Capter 6: Univariate Random Variables
Part(1)

Q1. Consider the experiment of flipping a balanced coin three times independently.

Let X= Number of heads — Number of tails.
a) List the elements of the sample space S.

S ={HHH,HHT,HTH,THH,TTH, THT,HTT,TTT},n = 23 = 8

b) Assign a value x of X to each sample point.

S|TTT TTH THT THH HHH HTT HTH HHT
X 0-3= 1-2=- | 1-2=- 2-1= 3-0= 1-2=- 2- 2-
3 1 1 1 3 1 1=1 1=1
c) Find the probability distribution function of X.
X 3 -1 1 3 | total
f(x)| 1/8| 3/8| 3/8| 1/8| 1
d) FindP(x<1)=F(1) = (3)+()+ () =1
e) FindP(X < 1)= (3)+(3)=2=2
f) Find u=EX)
£ = s = =3(g)-1(g) +1() +3(g) = ¢
= x.f(x) = 3 3 3 =
X
g) Finds? = Var(X)
2 2
Var(x) = Ex?) — (ECO) =z 2. f(x) - (ECO)
o)+ 1(d)+ 1)+ 5() 0=
~ 7 \8 8 8 8 B
Q2. Let X be a random variable with the following probability distribution:
X 3 |6 9
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f(x) 01 [05 | 0.4

a) Find the mean (expected value) of X, u = E(X)

E(X) = Zx.f(x) = —3(0.1) + 6(0.5) + 9(0.4) = 63

b) Find E(X?)

E(X?) = Z X2 F(x) = (=3)% (0.1) + 62(0.5) + 92(0.4) = 51.3

X

¢) Find the variance of X, Var (X) = o2

o2 = E(X?) — (E(X))’ =51.3 - (63)? = 1161
d) Find the mean of 2X+1, E(2X + 1) = pyx 41
=2E(X)+E(1) = 2(63)+1 = 13.6
e) Find the variance of 2X+1, Var(2X + 1) = 6% x 1

= 22Var(X) 4+ Var(l) = 4(11.61) + 0 = 46.44

Q3. Which of the following is a probability distribution function:
x+1
10

@fx==— ;x=01234

1 2 3

fO=(x)=01<1; fM=(3)=02<1; f@)=(3)=03<1

10 10 10
4 5

f(3)=(—)=0.4< 1; f(4)=(—)=0.5 <1

10 10

142434445
Zf(x) = 10 =15%1 - f(x)isnot PDF

(b) f () == ;x=01234
f(0)==< 0 = f(x)isnot PDF.

©f() =7 ;x=01234
fO=fD)=f2)=f3)=f4) zg
) =228 =1 s f(x)is PDF
@ F () =5 ;x=0123

6
fO =2 <1; f)=5<1;f@)=5<1; fB)=~7 <0

since f(3) <0 , f(x) isnot PDF
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Q4. Let X be a discrete random variable with the probability distribution function:

f(x) = kx forx=1,2,and 3.
(i) Find the value of k. we know that )., f(x) =1

ka:1—>k+2k+31(:1—>6k=1—>k=1/6
X

f(x) =§ 'x=1,2,3
(if) Find the cumulative distribution function (CDF), F(x)
F)) =PX<1)=PX=1=f1)=1/6
FRQ=PX<2)=PX=1D+PX=2)=3/6
F3)=PX<3)=PX=1)+PX=2)+PX=3)=1

0 x <1
1/6 1<x<?2
F(x)=PX<x)= 3//6 5 < x <3
1 x =3

(iiii) Using the CDF, F(x), find P (0.5 < X < 2.5).
P (0.5 < X < 2.5) = P(X < 2.5) — P(X < 0.5)

= F(2.5) — F(0.5) = (g) —0=32=12
Or byuse f(x):P (05 < X < 2.5)=f(1)+f(2)=%+§ !

2

Q5. Let X be a random variable with cumulative distribution function (CDF) given by:

0 x <0
) o025 o0<x<1
FGI =19 o 1<x<?2

1 x =2
(a) Find the probability distribution function of X, f(x).

fX)=F(x)—F(x—1)
£(0) = 0.25 -0 = 0.25

£(1) = 0.6 — 0.25 = 0.35
f(2)=1-0.6=0.4

0.25 x=0

035 «x=1
f@=1 04 k=2
0  otherwise
(b) Find P(1 < X < 2). (using both f(x) and F(x))
By using f(x) -
P(1<X<2)=PX=1)=f(1) =035
By using F(X) :

P(1<X<2)=F2-1)-F(1-1)=F(1)—F(0) = 0.6 —0.25 = 0.35

(c) Find P(X > 2). (using both f(x) and F(x))
By using f(x) -

PX>2)=1-PX<2)=1-[fO+f(D+f(2)]=0

Bayan Almukhlif
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Byusing F(X): P(X>2)=1-F(2)=1-1=0
FindP(1<X<2)=F(2)—F(1)=1-0.6=04

FinNdP(1<X<2)=F(2)-F(1—-1)=1-0.25=0.75
FindP(1<X<2) =F(2-1)—-F(1)=F(1)—-F(1)=0
Note: For a discrete random variable
P@a<X<b)=Fb—-1)—F(a—1)

Pla<X <b)=F(b)—F(a)

Pl@a<X<b)=F(b)—-Fa-1)

Pla<X<b)=F(b—-1)—-F(a)

Q6.The r.v. X has pdf f(x) = {

a.
b.

Qo

@

C(1-x%), -—-1<x<1
0, elswhere

What is the value of C.

Find the following probabilities using the pdf of X:
i. P(X<0)

i.  P(Xz)

iii. P(—%<Xs%)

iv. P(X>1)

What is the cdf of X.

Find the probabilities in (b) using the cdf.

Survival function of X
The hazard Rate.

Solution :

a) Weknow [~ f(x)dx=1 - f_llc(l —x)dx=1

il I ) IR -
- _— = - —— — | = — || = - ——| =
clx 3] c 3 3 c 3

—>ic=1 - c=§=0.75
3 4

f(x):%(l—xz) , —1<x<1

b) Using pdf

L pe<o =i ama=] 5] <ffo- (1)) =
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vl miammesipeg] <0 - G-
i p(dsecd)=irhamma- -2
16232l
v. PX>1)=0
0 ) x< -1
o F(x)= szl(l—tZ)dt:Z[t—§]il:;x_ix3+% o 1<x<1
1<x

)

1

1

d) Using cdf
P(x < 0)=F(0)==(0) —7(0)* +5 =

Plrzi)=1-r(x<))=1-r()=1-[}()-5() +3]

il.

-1

i p(-tsred=r@-r(-)-3-(E)-160) -3
PX>1)=1-PX<1)=1-F(1)=1-1=0
10 D) 2t ds

e) Survival function of Sy(x) =1—-F(x) =1 — Gx -

iv.

13 .13
Sx(x) _ 77g%t¥

f) The hazard Rate.h(x) = RS

Q8. Let X be a continuous random variable on (0,1) with probability density function

_(3xc, 0<x<1
fe) = {O, elswhere
And let the random variable Y
X, 0<X<:
Y =
l’ X>2
3 3

Compute P(Y = %)

SinceY = % occure when X > %then

(r=3)=r(x>3)
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Q8.A system can function for a random amount of time X. If the density of X is given (in
units of months) by

f(x)=Cxe™? ;x>0

a. What is the probability that the system functions for at least 5 months.

b. What is the probability that the system functions from 3 to 6 months.

c. What is the probability that the system functions less than 1 month.
Solution :

a) Tofind C, we know that C [.”x e”7 dx=1

*© a+1
[usejo x%ebx dxz%, I'(a) =(a—-1)!]
r(2) _ 1 _ _1
C(ET_l: C1/4—1=> 4C=1=> C—4
2

P(X =5) =%f5°ox ez dx

By use calculator

P(X25)=1—P(X<5)=1—if05xe_5 dx =1-222=0.2873

Or by use Integration by Parts ffu dv = [uv]? — ffv du

P(X =5) =%f5wxe_§ dx

Letu=x » du=dx

dv = e_(g) dx » v=-2 e_g

1 _xq® . £ 1 _5 ® 1 %
=—||— 2 2 = — 2 — R — 2
4[er ]5+2f5 e X 4<O+1Oe )+2( Z)L 5 e X

1 _3 _x® 1 _3 _5 1 5
_2|10e 2 —4]e 2 =_1OeZ+4eZ=_14_§]= 287
4[ [ ]Sl 4[ l 4[ e 0.2873

b) By use calculator P(3 < X < 6) = if:x e"z dx = 0.3587

Or by use Integration by Parts ffu dv = [uv]? — f:v du

Letu=x » du=dx ; dv:e_(E)dx - v=-2e¢e 2
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N

1 _x16 6 _x 1 _6 _3 6 1 _x
=3 [—er 2] +2J; e 2 dx =3 (—12e 2+ 6e 2>+2(—2)J‘3 —5e dx
1 _3 _x1® 1 _3 _3
—[(—12e—3+6e 2)—4[6 2| ]z —[—12e—3+6e 2 —4e=3 + 4e z]
4 3 4
—1[10 _% 16 _3]—1 1.435
—Z e - e —Z( . )
c) By use calculator P(X < 1) =if01x e"z dx = 0.0902

Or by use Integration by Parts f:u dv = [uv]? — ffv du

Letu=x » du=dx

dv = e_()z_c) dx » v=-2 e_Jz_c

=%“—2x e_g]z+2j e™7 dx l =%I(—Ze_%)+2 (-2)[1—% e 2 dxl
0 0

1

X

1 1 1 1
l—Ze_i —4 [e‘i] l = 1[_2(2 —4e” 2 + 4] = 0.3608
0 4

4

= 0.0902

1
4

Q9. The cumulative distribution function of a continuous r.v. Y is given by

0, y<3
F = 9
M =9,_ = y>3

Find

a. P(Y <5).

b. P(Y > 8).

c. The pdfof Y

Solution :

_ 9 _16_
8) P(Y<5)=F(5)=1-—=1=064

b) P(Y>8)=1—P(Y38)=1—F(8)=1—(1—6’;4)=6%=0.1406

integration
B —
c) f) F(y)
derivative
fO) == ) = FOY =—
y dy y y y3
18 3
S f(X) = F ’ y >
0, 0.w
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0<x<1

x
Q10. If the density function of the continuous r.v. Xis f(x) =42 —x , 1<x<C
0, 0.w
Find
a. The value of C.
b. The cumulative distribution function of X.
c. P(0.8<X<0.60).
Solution :
a) [ f(x) dx =1 folx dx + ff(Z—x) dx =1
x21+2 <) T PP (2 1) 1o Ly E 3
_— —_—— = - — —_——_—] - —_—) = - - —_——_——— =
73 N 2 2 2 2 2 2
C? C? C?
> 20-—-1=1 - 20-—-2=0 > -—+20-2=0
by use Or
_ 1
a=—5,b=2,c==2 —5[c?—4c+4]=0
C_—bivb2—4ac C2—4C+4=0
- 2a (C-2?%?=0
:‘Zi‘/fj:_izz C—2=0->C=2
2(—3) -1
X , 0<x<1
sf(x)=42—-x, 1<x<2
0, 0.w
b) F(x) =PX <x)
0 , x<0
X
fgcxdxz[%xz] =%x2 ,0<x<1
0
FGo = 1 x x21t x21* x2
foxdx+f1(2—x)dx=[7]0+[2x—7]1=2x—7—1 ,1<x<2
1 , 25X
aldall ol | 8
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¢) P(0.8<X<06C)=P(08<X<12)

0 0.8 1 1.2

X
*

By use pdf

= follgx dx + fll'Z(Z—x)dx

_ ["2_2 :8 + [2x - "2—2]12 ~0.36

NOTE: For a continuous random variable:

P(X = a)= P(X > a)

integration

e f(¥) F(y) =>{

derivative
e Compute probabilities using cdf:

P(a< X < b) = P(X < b)

b 1 b
o [ ef* dx=[—ecx] ,cER
a c a

e e°=0; e'=1; e* =
ay Uduudv
" du_  dv
e Y=—v%0 = — — _dx _dx
v dx v2
co a —-bx _F(a+1) i .
. fox e dx = s s a,b ER ;

M) =(a—1) ; r(l)

2

VI r(a+1)=ar(a)—>r(§)=r(§+1)=

,wher 0.6C = 0.6(2) = 1.2

‘ By use cdf
P(X<12)—P(X <0.8)
= F(1.2) — F(0.8)

- [2(1.2) - 1722 - 1] - E (0.82)]

= 0.68 —0.32 = 0.36

[This NOT true for discrete r.v]

f(x) == F(x)
FGo) = [ f(x)dx

— P(X £ a) = F(b) — F(a)

Vr

N | =

Q11. Consider the random variable X with the following probability distribution function:

X| 0 1] 2 3
f(x)|04|c | 03]0.1
The value of C is
(A)0.125 (B)0.2 (©0.1 (D) 0.125 (E) -0.2

we know that Y, f(x) =1

Bayan Almukhlif
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04+C+03+01=1 - 08+C=1-> C=1-08=0.2

Q12. compute the expected value and the standard deviation for the probability function of
X given

X -4 0 3
fG) =P =) 1 2 1
7 7 7

Solution :

EX) =Zoxf) = (-0 () +@(2)+3) (%) =2

V(X)) =EX?) - [EX]?

BO =Y () = 02 (5) + 02 (3) + 32 (5) = >

then V(X) = E(X?) — [E(X)]? = 2 — (E)Zzﬂ = 6.122

7 7 49

oy =Jox2 =JV(X) =6.122 = 2.474

Q13. Roll one die and let X be the resulting number. Find the expected value of _t.
Solution :

The possible value of X are 1,2,3,4,5 and 6

o -, 100- )+ (e @) (e @) 0) -3

Q14. Let X,, X, and X5 be independent r.v.'s with means 4, 9, 3 and variances 3, 7, 5
respectively. ForY = 2X; —3X,+4X;andZ = X; + 2 X, — X3, find:

a. E(Y) and E(2).
b. V(Y) and V(2).

Solution :

E(X,) =4 ,Var(X,) =3
E(X,)=9,Var(X,) =7

E(X3;) =3,Var(X;) =5
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a) E(Y) = E(2X; — 3X, + 4X3) = 2E(X,) — 3E(X,) + 4E(X5)
=24)—-39)+4(3)=8-27+12=-7
E(Z) = E(X, + 2X, — X3) = E(Xy) + 2E(X;) — E(X3)
=4+209)-3=4+18-3=19
b) Since X;,X, and X5 are independent
V(Y) =V(2X; —3X, +4X3) =4V (X)) +9V(X,) + 16 V(X5)
=43)+9(7) +16(5) =12+ 63+ 80 = 155

V(Z) =V(X;, +2X, — X3) =V(Xy) +4V(X,) + V(X3)

=34+4(7)+5=3+28+5=36

Q15. Arv. has f(x) =2 e ; for — o0 < x < oo, find E(X) and V(X).

Solution :
y = 0.5e*
— Q0 -35 -3 05 1 1.5 2 25 3 3.5 o0
. . X, x>0
we know the definition of absolute value is |x| = {
—X, x <0
%e"x , x>0
= flx)=
%ex , x <0

1[r° *© 1 1
E(X)=§U xexdx+f xe™* deZE[K1+KZ]:§[_1+1]:0
—co 0

K;: substitution x =—z = dx=—-dz; —o<x< 0
new limits of integration when x =0 = z=10

when x = —00 = z =0

I'(2)
12

K, = fo(:)(—z e ?(—dz) = —foooz e ?dz = =-1
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K,: foooxe"‘ dx=T() =1
Or by use Integration by Parts ffu dv = [uv]h — f:v du
Letu=x - du=dx, dv=e*dx » v= —e%*

K, =[xe ™5 + foooe_x dx =1

V(X) = E(X*) — [EX)]?

1[ (° *© 1
E(X?) =3 f x?e*dx + f x2e ™ dx =§[1’(3 + K, =
—00 0

N[ =

[2+2] =2

K3: by substitution x =—z = dx=—-dz ; —0<x< 0= 0<z<o0

o _ re)
K; = [, (z*)e ?dz = — =2

Ky= [ x%e™ dx =T(3) =2

AV(X)=2-0=2

Q16. Let X be a discrete random variable with pmf given by the following table
X 1 2 3 4 5

p(x) | 0.15 | 0.20 | 0.40 | 0.15 | 0.10
Find Mx(t)

Solution :

My(0) = E() = ) e¥f(x)

X

My (t) = 0.15e* + 0.20e2t + 0.40e3" + 0.15e** + 0.10e°*

Q17. Let X be a continuous random variable with f(x) = ﬁ, a < x < b, Find My(t)
Solution :

b

My (t) = E(e**) = f e*t f(x)dx

b ext
= dx
_L b—a

_ 1
" b-a

f;e’“dx

Bayan Almukhlif il Gl | 12



a_b—a t

" b-alt

1 ext b 1 ebt_eat ebt_eat
[_] ]_ t(b-a)

Q18. Let X be a discrete random variable with MGF My (t) = e9©~D  § >0

Find the expected value and the variance of X using moment generating functions.

M'y(t) = feteb(e'~1)
E(X) = M',(0) = 6
M",(t) = Bet.ef(e'-1) 4 get g0(e~1) get
= fet.ef(e"-1) 4 g2e2t 0(e'-1)
E(X?) = M"4(0) = 0 + 6°
VX)=EX?)-[EX)]?=60+6?—-06°=96
Note that V(X) = E(X — E(X))?= E(X?) — [E(X)]?

Q19. Let X and Y be two independent random variables with MGF.
My (t) = e“~2t and My (t) = e3t -2t

(a) Find the MGF of X+2Y

(b) Find the MGF of X+5

Solution :
(@)
My 42y () = E(e*+211)
= E(eXt+2vt)
= E(e*") E(e®)
= E(eXt) E(eY(Zt)
=My () My (2¢) =et’~2te32D*-2(20

2_ 2_ 2_
— pt?-2t+12t?—4t — _ ,13t7—6t

(b) My,s(t) = E(e(X+5)t):eStE(eXt): 5t My(t)=e5t et’—2t = ot 43t

Bayan Almukhlif
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Q20. suppose X is the 1Q of a random person. We assume X > 0; E(X) = 100; and ¢ = 10:
Find an upper bound of P (X >200) using Chebyshev’s inequality.

2
P(X>200) = P(X—100=>= 200—100) Chebyshev’s inequalityP(|X — u| >r) < i—z

2
= P(X — 100 > 100) < P(|X — 100| > 100) < —— = —
100 100

Q21. letu = 33,and o2 = 16
Find the upper bound of P(|X — 33| > 14)

Q22. A hot dog stand has mean daily sales of $420 with a standard deviation of $50.
The income has a normal distribution. What is the standardized value for daily sales
of $520?

_ 520-420 _

Standardized value= z==#
g 50

2

Q23. Let X be a continuous random variable with f(x) = ﬁ, a<x<b,
Find the median of X

To find the median M we solve f_Moof(x) dx = 0.5

M2 dx =05

a b-a

b—a
M —a = 0.5b —0.5a

a+b
M=—
2

Q24. Let X be a continuous random variable with f(x) =1/2,1 < x < 3,
Find the 75.5p t" percentile of X

fp £(x)dx = 0.755
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P1
f —dx = 0.755
1 2

1,0
P~1-0.755
2
p—1=151

p =251

Q25.Let X be the discrete random variable with pmf given by

1 X
p(x) — (E) , X = 1,2,3,
0 otherwise

Find the rﬁode of X:

The value of x that maximizes p(x) is x = 1: Thus, the mode of X is 1

Q26. Let X be the continuous random variable with pdf given by
f(x) = 0.75(1 - x?) for -1 <x <1 and 0 otherwise. Find the mode of X:

by using the first derivative: f'(x) = 0
—0.75(2)x =0
x =0

The pdf is maximum for x = 0: Thus, the mode of X is 0

Q27.Let X be any random variable . let Y=3X and then u, = 3u, find Cov(X,Y)

Cov(X,Y) = E((X — e )(Y — py)) = E((X — 1t YBX = 3py)) =
=3E(X — u, )? = 3Var(X)

Q28. Let Xand Y r.v.'swith V(X) = 6.267 ,V(Y) = 2.167 and Cov(X,Y) = 0.067
Find V(X + 3Y) = V(X) + 32V(Y) + 2(3)Cov(X,Y)
= 6.267 + 9(2.167) + 6(0.067) = 26.172
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Note:
For any distribution has i and o. Then X = = ™, X; has
n
= 1
EX) =T EX) =-EQ) =u

> 1 1 1 1
V) = SVEL XD = 5T V) = SV = V() = 207

Note:
e (b+a)?=(a*+2ab+ b?
e (b2 —a®)=(b+a)(b—a)
e (b3—a®) =(b—a)(b*+ ab+ a?)

o f(x)evenfunction & f(—x)=f(x) & [° f(x)dx=2[f(x)dx
e f(x)oddfunction & f(—x)=—f(x) < [° f(x)dx=0

Extra exercises

Q1.1t is known that 20% of the people in a certain human population are female. The experiment
is to select a committee consisting of two individuals at random. Let X be a random variable
giving the number of females in the committee.

1. List the elements of the sample space S.

2. Assign a value x of X to each sample point.
3. Find the probability distribution function of X.
4. Find the probability that there will be at least one female in the committee.
5. Find the probability that there will be at most one female in the committee.
6. Findu=E(X)
7. Find o? = Var(X)

Solution :

H.W
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Q2. A box contains 100 cards; 40 of which are labelled with the number 5 and the other cards are
labelled with the number 10. Two cards were selected randomly with replacement and the
number appeared on each card was observed. Let X be a random variable giving the total sum of
the two numbers.

a) List the elements of the sample space S.

b) To each element of S assign a value x of X.
c) Find the probability mass function (probability distribution function) of X.
d) Find P(X=0).
e) Find P(X>10).
f) Find u = E(X).
g) Finda? = Var(X).
Solution :

H.W

Q3. If the continuous random variable X has mean u=16 and variance 62=5, then
P(X =16)is

(A) 0.0625 (B)0.S (©)0.0 (D) None of these.

Solution :

P(X = 16) = 0 ( Because X is Continuous r.v)

Q2. Consider the probability density function:

0, elswhere
1) The value of k is:
(A)1 (B)0.5 (©) 15 (D) 0.667
2) The probability P(0.3 < X < 0.6)
(A)0.4647 (B)0.3004 (C)0.1643 (D) 0.4500
3) The expected value of X, E( X)) is,
(A)0.6 (B) 1.5 ©)1 (D) 0.667
3
[Hint: [x dx =%+c]
Solution :

1) Weknow [~ f(x)dx =1

341

folk\/}dle - klx—zlozl - 2k:1 - k:§:1.5

3
2

f(x):;\/E, 0<x<1
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3 10.6

_ (06 3 _ 3| x2 _ 3/2 e
2) P(0.3<X<0.6)= f 3 3 Vx dx = Sl = = (0.6)*/# — (0.3)z = 0.3004
0.3

0. 3
2

1
o 13 13 3 3 [
3) E() = [ xf(x)dx =[] Sxvxdx= [ Jx2 dngl?l =0.5999 ~ 0.6
0

2

Q4. If the cumulative distribution function of the random variable X having the form:

P(XSx)=F(x)={g}(x+1), ;c;(())

Then

1) P(0 < X < 2)equalsto
(@ 0.555 (b)0.333 (c) 0.667 (d) none of these.

2) IfP(X < k) = 0.5, then k equals to

(a) 5 (b) 0.5 ()1 (d) 15
3) The pdfis
@x/(x+1) (b)x (c) 1/(x + 1)? (d) x/(x+ 1)?
Solution :
1) P(0 < X < 2)=F(2)—F(0) =7~ ———=2=0.667
2) P(X< k)=05 -Fk) =05 - %:o.s -k = 0.5k + 0.5

- k(1-05)=05 - 05k=05 —-k=1
3) f@) =4 F®)

_4da [ x]_ (c+1D)(W-x (1) _ 1
f(x) T odx [x+1] - (x+1)2 T (x+1)2 x 20

C x? , 1<x<?2

Q5.Suppose continuous r.v. X has density function f(x) = { 0, elswhere

a. Find the value of the constant C.
b. Find P(X > 2).

c¢. Find the cumulative distribution function of X.
d.Find P(X > g) using the cdf.

Solution :
a) WeknOWf_Oof(x)dle - f12CXde:1 —)C[%] =1
1
8 1 7 3 3

) p(rz3)=f,ar=3[5] =3(s-%)=%
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0 , x <1
) F(x)= gfftzdtzg[g]f:;(ﬁ—n:§—§ L 1<x<?2
1 , 2<x

d) P(x23)=1-p(x<3)=1-F()=1-(;5-3)=%

Q6. The probability distribution for company A is given by:
X 11 2| 3

fx)| 0.3]0.4] 0.3

and for company B is given by:

y| of 1] 2] 37 4

f(y)| 0.2| 0.1 0.3| 03| 0.1

Show that the variance of the probability distribution for company B is greater than that of
company A.

Company A:
E(X)= Y, x.f(x) = 1(0.3) + 2(0.4) + 3(0.3) = 2

E(X?) =Y, x2.f(x) = 12(0.3) + 22(0.4) + 3%2(0.3) = 4.6

Var(X) = E(X?)- (E(X)) = 4.6- 2% = 0.6

Company B:
E(Y) = 0(0.2) + 1(0.1) + 2(0.3) + 3(0.3) + 4(0.1) = 2

E(Y?) = 02(0.2) + 12(0.1) + 22(0.3) + 3%2(0.3) + 42(0.1) = 5.6

Var(Y) = E(v?)- (E(Y))" = 56- 22 = 1.6

~ var(Y) > var(X)

Q7. If X and Y are independent r.v.'s with E(X)=3, E(Y)=5, V(X)=2, and V(Y)=5, find:
a. E(XY)

b. E(XZ%Y)

Solution :

X and Y are independent

a) E(XY)=EX)E() =3(5) = 15
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b) E(X2Y) = E(X?)E(Y) = 11(5) = 55
Where V(X) = E(X?) — [EX)]? & 2=EX?) -3 & EX?)=2+9=11

Q8. Let X and Y are independent r.v'swith p.df f(x) = e™; x > 0,

f(y) = e?;y > 0,find:

fad

E(X) and V(X).

b. E(Y) and V(Y).

c. E(XY).

d. E(X2Y3).

e. Cumulative function of X
f. Survival function of X

g. The hazard Rate.
Solution :

F(Z)

=1 [by usef x@ e~bx gy = Hatl) I'(a) = (a—1)!]

pati ’

a) E(X)—f xe ¥ dx =

Or by use Integration by Parts ffu dv = [uv]? — ffv du
Letu=x » du=dx |, dv=e*dx » v=—e*

EX) = fooox e ™ dx =[-xe ¥ + foooe‘x dx=[—-e*]3 =1

F(3)

E(XZ)—f x2e¥dx =—=2
or use integration by parts
sletu=x>->du=2xdx, dv=e*dx—-> v=—e*

E(X?) = [-x2e 7 [§ + 2 [ xe ™ dx = 0+ 2E(X) =2(1) = 2
VX)) = E(X2) - [EX)]P=2-1=1

b) Same solution in part (), E(Y) =1 ,V(Y)=2

c) AsXandY are independent = E(XY) = E(X)E(Y) = 1

d) As Xand Y are independent = E(X?Y3) = E(X?)E(Y3) = 2(6) = 12
where E(Y3) = ["Y3e™ dy = FS) =6
or use integration by parts
> Letu=vy3-> du=3y*dy, dv=e¥ dy-> v=—e™?

E(Y?) =[-ye]§ +3 [ y’e™¥dy = 0+3E(Y?) =3(2) =6
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