

= 1 →  𝑘 +  2𝑘 +  3𝐾 =  1 →   6𝑘 =  1 →   𝑘 =  1/6  

𝒇(𝒙) =
𝒙

𝟔
  ; 𝒙 = 𝟏, 𝟐, 𝟑 

(ii) Find the cumulative distribution function (CDF), F(x)      

 𝐹(1) = 𝑃(𝑋 ≤ 1) = 𝑃(𝑋 = 1) = 𝑓(1) = 1/6 

 𝐹(2) = 𝑃(𝑋 ≤ 2) = 𝑃(𝑋 = 1) + 𝑃(𝑋 = 2) = 3/6 

 𝐹(3) = 𝑃(𝑋 ≤ 3) = 𝑃(𝑋 = 1) + 𝑃(𝑋 = 2) + 𝑃(𝑋 = 3) = 1 

 𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) = {

0               𝑥 < 1
1/6        1 ≤ 𝑥 < 2

  3/6            2 ≤ 𝑥 < 3 
1                     𝑥 ≥ 3

 

(iii) Using the CDF, F(x), find 𝑃 (0.5 <  𝑋 ≤  2.5). 

 𝑃 (0.5 <  𝑋 ≤  2.5) = 𝑃(𝑋 ≤ 2.5) − 𝑃(𝑋 ≤ 0.5) 

       = 𝐹(2.5) − 𝐹(0.5) = (
3

6
) − 0 =

3

6
=

1

2
    

 𝑂𝑟 𝑏𝑦 𝑢𝑠𝑒  𝑓(𝑥): 𝑃 (0.5 <  𝑋 ≤  2.5) = 𝑓(1) + 𝑓(2) =
1

6
+

2

6
=

1

2
 

 

 

Q5. Let X be a random variable with cumulative distribution function (CDF) given by:     

𝐹(𝑥) = {

0               𝑥 < 0
0.25        0 ≤ 𝑥 < 1
  0.6            1 ≤ 𝑥 < 2 
1                     𝑥 ≥ 2

 

(a) Find the probability distribution function of X, 𝑓(𝑥).  

𝑓(𝑥) = 𝐹(𝑥) − 𝐹(𝑥 − 1) 

 𝑓(0) = 0.25 − 0 = 0.25 

 𝑓(1) = 0.6 − 0.25 = 0.35 

  𝑓(2) = 1 − 0.6 = 0.4 

𝑓(𝑥) = {

0.25           𝑥 = 0
0.35        𝑥 = 1
  0.4            𝑥 = 2 
     0        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

(b) Find 𝑃(1 ≤ 𝑋 < 2). (using both 𝑓(𝑥) and 𝐹(𝑥))  

By using 𝑓(𝑥) :  

𝑃(1 ≤ 𝑋 < 2) = 𝑃(𝑋 = 1) = 𝑓(1) = 0.35 

By using F(X) : 

 𝑃(1 ≤ 𝑋 < 2) = 𝐹(2 − 1) − 𝐹(1 − 1) = 𝐹(1) − 𝐹(0) =  0.6 − 0.25 =  0.35  
 

(c) Find 𝑃(𝑋 > 2). (using both f(x) and F(x))   

By using 𝑓(𝑥) :  

 𝑃(𝑋 > 2) = 1 − 𝑃(𝑋 ≤ 2) = 1 − [𝑓(0) + 𝑓(1) + 𝑓(2)] = 0 
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By using F(X) :  𝑃(𝑋 > 2) = 1 − 𝐹(2) = 1 − 1 = 0 

Find 𝑃(1 < 𝑋 ≤ 2) = 𝐹(2) − 𝐹(1) = 1 − 0.6 = 0.4 

Find 𝑃(1 ≤ 𝑋 ≤ 2) = 𝐹(2) − 𝐹(1 − 1) = 1 − 0.25 = 0.75 

Find 𝑃(1 < 𝑋 < 2)  = 𝐹(2 − 1) − 𝐹(1) = 𝐹(1) − 𝐹(1) = 0   

Note:  For a discrete random variable 

 𝑷(𝒂 ≤ 𝑿 < 𝒃) = 𝑭(𝒃 − 𝟏) − 𝑭(𝒂 − 𝟏) 

 𝑷(𝒂 < 𝑿 ≤ 𝒃) = 𝑭(𝒃) − 𝑭(𝒂) 

 𝑷(𝒂 ≤ 𝑿 ≤ 𝒃) = 𝑭(𝒃) − 𝑭(𝒂 − 𝟏) 

 𝑷(𝒂 < 𝑿 < 𝒃) = 𝑭(𝒃 − 𝟏) − 𝑭(𝒂) 

 

Q6.The r.v. X has pdf  𝑓(𝑥) = {
𝐶(1 − 𝑥2)  ,       − 1 < 𝑥 < 1

0,                 𝑒𝑙𝑠𝑤ℎ𝑒𝑟𝑒
 

a. What is the value of C. 

b. Find the following probabilities using the pdf of X: 

i. 𝑃(𝑋 < 0) 

ii. 𝑃(𝑋 ≥
1

2
) 

iii. 𝑃(−
1

2
< 𝑋 ≤

1

2
) 

iv. 𝑃(𝑋 > 1) 
c. What is the cdf  of X. 

d. Find the probabilities in (b) using the cdf. 

e. Survival function of X 

f. The hazard Rate. 

 

Solution : 

a) We know ∫ 𝑓(𝑥)
∞

−∞
𝑑𝑥 = 1   →    ∫ 𝑐(1 − 𝑥2)

1

−1
𝑑𝑥 = 1     

→    𝑐 [𝑥 −
𝑥3

3
]
−1

1

= 1     →  𝑐 [ 1 −
1

3
  − (−1 +

1

3
)] = 1   → 𝑐 [2 −

2

3
] = 1  

→
4

3
 𝑐 = 1  →     𝒄 =

𝟑

𝟒
= 𝟎. 𝟕𝟓   

∴  𝑓(𝑥) =
3

4
(1 − 𝑥2)         ,       − 1 ≤ 𝑥 ≤ 1  

 

b) Using pdf  

i.  𝑃(𝑥 < 0) =
3

4
∫ (1 − 𝑥2)
0

−1
𝑑𝑥 =

3

4
 [𝑥 −

𝑥3

3
]
−1

0

=
3

4
 [0 − (−1 +

1

3
)] =

1

2
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ii. 𝑃 (𝑥 ≥
1

2
) =

3

4
∫ (1 − 𝑥2)
1

0.5 
𝑑𝑥 =

3

4
 [𝑥 −

𝑥3

3
]
0.5 

1

=
3

4
[(1 −

1

3
) − (

1

2
−

1

24
)] =

5

32
 

iii.  𝑃 (−
1

2
≤ 𝑥 <

1

2
) =

3

4
∫ (1 − 𝑥2)
0.5

−0.5 
𝑑𝑥 =

3

4
[𝑥 −

𝑥3

3
]
− 0.5 

0.5

 

                                   =
3

4
[ (

1

2
−

1

24
) − (−

1

2
+

1

24
)] =

11

16
 

iv.  𝑃(𝑋 > 1) = 0 

c) 𝐹(𝑥) = { 

0                                                                                         ,             𝑥 < −1 

 
3

4
∫ (1 − 𝑡2)
x

−1
𝑑𝑡 =

3

4
[𝑡 −

𝑡3

3
]
− 1

𝑥

=
𝟑

𝟒
𝒙 −

𝟏

𝟒
𝒙𝟑 +

𝟏

𝟐
    ,    − 1 ≤ 𝑥 < 1

1                                                                                            ,              1 ≤ 𝑥     

 

d) Using cdf  

i. 𝑃(𝑥 < 0) = 𝐹(0) =
3

4
(0) −

1

4
(0)3 +

1

2
=

1

2
 

ii. 𝑃 (𝑥 ≥
1

2
) = 1 − 𝑃 (𝑋 <

1

2
) = 1 − 𝐹 (

1

2
) = 1 − [

3

4
(
1

2
) −

1

4
(
1

2
)
3

+
1

2
] 

   = 1 −
27

32
=

5

32
 

iii. 𝑃 (−
1

2
≤ 𝑥 <

1

2
) = 𝐹 (

1

2
) − 𝐹 (−

1

2
) =

27

32
− [

3

4
(
−1

2
) −

1

4
(
−1

2
)
3

+
1

2
] =

11

16
 

iv. 𝑃(𝑋 > 1) = 1 − 𝑃(𝑋 ≤ 1) = 1 − 𝐹(1) = 1 − 1 = 0 

e) Survival function of  𝑆𝑋(𝑥) = 1 − 𝐹(𝑥) = 1 − (
𝟑

𝟒
𝒙 −

𝟏

𝟒
𝒙𝟑 +

𝟏

𝟐
) =

𝟏

𝟐
−

𝟑

𝟒
𝒙 +

𝟏

𝟒
𝒙𝟑 

f) The hazard Rate.ℎ(𝑥) =
𝑆𝑋(𝑥)

𝑓(𝑥)
=

𝟏

𝟐
−
𝟑

𝟒
𝒙+

𝟏

𝟒
𝒙𝟑

3

4
(1−𝑥2)

 

Q8. Let X be a continuous random variable on (0,1) with probability density function  

 

  𝑓(𝑥) = {
3𝑥2 ,       0 ≤ 𝑥 ≤ 1
0,                 𝑒𝑙𝑠𝑤ℎ𝑒𝑟𝑒

 

And let the random variable Y   

  𝑌 = {
𝑋 ,       0 ≤ 𝑋 ≤

1

3
1

3
,                𝑋 >

1

3

 

Compute 𝑃(𝑌 =
1

3
) 

 

Since 𝑌 =
1

3
 𝑜𝑐𝑐𝑢𝑟𝑒 𝑤ℎ𝑒𝑛 𝑋 >

1

3
 then 

𝑃 (𝑌 =
1

3
) = 𝑃 (𝑋 >

1

3
) 

                  = ∫ 3𝑥2 𝑑𝑥
1
1

3

  

                   = [3
𝑥3

3
]1
3

1

= [𝑥3]1
3

1 = 1 −
1

27
=

26

27
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Q8.A system can function for a random amount of time X. If the density of X is given (in 

units of months) by  

𝑓(𝑥) = 𝐶𝑥𝑒−𝑥/2      ; 𝑥 > 0  

a. What is the probability that the system functions for at least 5 months.  

b. What is the probability that the system functions from 3 to 6 months. 

c. What is the probability that the system functions less than 1 month. 

 Solution : 

a) To find C, we know that  𝐶 ∫ 𝑥 𝑒− 
𝑥

2
∞

0
  𝑑𝑥 = 1 

[ 𝑢𝑠𝑒 ∫ 𝑥𝑎  𝑒−𝑏 𝑥  𝑑𝑥
∞

0

=
Γ(𝑎 + 1)

𝑏𝑎+1
 , Γ(𝑎) = (𝑎 − 1)! ] 

 𝐶 
Γ(2)

(
1

2
)
2 = 1 ⇒        𝐶

1

1/4 
= 1 ⇒        4𝐶 = 1 ⇒        𝑪 =

𝟏

𝟒
 

 𝑃(𝑋 ≥ 5) =
1

4
∫ 𝑥 𝑒− 

𝑥

2
∞

5
  𝑑𝑥 

By use calculator 

      𝑃(𝑋 ≥ 5) = 1 − 𝑃(𝑋 < 5) = 1 −
1

4
∫ 𝑥 𝑒− 

𝑥

2
5

0
  𝑑𝑥 = 1 −

2.8508

4
= 0.2873 

 

        Or  by use Integration by Parts ∫ 𝑢
𝑏

𝑎
𝑑𝑣 = [𝑢𝑣]𝑎

𝑏 − ∫ 𝑣
𝑏

𝑎
𝑑𝑢    

 𝑃(𝑋 ≥ 5) =
1

4
∫ 𝑥 𝑒− 

𝑥

2
∞

5
  𝑑𝑥 

          Let 𝑢 = 𝑥 →     𝑑𝑢 = 𝑑𝑥  

          𝑑𝑣 = 𝑒−(
𝑥

2
) 𝑑𝑥  →     𝑣 = −2 𝑒− 

𝑥

2 

=
1

4
[[−2𝑥 𝑒− 

𝑥
2]
5

∞

+ 2∫ 𝑒− 
𝑥
2

∞

5

 𝑑𝑥  ]   =
1

4
[(0 + 10𝑒− 

5
2 ) + 2 (−2)∫ −

1

2
 𝑒− 

𝑥
2

∞

5

 𝑑𝑥]   

=
1

4
[10𝑒

− 
5
2 − 4 [ 𝑒− 

𝑥
2]

5

∞

 
] =

1

4
[10𝑒

− 
5
2 + 4𝑒− 

5
2

 
] =

1

4
[14𝑒− 

5
2 ] = 0.2873 

 

b) By use calculator  𝑃(3 < 𝑋 < 6) =
1

4
∫ 𝑥 𝑒− 

𝑥

2
6

3
  𝑑𝑥 = 0.3587  

 

Or by use Integration by Parts ∫ 𝑢
𝑏

𝑎
𝑑𝑣 = [𝑢𝑣]𝑎

𝑏 − ∫ 𝑣
𝑏

𝑎
𝑑𝑢  

Let 𝑢 = 𝑥 →     𝑑𝑢 = 𝑑𝑥    ;      𝑑𝑣 = 𝑒−(
𝑥

2
) 𝑑𝑥  →     𝑣 = −2 𝑒− 

𝑥

2 
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=
1

4
[[−2𝑥 𝑒− 

𝑥
2]

3

6

+ 2∫ 𝑒− 
𝑥
2

6

3

 𝑑𝑥  ] =
1

4
[(−12𝑒− 

6
2 + 6𝑒− 

3
2 ) + 2 (−2)∫ −

1

2
 𝑒− 

𝑥
2

6

3

 𝑑𝑥] 

1

4
[(−12𝑒− 3 + 6𝑒− 

3
2 ) − 4 [ 𝑒− 

𝑥
2]

3

6

] =  
1

4
[−12𝑒− 3 + 6𝑒− 

3
2  − 4𝑒− 3 + 4𝑒− 

3
2 ] 

=
1

4
[10𝑒− 

3
2  − 16𝑒− 3] =

1

4
(1.435) 

c) By use calculator  𝑃(𝑋 < 1) =
1

4
∫ 𝑥 𝑒− 

𝑥

2
1

0
  𝑑𝑥 = 0.0902 

          Or by use Integration by Parts ∫ 𝑢
𝑏

𝑎
𝑑𝑣 = [𝑢𝑣]𝑎

𝑏 − ∫ 𝑣
𝑏

𝑎
𝑑𝑢  

          Let 𝑢 = 𝑥 →     𝑑𝑢 = 𝑑𝑥  

          𝑑𝑣 = 𝑒−(
𝑥

2
) 𝑑𝑥  →     𝑣 = −2 𝑒− 

𝑥

2 

=
1

4
[[−2𝑥 𝑒− 

𝑥
2]
0

1

+ 2∫ 𝑒− 
𝑥
2

1

0

 𝑑𝑥  ]   =
1

4
[(−2𝑒− 

1
2 ) + 2 (−2)∫ −

1

2
 𝑒− 

𝑥
2

1

0

 𝑑𝑥]   

=
1

4
[−2𝑒

− 
1
2  − 4 [𝑒− 

𝑥
2]

0

1

  
] =

1

4
[−2𝑒− 

1
2 − 4𝑒− 

1
2 + 4] =

0.3608

4
= 0.0902 

 

 

 

Q9. The cumulative distribution function of a continuous r.v. Y is given by  

𝐹(𝑦) = {

0  ,               𝑦 ≤ 3

1 −
9

y2
  ,             𝑦 > 3

 

Find  

a. 𝑃(𝑌 ≤ 5). 

b. 𝑃(𝑌 > 8). 

c. The pdf of Y 

Solution : 

a) 𝑃(𝑌 ≤ 5) = 𝐹(5) = 1 −
9

25
=

16

25
= 0.64   

b) 𝑃(𝑌 > 8) = 1 − 𝑃(𝑌 ≤ 8) = 1 − 𝐹(8) = 1 − (1 −
9

64
) =

9

64
= 0.1406  

c) 𝑓(𝑦)     

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 
→          

  𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 
←         

  𝐹(𝑦)    

𝑓(𝑦) =
𝑑

𝑑𝑦
 𝐹(𝑦) =   𝐹(𝑦)′  =

18

𝑦3
    

∴   𝑓(𝑥) = {

18

𝑦3
  ,               𝑦 > 3

0  ,             0. 𝑤
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Q10. If the density function of the continuous r.v. X is 𝑓(𝑥) = {
𝑥       ,        0 < 𝑥 < 1
2 − 𝑥   ,      1 ≤ 𝑥 < 𝐶
0  ,                     0. 𝑤

  

Find  

a. The value of C. 

b.  The cumulative distribution function of X. 

c.  𝑃(0.8 < 𝑋 < 0.6 𝐶).  

 

 

Solution : 

a) ∫ 𝑓(𝑥)   𝑑𝑥 
∞

−∞
= 1 →     ∫ 𝑥  𝑑𝑥 

1

0
+ ∫ (2 − 𝑥)  𝑑𝑥 

𝐶

1
= 1  

[
𝑥2

2
]
0

1

+ [2𝑥 −
𝑥2

2
]
1

𝐶

= 1 →
1

2
+ (2𝐶 −

𝐶2

2
) − (2 −

1

2
) = 1 →   

1

2
+ 2𝐶 −

𝐶2

2
−
3

2
 = 1  

→   2𝐶 −
𝐶2

2
− 1 = 1    →   2𝐶 −

𝐶2

2
− 2 = 0   →  −

𝐶2

2
+ 2𝐶 − 2 = 0  

 

by use           

𝑎 =  −
1

2
 , 𝑏 = 2 , 𝑐 = −2 

𝐶 =
−𝑏 ± √𝑏2  − 4𝑎𝑐  

2𝑎
 

 =
−2 ±√4−4 

2(−
1

2
)

= −
2

−1
= 2  

∴ 𝑓(𝑥) = {
𝑥       ,        0 < 𝑥 < 1
2 − 𝑥   ,      1 ≤ 𝑥 < 2
0  ,                     0. 𝑤

 

 

 

 

b)   𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) 

 𝐹(𝑥)    =

{
 
 

 
 

         0                                                                                                 , x < 0

∫ 𝑥 𝑑𝑥
𝑥

0
= [

1

2
𝑥2]

0

𝑥

=
𝟏

𝟐
𝒙𝟐                                                                      , 0 ≤ 𝑥 < 1

 ∫ 𝑥 𝑑𝑥
1

0
+ ∫ (2 − 𝑥) 𝑑𝑥

𝑥

1
= [

𝑥2

2
]
0

1

+ [2𝑥 −
𝑥2

2
]
1

𝑥

= 𝟐𝒙 −
𝒙𝟐

𝟐
− 𝟏     , 1 ≤ 𝑥 < 2

       1                                                                                                     ,   2 ≤ x

 

 
 
 

Or  

−
1

2
[𝐶2 − 4𝐶 + 4] = 0 

𝐶2 − 4𝐶 + 4 = 0  

(𝐶 − 2)2 = 0 

𝐶 − 2 = 0 → 𝐶 = 2 
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c) 𝑃(0.8 < 𝑋 < 0.6 𝐶) = 𝑃(0.8 < 𝑋 < 1.2)    , 𝑤ℎ𝑒𝑟 0.6𝐶 = 0.6(2) = 1.2   

 

By use pdf  

 = ∫ 𝑥 𝑑𝑥 
1

0.8
+ ∫ (2 − 𝑥)𝑑𝑥 

1.2

1
 

 = [
𝑥2

2
]
0.8

1

+ [2𝑥 −
𝑥2

2
]
1

1.2

= 0.36   

NOTE:  For a continuous random variable: 

 

• 𝑃(𝑋 ≥  𝑎) =  𝑃(𝑋 >  𝑎)     [This NOT true for discrete r.v] 

• 𝑓(𝑦)     

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 
→          

  𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 
←         

  𝐹(𝑦)     ⇒   {
𝑓(𝑥) =

𝑑

𝑑𝑥
 𝐹(𝑥)

𝐹(𝑥) = ∫  𝑓(𝑥) 𝑑𝑥
𝑥

−∞
 
    

• Compute probabilities using cdf: 

 𝑃(𝑎 <  𝑋 <  𝑏)  =  𝑃(𝑋 ≤  𝑏)  −  𝑃(𝑋 ≤  𝑎)  =  𝐹(𝑏)  −  𝐹(𝑎) 

• ∫  𝑒𝑐 𝑥  𝑑𝑥
𝑏

𝑎
= [

1

𝑐
𝑒𝑐 𝑥 ]

𝑎

𝑏

 , 𝑐 ∈ ℝ 

• 𝑒−∞ = 0 ;      𝑒0 = 1;   𝑒∞ = ∞ 

• 𝑌 =
𝑢

𝑣
 , 𝑣 ≠ 0   ⇒  

𝑑𝑌

𝑑𝑥
=

𝑣 
𝑑𝑢

𝑑𝑥
−𝑢  

𝑑𝑣

𝑑𝑥

𝑣2
 

• ∫ 𝑥𝑎  𝑒−𝑏 𝑥  𝑑𝑥
∞

0
=

Γ(𝑎+1)

𝑏𝑎+1
   ;   𝑎, 𝑏 ∈ ℝ   ;   

  Γ(𝑎) = (𝑎 − 1)!     ;     Γ (
1

2
) = √𝜋    ;     Γ(𝑎 + 1) = 𝑎 Γ(𝑎) → Γ (

3

2
) = Γ (

1

2
+ 1) =

1

2
 √𝜋     

 

 Q11. Consider the random variable X with the following probability distribution function:  

X 0  1  2  3  

f(x)  0.4  c  0.3  0.1  

The value of C  is  

 (A) 0.125  (B) 0.2  (C) 0.1  (D) 0.125  (E)   - 0.2  

 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 ∑ 𝑓(𝑥)𝑥 = 1  

*           *            *              *           * 

0          0.8          1           1.2            

By use cdf  

𝑃(𝑋 < 1.2) − 𝑃(𝑋 < 0.8) 

= 𝐹(1.2) − 𝐹(0.8) 

= [2(1.2) −
1.22

2
− 1] − [

1

2
(0.82)] 

= 0.68 − 0.32 = 0.36  
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 0.4 + 𝐶 + 0.3 + 0.1 = 1   →    0.8 + 𝐶 = 1 →   𝐶 = 1 − 0.8 = 0.2    

 

 

 

 Q12. compute the expected value and the standard deviation for the probability function of 

X given  

𝑋 -4 0 3 

𝑓(𝑥) = 𝑃(𝑋 = 𝑥) 1

7
 

2

7
 

4

7
 

Solution : 

 

- 𝐸(𝑋) = ∑ 𝑥𝑓(𝑥) = (−4) (
1

7
) +𝑥 (0) (

2

7
) + (3) (

4

7
) =

8

7
 

 
-  𝑉(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 

 

𝐸(𝑋2) =∑ 𝑥2𝑓(𝑥) = (−4)2 (
1

7
) +

𝑥
(0)2 (

2

7
) + (3)2 (

4

7
) =

52

7
 

𝑡ℎ𝑒𝑛  𝑉(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 =
52

7
− (

8

7
)
2

=
300

49
= 6.122 

 

𝜎𝑋 = √𝜎𝑋2 = √𝑉(𝑋) = √6.122 = 2.474 
 
 

Q13. Roll one die and let X be the resulting number. Find the expected value of 
Solution : 

The possible value of X are 1,2,3,4,5 and 6 

𝐸(𝑋) =∑ 𝑥𝑓(𝑥) = (1) (
1

6
) +

𝑥
(2) (

1

6
) + (3) (

1

6
) + (4) (

1

6
) + (5) (

1

6
) + (6) (

1

6
) =

21

6
=
7

2
 

 

Q14. Let 𝑋1, 𝑋2 and 𝑋3 be independent r.v.'s with means 4, 9, 3 and variances 3, 7, 5 

respectively. For 𝑌 = 2𝑋1 − 3 𝑋2 + 4 𝑋3 and 𝑍 = 𝑋1 + 2 𝑋2 − 𝑋3, find:  

a. E(Y) and E(Z).  

b. V(Y) and V(Z).  

Solution : 

 𝐸(𝑋1) = 4 , 𝑉𝑎𝑟(𝑋1) = 3 

 𝐸(𝑋2) = 9 , 𝑉𝑎𝑟(𝑋2) = 7 

 𝐸(𝑋3) = 3 , 𝑉𝑎𝑟(𝑋3) = 5 



 

 Bayan Almukhlif                                                                      | بيان المخلف                     11
  

a) 𝐸(𝑌) = 𝐸(2𝑋1 − 3𝑋2 + 4𝑋3) = 2𝐸(𝑋1) − 3𝐸(𝑋2) + 4𝐸(𝑋3) 

= 2(4) − 3(9) + 4(3) =  8 − 27 + 12 = −7   

 𝐸(𝑍) = 𝐸(𝑋1 + 2𝑋2 − 𝑋3) = 𝐸(𝑋1) + 2𝐸(𝑋2) − 𝐸(𝑋3) 

= 4 + 2(9) − 3 = 4 + 18 − 3 = 19 

b) Since  𝑋1, 𝑋2 𝑎𝑛𝑑 𝑋3 are independent  

𝑉(𝑌) = 𝑉(2𝑋1 − 3𝑋2 + 4𝑋3) = 4 𝑉(𝑋1) + 9 𝑉(𝑋2) + 16 𝑉(𝑋3) 

= 4(3) + 9(7) + 16(5) = 12 + 63 + 80 = 155 

𝑉(𝑍) = 𝑉(𝑋1 + 2𝑋2 − 𝑋3) = 𝑉(𝑋1) + 4𝑉(𝑋2) + 𝑉(𝑋3) 

= 3 + 4(7) + 5 = 3 + 28 + 5 = 36 

 

 

Q15. A r.v. has 𝑓(𝑥) =
1

2
 𝑒−|𝑥| ;  𝑓𝑜𝑟 −  ∞ <  𝑥 <  ∞ , find E(X) and V(X).  

 Solution : 

 

we know the definition of absolute value is  |𝑥| = {
 𝑥,           𝑥 > 0 
−𝑥,        𝑥 < 0 

   

 ⇒     𝑓(𝑥) = {

1

2
𝑒−𝑥   ,           𝑥 > 0 

1

2
𝑒𝑥    ,            𝑥 < 0 

  

𝐸(𝑋) =
1

2
[∫ 𝑥𝑒𝑥

0

−∞

𝑑𝑥 + ∫ 𝑥𝑒−𝑥  𝑑𝑥
∞

0

] =
1

2
[𝐾1 + 𝐾2] =

1

2
[−1 + 1] = 0 

 𝐾1:  𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛  𝑥 = −𝑧 ⇒   𝑑𝑥 = −𝑑𝑧  ;    −∞ < 𝑥 <  0   

new limits of  integration  𝑤ℎ𝑒𝑛  𝑥 = 0  ⇒   𝑧 = 0 

             𝑤ℎ𝑒𝑛  𝑥 = −∞  ⇒   𝑧 = ∞  

 𝐾1 = ∫ (−𝑧 )𝑒−𝑧
0

∞
(−𝑑𝑧 ) = −∫ 𝑧 𝑒−𝑧

∞

0
𝑑𝑧 =  

Γ(2)

12
= −𝟏 

𝑦 = 0.5𝑒𝑥 𝑦 = 0.5𝑒− 𝑥 

 ∞  −∞ 
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 𝐾2 : ∫ 𝑥𝑒−𝑥  𝑑𝑥
∞

0
= Γ(2) = 1  

Or by use Integration by Parts ∫ 𝑢
𝑏

𝑎
𝑑𝑣 = [𝑢𝑣]𝑎

𝑏 − ∫ 𝑣
𝑏

𝑎
𝑑𝑢  

Let 𝑢 = 𝑥 →    𝑑𝑢 = 𝑑𝑥  ,   𝑑𝑣 = 𝑒−𝑥  𝑑𝑥  →    𝑣 =  −𝑒−𝑥   

 𝐾1 = [𝑥 𝑒−𝑥]0
∞ + ∫ 𝑒−𝑥

∞

0
𝑑𝑥 = 𝟏 

 

 𝑽(𝑿) = 𝑬(𝑿𝟐) − [𝑬(𝑿)]𝟐  

𝐸(𝑋2) =
1

2
[∫ 𝑥2𝑒𝑥

0

−∞

𝑑𝑥 + ∫ 𝑥2𝑒−𝑥  𝑑𝑥
∞

0

] =
1

2
[𝐾3 + 𝐾4] =

1

2
[2 + 2] = 2 

 

 𝐾3: 𝑏𝑦  𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛  𝑥 = −𝑧 →   𝑑𝑥 = −𝑑𝑧  ;  −∞ < 𝑥 <  0 ⇒   0 < 𝑧 < ∞  

 𝐾3 = ∫ (𝑧2 )𝑒−𝑧
∞

0
𝑑𝑧 =  

Γ(3)

13
= 2 

 𝐾4 = ∫ 𝑥2𝑒−𝑥  𝑑𝑥
∞

0
= Γ(3) = 2 

∴ 𝑉(𝑋) = 2 − 0 = 2 

 

 Q16. Let X be a discrete random variable with pmf given by the following table 

x  1  2  3  4  5 

p(x)  0.15  0.20  0.40  0.15  0.10 

    Find MX(t) 

Solution : 

𝑀𝑋(𝑡) = 𝐸(𝑒𝑥𝑡) =∑𝑒𝑥𝑡𝑓(𝑥)

𝑥

 

 𝑀𝑋(𝑡) = 015𝑒𝑡+ 020𝑒2𝑡+ 040𝑒3𝑡+ 015𝑒4𝑡+ 010𝑒5𝑡 

                            

 

Q17. Let X  be a continuous random variable with 𝑓(𝑥) =
1

𝑏−𝑎
, 𝑎 < 𝑥 < 𝑏, Find 𝑀𝑋(𝑡) 

Solution : 

𝑀𝑋(𝑡) = 𝐸(𝑒𝑥𝑡) = ∫ 𝑒𝑥𝑡𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 

                              = ∫
𝑒𝑥𝑡

𝑏 − 𝑎

𝑏

𝑎

𝑑𝑥 

                          =
1

𝑏−𝑎
∫ 𝑒𝑥𝑡𝑑𝑥
𝑏

𝑎
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                            =
1

𝑏−𝑎
[
𝑒𝑥𝑡

𝑡
]
𝑏
𝑎
=

1

𝑏−𝑎
[
𝑒𝑏𝑡−𝑒𝑎𝑡

𝑡
]=

𝑒𝑏𝑡−𝑒𝑎𝑡

𝑡(𝑏−𝑎)
 

Q18. Let X  be a discrete random variable with MGF 𝑀𝑋(𝑡) = 𝑒𝜃(𝑒
𝑡−1)

  
, 𝜃 > 0 

Find the expected value and the variance of X using moment generating functions. 

 

𝑀′𝑋(𝑡) = 𝜃𝑒𝑡𝑒𝜃(𝑒
𝑡−1) 

𝐸(𝑋) = 𝑀′𝑋(0) = 𝜃 

𝑀′′
𝑋(𝑡) =  𝜃𝑒𝑡. 𝑒𝜃(𝑒

𝑡−1) + 𝜃𝑒𝑡 . 𝑒𝜃(𝑒
𝑡−1). 𝜃𝑒𝑡 

= 𝜃𝑒𝑡 . 𝑒𝜃(𝑒
𝑡−1) + 𝜃2𝑒2𝑡. 𝑒𝜃(𝑒

𝑡−1) 

𝐸(𝑋2) = 𝑀′′𝑋(0) = 𝜃 + 𝜃2 

𝑉(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 = 𝜃 + 𝜃2 − 𝜃2 = 𝜃 

Note that 𝑉(𝑋) = 𝐸(𝑋 − 𝐸(𝑋))2= 𝐸(𝑋2) − [𝐸(𝑋)]2 

 

Q19.  Let X and Y be two independent random variables with MGF. 

 MX(t) = et
2−2t and MY(t) = e3t

2−2t 

(a) Find the MGF of X+2Y 

(b) Find the MGF of X+5 

 

 

Solution : 

(a)  

𝑀𝑋+2𝑌(𝑡) = 𝐸(𝑒(𝑋+2𝑌)𝑡) 

                =  𝐸(𝑒𝑋𝑡+2𝑌𝑡) 

                =  𝐸(𝑒𝑋𝑡) 𝐸(𝑒2𝑌𝑡) 

               = 𝐸(𝑒𝑋𝑡) 𝐸(𝑒𝑌(2𝑡) 

              =𝑀𝑋(𝑡)𝑀𝑌(2𝑡) =e
t2−2te3(2t)

2−2(2t) 

                                               = 𝑒t
2−2t+12𝑡2−4𝑡=  = 𝑒13𝑡

2−6𝑡 

 

(b) 𝑀𝑋+5(𝑡) = 𝐸(𝑒(𝑋+5)𝑡)=𝑒5𝑡𝐸(𝑒𝑋𝑡)= 𝑒5𝑡 MX(t)=𝑒
5𝑡 et

2−2t = 𝑒t
2+3𝑡 
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Q20.  suppose X is the IQ of a random person. We assume X ≥ 0; E(X) = 100; and σ = 10: 

Find an upper bound of P (X ≥ 200) using Chebyshev’s inequality. 

 P (X ≥ 200)  =   𝑃(𝑋 − 100 ≥  200 − 100)      Chebyshev’s inequality𝑃(|𝑋 − 𝜇| > 𝑟) ≤
𝜎2

𝑟2
 

                      = 𝑃(𝑋 − 100 ≥  100) ≤ 𝑃(|𝑋 − 100| > 100) ≤
102

1002
=

1

100
 

Q21. let 𝜇 = 33, and  𝜎2 = 16 

Find the upper bound of  𝑃(|𝑋 − 33| > 14) 

 

 

Q22. A hot dog stand has mean daily sales of $420 with a standard deviation of $50. 

The income has a normal distribution. What is the standardized value for daily sales 

of $520? 

 Standardized value= Z=
𝑋−𝜇

𝜎
=

520−420

50
= 2 

 

Q23.  Let X  be a continuous random variable with 𝑓(𝑥) =
1

𝑏−𝑎
, 𝑎 < 𝑥 < 𝑏, 

Find the median of X 

To find the median M we solve ∫ 𝑓(𝑥)
𝑀

−∞
𝑑𝑥 = 0.5 

                                                    ∫
1

𝑏−𝑎

𝑀

𝑎
𝑑𝑥 = 0.5 

                                                   
1

𝑏−𝑎
[𝑥]

𝑀
𝑎
= 0.5 

                                                             
𝑀−𝑎

𝑏−𝑎
 =0.5 

                                                           𝑀 − 𝑎 = 0.5𝑏 − 0.5𝑎 

                                                                𝑀 =
𝑎+𝑏

2
 

 

Q24. Let X  be a continuous random variable with 𝑓(𝑥) =1/2 ,1 < 𝑥 < 3, 

Find the 75.5p 𝑡ℎ 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑖𝑙𝑒 of X 

∫ 𝑓(𝑥)
𝑝

−∞

𝑑𝑥 = 0.755 

https://www.statisticshowto.com/probability-and-statistics/statistics-definitions/mean-median-mode/
https://www.statisticshowto.com/probability-and-statistics/normal-distributions/
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∫
1

2

𝑝

1

𝑑𝑥 = 0.755 

                                                   
1

2
[𝑥]

𝑝
1
= 0.755 

                                                             
𝑝−1

2
 =0.755 

                                                           𝑝 − 1 = 1.51 

                                                                𝑝 = 2.51 

 

 

Q25.Let X  be the discrete random variable with pmf given by  

p(x) = {(
1
2
)
𝑥
  ,               𝑥 = 1,2,3,…

0  ,                    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

Find the mode of X: 

 

The value of x that maximizes p(x) is x = 1: Thus, the mode of X is 1  

 
 
Q26. Let X be the continuous random variable with pdf given by 

 f(x) = 0.75(1 - 𝑥2) for -1 ≤ x ≤ 1 and 0 otherwise. Find the mode of X: 

 

by using the first derivative:𝑓′(x) = 0 

                                      −0.75(2)𝑥 = 0 

                                                  𝑥 =0 

 

The pdf is maximum for x = 0: Thus, the mode of X is 0 

 

 

Q27.Let X be any random variable . let Y=3X and then 𝜇𝑌 = 3𝜇𝑥 find Cov(X,Y) 

Cov(X,Y) = 𝐸((𝑋 − 𝜇𝑥 )(𝑌 − 𝜇𝑌)) = 𝐸((𝑋 − 𝜇𝑥 )(3X − 3𝜇𝑋)) = 

= 3𝐸(𝑋 − 𝜇𝑥 )
2 = 3𝑉𝑎𝑟(𝑋) 

 

Q28. Let 𝑋𝑎𝑛𝑑  𝑌  r.v.'s with 𝑉(𝑋) = 6.267   , 𝑉(𝑌) = 2.167   𝑎𝑛𝑑 𝐶𝑜𝑣(𝑋, 𝑌) = 0.067    
Find 𝑉(𝑋 + 3𝑌) = 𝑉(𝑋) + 32𝑉(𝑌) + 2(3)𝐶𝑜𝑣(𝑋, 𝑌) 
                             = 6.267 + 9(2.167) + 6(0.067) = 26.172 
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Note: 

For any distribution has 𝜇 𝑎𝑛𝑑 𝜎2. Then 𝑋̅ =
1

𝑛
 ∑ 𝑋𝑖

𝑛
𝑖=1  has 

 𝐸(𝑋̅) =
1

𝑛
 ∑ 𝐸(𝑋𝑖)

𝑛
𝑖=1 =

𝑛

𝑛
𝐸(𝑋) = 𝜇 

 𝑉(𝑋̅) =
1

𝑛2
𝑉(∑ 𝑋𝑖

𝑛
𝑖=1 ) =

1

𝑛2
∑ 𝑉(𝑋𝑖)
𝑛
𝑖=1 =

𝑛

𝑛2
𝑉(𝑋) =

1

𝑛
𝑉(𝑋) =

1

𝑛
𝜎2 

 

 

Note:  

• (𝒃 ± 𝒂)𝟐 = (𝒂𝟐 ± 𝟐𝒂𝒃 + 𝒃𝟐) 

• (𝒃𝟐 − 𝒂𝟐) = (𝒃 + 𝒂)(𝒃 − 𝒂) 

• (𝒃𝟑 − 𝒂𝟑) = (𝒃 − 𝒂)(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐) 

 

• 𝑓(𝑥) even function   ⟺ 𝑓(−𝑥) = 𝑓(𝑥)   ⟺  ∫ 𝑓(𝑥)
𝒂

−𝒂
𝑑𝑥 = 2∫ 𝑓(𝑥)

𝒂

𝟎
𝑑𝑥  

• 𝑓(𝑥) odd function   ⟺ 𝑓(−𝑥) = −𝑓(𝑥)   ⟺  ∫ 𝑓(𝑥)
𝒂

−𝒂
𝑑𝑥 = 0  

 

 

 

Extra exercises 

 

Q1.It is known that 20% of the people in a certain human population are female. The experiment 

is to select a committee consisting of two individuals at random. Let X be a random variable 

giving the number of females in the committee.  

1. List the elements of the sample space S.  

2. Assign a value x of X to each sample point.  

3. Find the probability distribution function of X.  

4. Find the probability that there will be at least one female in the committee.  

5. Find the probability that there will be at most one female in the committee.  

6. Find 𝜇 = 𝐸(𝑋)  

7. Find 𝜎2 = 𝑉𝑎𝑟(𝑋)  

Solution :  

H.W 
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Q2. A box contains 100 cards; 40 of which are labelled with the number 5 and the other cards are 

labelled with the number 10. Two cards were selected randomly with replacement and the 

number appeared on each card was observed. Let X be a random variable giving the total sum of 

the two numbers.  

a) List the elements of the sample space S.  

b) To each element of S assign a value x of X.  

c) Find the probability mass function (probability distribution function) of X.  

d) Find P(X=0).  

e) Find P(X>10).  

f) Find 𝜇 = 𝐸(𝑋). 

g) Find 𝜎2 = 𝑉𝑎𝑟(𝑋). 

Solution :  

H.W 

 

 

 

 

Q3. If the continuous random variable X has mean µ=16 and variance σ2=5, then  

P( X = 16) is  

(A)   0.0625       (B) 0.5      (C) 0.0        (D) None of these.  

 Solution :  

𝑃(𝑋 = 16) = 0 ( Because X is Continuous r.v ) 

Q2. Consider the probability density function:  

𝑓(𝑥) = {𝑘 √𝑥 ,           0 < 𝑥 < 1
0,                 𝑒𝑙𝑠𝑤ℎ𝑒𝑟𝑒

 

1) The value of k is:    

(A)1  (B) 0.5  (C) 1.5  (D) 0.667  

2) The probability 𝑃(0.3 < 𝑋 ≤ 0.6) 

(A)0.4647  (B) 0.3004  (C) 0.1643  (D) 0.4500  

3) The expected value of X, E( X ) is,  

(A)0.6   (B) 1.5  (C) 1   (D) 0.667  

[Hint: ∫√𝑥 𝑑𝑥 =
𝑥
3
2

3/2
+ 𝑐 ] 

Solution : 

1) We know ∫ 𝑓(𝑥)
∞

−∞
𝑑𝑥 = 1 

 ∫ 𝑘√𝑥
1

0
 𝑑𝑥 = 1   →     𝑘 [

 𝑥
3
2 
3

2

]
0

1

= 1  →     
2

3
𝑘 = 1   →    𝑘 =

3

2
= 1.5  

∴  𝑓(𝑥) =
3

2
 √𝑥  ,        0 < 𝑥 < 1 
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2) 𝑃(0.3 ≤ 𝑋 ≤ 0.6) = ∫   
3

2
 √𝑥

0.6

0.3
 𝑑𝑥 =

3

2
 [
 𝑥
3
2 
3

2

]
0.3

0.6

= (0.6)3/2 − (0.3)
3

2 = 0.3004 

3) 𝐸(𝑥) = ∫ 𝑥𝑓(𝑥)
∞

−∞
𝑑𝑥 = ∫   

3

2
 𝑥 √𝑥

1

0
 𝑑𝑥 =  ∫   

3

2
 𝑥

3

2 
1

0
 𝑑𝑥 =

3

2
 [
𝑥
5
2

 
5

2
 
]
0

1

= 0.5999 ≈ 0.6  

 

Q4. If the cumulative distribution function of the random variable X having the form:  

𝑃(𝑋 ≤ 𝑥) = 𝐹(𝑥) = {
0 ,                                  𝑥 < 0
𝑥/(𝑥 + 1) ,                 𝑥 ≥ 0

 

Then   

1) 𝑃(0 <  𝑋 <  2) equals to  

           (a) 0.555      (b) 0.333      (c) 0.667        (d) none of these.  

2) If 𝑃( 𝑋 ≤  𝑘)  =  0.5 , then k equals to 

           (a) 5  (b) 0.5            (c) 1         (d) 1.5  

3) The pdf is  

          (a) 𝑥/(𝑥 + 1)  (b) 𝑥            (c) 1/(𝑥 + 1)2         (d)  𝑥/(𝑥 + 1)2 

 

Solution : 

1) 𝑃(0 <  𝑋 <  2) = 𝐹(2) − 𝐹(0) =
2

2+1
−

0

0+1
=

2

3
= 0.667 

2) 𝑃( 𝑋 ≤  𝑘) =  0.5    → 𝐹(𝑘) = 0.5  →  
𝑘

𝑘+1
= 0.5  → 𝑘 = 0.5𝑘 + 0.5   

→ 𝑘(1 − 0.5) = 0.5   →  0.5𝑘 = 0.5  → 𝒌 = 𝟏   

3) 𝑓(𝑥) =
𝑑 

𝑑𝑥
 𝐹(𝑥)  

𝑓(𝑥) =
𝑑 

𝑑𝑥
 [

𝑥

𝑥+1
] =

(𝑥+1)(1)−𝑥 (1) 

(𝑥+1)2
=

1

(𝑥+1 )2
       , 𝑥 ≥ 0   

 

 

Q5.Suppose continuous r.v. X has density function  𝑓(𝑥) = {
𝐶 𝑥2  ,        1 < 𝑥 < 2
0,                 𝑒𝑙𝑠𝑤ℎ𝑒𝑟𝑒

  

a. Find the value of the constant C.  

b. Find 𝑃(𝑋 ≥
3

2
).  

c. Find the cumulative distribution function of X.  

d. Find 𝑃(𝑋 ≥
3

2
) using the cdf.   

Solution : 

a) We know ∫ 𝑓(𝑥)
∞

−∞
𝑑𝑥 = 1  →    ∫ 𝑐𝑥2

2

1
𝑑𝑥 = 1   → C [

𝑥3

3
]
1

2

= 1 

     → 𝐶 (
8

3
−

1

3
) = 1  →     

7

3
𝐶 = 1   →   𝐶 =

3

7
          ∴ 𝑓(𝑥) =

3

7
𝑥2  ,    1 < 𝑥 < 2  

b) 𝑃 (𝑋 ≥
3

2
) =

3

7
∫ 𝑥2
2

3/2
𝑑𝑥 =

3

7
[
𝑥3

3
]
3/2

2

=
1

7
(8 −

27

8
) =

37

56
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c) 𝐹(𝑥) = { 

0                                                                                         ,             𝑥 < 1 

 
3

7
∫ 𝑡2
x

1
𝑑𝑡 =

3

7
[
𝑡3

3
]
1

𝑥

=
𝟏

𝟕
(𝑥3 − 1) =

𝑥3

7
−

1

7
                 ,    1 ≤ 𝑥 < 2

1                                                                                            ,              2 ≤ 𝑥     

 

d) 𝑃 (𝑋 ≥
3

2
) = 1 − 𝑝 (𝑥 ≤

3

2
) = 1 − 𝐹 (

3

2
) = 1 − (

1

7
 
27

8
−

1

7
) =

37

56
 

 

 

 

Q6. The probability distribution for company A is given by:  

x  1  2  3  

f(x)  0.3  0.4  0.3  

and for company B is given by:  

y  0  1  2  3  4  

f(y)  0.2  0.1  0.3  0.3  0.1  

Show that the variance of the probability distribution for company B is greater than that of 

company A.  

Company A:  

 𝐸(𝑋) =  ∑ 𝑥. 𝑓(𝑥)𝑥  =  1(0.3)  +  2(0.4)  +  3(0.3)  =  2  

 𝐸(𝑋2) = ∑ 𝑥2. 𝑓(𝑥)𝑥  = 12(0.3)  + 22(0.4)  + 32(0.3)  =  4.6  

 𝑉𝑎𝑟(𝑋) =  𝐸(𝑋2)– (𝐸(𝑋))
2
=  4.6 – 22  =  𝟎. 𝟔  

  

Company B:  

 𝐸(𝑌)  =  0(0.2)  +  1(0.1)  +  2(0.3)  +  3(0.3)  +  4(0.1)  =  2  

 𝐸(𝑌2)  =  02(0.2)  + 12(0.1)  + 22(0.3)  + 32(0.3)  + 42(0.1)  =  5.6  

 𝑉𝑎𝑟(𝑌) =  𝐸(𝑌2)– (𝐸(𝑌))
2
 =  5.6 – 22  =  𝟏. 𝟔  

 ∴  𝑣𝑎𝑟(𝑌) > 𝑣𝑎𝑟(𝑋) 

Q7. If X and Y are independent r.v.'s with E(X)=3, E(Y)=5, V(X)=2, and V(Y)=5, find:  

a. E(XY)  

b. 𝐸(𝑋2𝑌)  

Solution : 

X and Y are independent  

a) 𝐸(𝑋𝑌) = 𝐸(𝑋)𝐸(𝑌) = 3(5) = 15  
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b) 𝐸(𝑋2𝑌) = 𝐸(𝑋2)𝐸(𝑌) = 11(5) = 55 

Where  𝑉(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2     ⟺   2 = 𝐸(𝑋2) − 32     ⟺  𝐸(𝑋2) = 2 + 9 = 11  

Q8. Let  X and Y are independent r.v's with p.d.f     𝑓(𝑥)  =  𝑒−𝑥;  𝑥 >  0,  

  𝑓(𝑦)  =   𝑒−𝑦 ;  𝑦 >  0, find :  

a. E(X) and V(X).  

b. E(Y) and V(Y).  

c. E(XY).  

d. 𝐸(𝑋2 𝑌3).  

e. Cumulative function of X 

f. Survival function of X 

g. The hazard Rate. 

 Solution : 

a)  𝑬(𝑿) = ∫ 𝑥 𝑒−𝑥
∞

0
 𝑑𝑥 =

Γ(2)

12
= 1   [𝑏𝑦 𝑢𝑠𝑒 ∫ 𝑥𝑎  𝑒−𝑏 𝑥  𝑑𝑥

∞

0
=

Γ(𝑎+1)

𝑏𝑎+1
 , Γ(𝑎) = (𝑎 − 1)! ] 

Or by use Integration by Parts  ∫ 𝑢
𝑏

𝑎
𝑑𝑣 = [𝑢𝑣]𝑎

𝑏 − ∫ 𝑣
𝑏

𝑎
𝑑𝑢  

Let 𝑢 = 𝑥 →     𝑑𝑢 = 𝑑𝑥    ,        𝑑𝑣 = 𝑒−𝑥  𝑑𝑥  →    𝑣 = − 𝑒−𝑥   

 𝐸(𝑋) = ∫ 𝑥 𝑒−𝑥
∞

0
 𝑑𝑥 = [−𝑥 𝑒−𝑥]0

∞ + ∫ 𝑒−𝑥
∞

0
𝑑𝑥 = [ −𝑒−𝑥]0

∞ = 1 

   𝑬(𝑿𝟐) = ∫ 𝑥2 𝑒−𝑥
∞

0
𝑑𝑥 =

Γ(3)

13
= 2    

or use integration by parts 

  ⇒ 𝐿𝑒𝑡 𝑢 = 𝑥2 →  𝑑𝑢 = 2𝑥 𝑑𝑥 ,    𝑑𝑣 = 𝑒−𝑥  𝑑𝑥 →    𝑣 = − 𝑒−𝑥   

 𝐸(𝑋2) = [−𝑥2𝑒−𝑥]0
∞ + 2∫ 𝑥𝑒−𝑥

∞

0
𝑑𝑥 =  0 + 2𝐸(𝑋) = 2(1) = 2 

 𝑽(𝑿) = 𝐸(𝑋2) − [𝐸(𝑋)]2 = 2 − 1 = 1  

b) Same solution in part (a) ,   𝐸(𝑌) = 1     , 𝑉(𝑌) = 2  
 

c) As X and Y are independent  ⇒ 𝐸(𝑋𝑌) = 𝐸(𝑋)𝐸(𝑌) = 1 

 

d) As X and Y are independent  ⇒ 𝐸(𝑋2𝑌3) = 𝐸(𝑋2)𝐸(𝑌3) = 2(6) = 12 

𝑤ℎ𝑒𝑟𝑒 𝐸(𝑌3) = ∫ 𝑌3 𝑒−𝑦
∞

0
𝑑𝑦 =

Γ(4)

14
= 6    

or use integration by parts 

  ⇒ 𝐿𝑒𝑡 𝑢 = 𝑦3 →  𝑑𝑢 = 3𝑦2 𝑑𝑦 ,    𝑑𝑣 = 𝑒−𝑦  𝑑𝑦 →    𝑣 = − 𝑒−𝑦   

 𝐸(𝑌3) = [−𝑦3𝑒−𝑦]0
∞ + 3∫ 𝑦2𝑒−𝑦

∞

0
𝑑𝑦 =  0 + 3𝐸(𝑌2) = 3(2) = 6 


