Chapter 6: Univariate Random Variables
Part(1)

Q1. Consider the experiment of flipping a balanced coin three times independently.

Let X= Number of heads — Number of tails.
a) List the elements of the sample space S.

S ={HHH,HHT,HTH,THH,TTH, THT,HTT, TTT},n = 23 = 8

b) Assign a value x of X to each sample point.

s|TTT [TTH THT | THH | HHH | HTT | HTH | HHT
X | 03=-] 12=-] 12=-| 2-1=| 3:0= | 12=- 2- 2-
3 1 1 1 3 1 1=1 1=1

c) Find the probability distribution function of X.

X -3 -1 1 3 total

fx)| 18] 3/8] 3/8] 18] 1

d FindP(X<1)=F(1) = (3)+(3)+(3) =1
1 3

e) FindP(X < 1)= (§)+(§): =1
f) Find p = E(X)

0= $ert0 = 20)-1 ()1 (Y -
g) Find s? = Var(X) ’

Var(X)

E(x?) — (ECO) = Z X2 f(x) — (ECO)’

o) +16) () 9(5) o=

Q2. Let X be a random variable with the following probability distribution:

X 3 6 9
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f(x) 0.1 [05 [ 04

a) Find the mean (expected value) of X , p = E(X)

E(X) = Zx.f(x) = —3(0.1) + 6(0.5) + 9(0.4) = 6.3

b) Find E(X?)

E(X?) = Z X2 F(x) = (=3)% (0.1) + 62(0.5) + 92(0.4) = 51.3

X

c¢) Find the variance of X, Var (X) = o2
o2 = E(X?) - (E(X))” =51.3 - (6.3)* = 11.61
d) Find the mean of 2X+1, E(2X + 1) = pyx 41
—2E(X)+ E(1) = 2(63)+1 = 13.6
e) Find the variance of 2X+1, Var(2X + 1) = 62 y 44

= 22Var(X) + Var(1) = 4(11.61) + 0 = 46.44

Q3. Which of the following is a probability distribution function:
x+1

@f0) =22 x=01234

1 2 3

f(o):(—)=0.1<1 ; f(1)=(—)=0.2<1;f(2)=(—)=0.3<1 ;

10 10 10
4 5

£(3) = (R) =04<1; f(4)= (E) =05 < 1
b) f ()= ;x=01234
f(0) = _?1 < 0 - f(x)isnot PDF.

1+2+3+4+5

(x) 10

\H

=15+*1 - f(x)isnot PDF

©f() =< ;x=01234
FO)=FfD) =) =fB)=f(4) ==

5

1+1+1+1+41
- =

X)) = 1 « f(x) is PDF

@f =" ;x=0123
fO=2<1; f)=:<1;f@)=:<1; f3)=-2<0

since f(3) <0 , f(x) isnot PDF
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Q4. Let X be a discrete random variable with the probability distribution function:
f(x) = kx forx=1,2,and 3.
(i) Find the value of k. we know that )., f(x) =1

zkx=1—>k+2k+31(:1—>6k=1—>k:1/6
X

f(x) =g ;x=1,2,3
(i1) Find the cumulative distribution function (CDF), F(x)
F)=PX<1)=PX=1=f1)=1/6
F2)=PX<2)=PX=1)+PX=2)=3/6
FB3)=PX<3)=PX=1)+PX=2)+PX=3)=1

0 x <1
1/6 1<x<?2
F(x)=PX<x)= 3//6 5 < x <3
1 x =3

(ii1) Using the CDF, F(x), find P (0.5 < X < 2.5).
P05 < X< 25)=PX<25—-PX<0.5)

= F(2.5) — F(0.5) = (g) —0=32=12
Or byuse f(x):P (05 < X < 2.5)=f(1)+f(2)=%+§ !

2

Q5. Let X be a random variable with cumulative distribution function (CDF) given by:

0 x<0
) o025 o0<x<1
FGI =1 06 1<x<?2

1 x=2
(a) Find the probability distribution function of X, f(x).

fxX)=F(x)-F(x—-1)
£(0) =0.25—0 = 0.25

£(1) = 0.6 —0.25 = 0.35
f(2)=1-0.6=0.4

0.25 x=0

035 x=1
f@=1 04 x=2
0 otherwise
(b) Find P(1 < X < 2). (using both f(x) and F(x))
By using f(x) -
P(1<X<2)=PX=1)=f(1) =035
By using F(X) :

P(1<X<2)=F2-1)-F(1-1)=F(1)-F(0) = 0.6 —0.25 = 0.35

(c) Find P(X > 2). (using both f(x) and F(x))
By using f(x) -

PX>2)=1-PX<2)=1-[fO+f(D)+f(2)]=0
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Byusing F(X): P(X>2)=1-F(2)=1-1=0
Find P(1<X<2)=F(2)—F(1)=1-06= 0.4

FindP(1<X<2)=F(2)—F(1—1)=1-025=0.75
Find P(1<X<2) =F(2-1)—F(1) =F(1)—F(1) =0

Note: For a discrete random variable
P@a<X<b)=Fb—-1)—F(a—1)

Pla<X<b)=F(b)—F(a)

Pl@a<X<b)=F(b)—-Fa-1)

Pla<X<b)=F(b—-1)—-F(a)

Q6.The r.v. X has pdf f(x) = {

e o

™o

C(1-x%), -—-1<x<1
0, elswhere

What is the value of C.

Find the following probabilities using the pdf of X:
. P(X <0)

i P(X23)

iii.  P(—3<X<2)

iv. P(X>1)

What is the cdf of X.

Find the probabilities in (b) using the cdf.

Survival function of X
The hazard Rate.

Solution :

a) Weknow [* f()dx=1 - [l c(1-x*)dx=1

il I ) IR -
- _— = - —_—— - - —|| = - ——| =
clx 3] c 3 3 c 3

—>£c=1 - c=§=0.75
3 4

f(x):Z(l—xZ) , —-1<x<1

b) Using pdf

x31°

o= = 2] 2o (143 -
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L r(ezd)2am et =30 - (-2 -2
i p(dsecd)=irha-ma- -2
SIGERCTEE
iv. PX>1)=0
0 ) x < -1
0 =i ina-ea=i-g <jx-ie el cisec
1<x

)

1

1

d) Using cdf
P(x < 0)=F(0) ==(0) —7(0)* +5 =

Plrzi)=1-r(x<))=1-r()=1-[}()-5() +3]

il.

) +i] =%

e

iil.
2

p(ter<d=r()-r(-)-5-[E)-
PX>1)=1-PX<1D=1-F(1)=1-1=0
e) Survival function of Sy(x) =1—-F(x) =1 — Gx—%x3 +%) =%—%x+—x

iv.

13 .13
Sx(x) _ 373%*3¥

f) The hazard Rate.h(x) = 10 )

Q8. Let X be a continuous random variable on (0,1) with probability density function

_(3xc, 0<x<1
fe) = {O elswhere

And let the random variable Y
X, 0<X<;
Y = 1
X >-

1
3’ 3

Compute P(Y = %)

Since Y = % occure when X > %then

P(r=3)=r(x>3)
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Q8.A system can function for a random amount of time X. If the density of X is given (in
units of months) by

f(x)=Cxe™? ;x>0

a. What is the probability that the system functions for at least 5 months.

b. What is the probability that the system functions from 3 to 6 months.

c. What is the probability that the system functions less than 1 month.
Solution :

a) To find C, we know that Cfooox ez dx=1

*© la+1
[usefo x*ebx dxz%, I'(a) =(a—1)!]
r(2) _ 1 _ _1
6(17_1: 61/4—1=> 4C=1=> C—4
2

P(X=5) = %fsoox e 2 dx
By use calculator

P(X25)=1—P(X<5)=1—if05xe_5 dx =1-222=0.2873

Or by use Integration by Parts f:u dv = [uv]? — f:v du
1 00 _x
P(X25)=Zf5 xe 2z dx

Letu=x » du=dx

dv = e_(g) dx » v=-2 e_g

1 _xq® . £ 1 _5 ® 1 I
= —||— 2 2 = — 2 — —_— 2
4[er ]5+2L e X 4<O+109 >+2( Z)L > e x

1 _3 _® 1 _5 _5 1 5
_2|10e z2—4|e 2| |=Z|10eZ+4e" 2| = Z[14 7]: 287
4[ [ ]Sl 4[ l 4[ e 0.2873

b) By use calculator P(3 < X < 6) = if:x e” 2 dx =0.3587

Or by use Integration by Parts f;u dv = [uv]? — f;v du

Letu=x » du=dx ; dv:e_(E)dx - v=-2e 2
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1 _xq6 6 X 1 _6 _3 61 =
e ) - 2 2 == 2 2 — ——e 2
4[er ]+2£e X 4( 12e 2 + 6e )+2( Z)L 2e x
1 _3 _x1° 1 _3 _3
—[(—12e—3+6e 2)—4[6 z] ]z —[—12e—3+6e 2 —4e3 1 4e z]
4 3 4

—1[10 _% 16 _3]—1 1.435
=7|10e e —4(. )

¢) By use calculator P(X < 1) = ifolx e 2 dx =0.0902
Or by use Integration by Parts f:u dv = [uv]? — ffv du
Letu=x - du=dx

dv = e_()z_c) dx » v=-2 e_Jz_c

1 _xql _x 1 1 11 _x
=- [—er 2] +2j e 2dx | = (—Ze 2>+2(—2)f ——e 2dx
4 0 0 o 2

1

4

[ ————

_1 _xq11 1 1 _1 0.3608
—2e 2 —4[8 2]0 =Z[—2e 2 —4e 2+4]= = 0.0902

1
4 4

Q9. The cumulative distribution function of a continuous r.v. Y is given by

0, y<3
F = 9
M =9,_ = y>3

Find

a. P(Y <5).

b. P(Y > 8).

c. The pdfofY

Solution :

_ 9 _16_
a) P(Y<5)=F(5)=1-—=1=064

b) P(Y>8)=1—P(YS8)=1—F(8):1—(1—i)=i—o.1406

64 64
integration
e ——
o) f) F(y)
derivative
FO) == Fo) = FOY =—
y dy y y 3
18 3
S f(X) = F ! y>
0, 0.w
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X, 0<x<1
Q10. If the density function of the continuous r.v. X is f(x) =42 —x , 1<x<C
0, 0.w
Find
a. The value of C.
b. The cumulative distribution function of X.
c. P(0.8<X<0.60).

Solution :

a) [ f(x) dx =1 - folx dx + fIC(Z—x) dx =1

x21" x21¢ 1 2 1 1 c? 3
S|tz =1 o205 —(2——):1 b -4 20———2 =1
0 1
CZ

2 2 2 2 )
C? c?
> 20-—-1=1 > 20-—-2=0 > -——+20-2=0
by use Or
_ 1. _ 1
a=—-3.b=2,c=-2 —z[c2—ac+4]=0
C_—b + Vb2 — 4ac C?—4C+4=0
B 2a (C-2)?=0
—2Et 2 C—2=0->C=2
2(—3) -1
X, 0<x<1
sf(x)=42—-x, 1<x<2
0, 0.w

b) F(x)=P(X < x)

0 , x<0
fo"xdx:[%xZ]Z:%xZ ,0<x<1
F&) = 1 x x2t x21* x2
foxdx+f1(2—x)dx=[7]0+[2x—7]1 =2x->-1 ,1<x<2

1 , 25X
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¢) P(08<X<06C)=P(08<X<12) ,wher0.6C =0.6(2)=1.2

% 3k 3k 3¢ %

0 0.8 1 1.2
‘ By use cdf

By use pdf P(X < 1.2) — P(X < 0.8)

1 1.2
= [,gxdx + [[ (2 —x)dx = F(1.2) — F(0.8)

211 21.2 1.2? 1
=|5| +|2x-Z| =036 = IZ(l-Z) - 1] - [3087)

21o8 214
NOTE: For a continuous random variable: =0.68-0.32 =0.36

e P(X =2 a)= P(X > a) [ThisNOT true for discrete r.v]

integration

fQ) Fliy) = {

derivative

f(x) == F(x)
FGo) = [ f(x)dx

e Compute probabilities using cdf:

Pla< X <b)=PX <b)—PX <a) =Fb) - Fa)

b 1 b
o [ ef* dx=[—ecx] ,CcER
a c a

e ¢7°=0; e°=1;, e® =
ay Uduudv
u au_ . av
° Y:—,U:/:O = = = dx dx
v dx v2
o [Pxtet¥x="0D g peR ;
, xte X=—0r ;

Vr

N | =

2

@) =(a-1D! ; F(l)=\/E; F(a+1)=al"(a)—>r‘(%)=F(%+1)=

QI11. Consider the random variable X with the following probability distribution function:
X 0 1f 2] 3

foolo4] e | 03]o.1

The value of C is
(A) 0.125 (B)0.2 (©)0.1 (D) 0.125 (E) -0.2

we know that Y, f(x) =1
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04+C+03+01=1 - 08+C=1-> C=1-08=0.2

Q12. compute the expected value and the standard deviation for the probability function of
X given

X -4 0 3
fx)=PX =1x) 1 2 )
7 7 7

Solution :

- B =Zxf0)=(0(G)+ () +@(5) =2
- V0 = EX?) — [EX)P?

B0 =Y () = 02 (5) + 02 (5) + 32 (5) = >

then V(X) = E(X?) — [E(X)]? = 2 — (E)Zzﬂ = 6.122

7 7 49

oy =Jox2 =JV(X) =6.122 = 2.474

Q13. Roll one die and let X be the resulting number. Find the expected value of =~
Solution :

The possible value of X are 1,2,3,4,5 and 6
0=, 100 @@+ o) 0+ o Q)o@ -7

Ql14. Let X, X, and X3 be independent r.v.'s with means 4, 9, 3 and variances 3, 7, 5
respectively. For Y = 2X; —3 X, +4X;andZ = X; + 2 X, — X3, find:

a. E(Y) and E(Z2).
b. V(Y) and V(2).

Solution :

E(Xy)=4,Var(X;) =3
E(X,)=9,Var(X,) =7

E(X3) =3,Var(X;) =5
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a) E(Y) =EQ2X; —3X,+4X;) = 2E(X;) — 3E(X,) + 4E(X3)
=2(4)—-309)+4(3)=8-27+12=-7
E(Z) = E(X, + 2X;, — X3) = E(Xy) + 2E(X;) — E(X3)
=4+209)—-3=4+18-3=19
b) Since X;,X, and X5 are independent
V(Y)=V(2X; —3X,+4X3) =4V(X) +9V(X,) + 16 V(X3)
=4(3)+9(7) +16(5) =12 + 63 + 80 = 155

V(Z)=V(X, +2X, —X3) =V(X) +4V(X,) + V(X3)

=34+4(7)+5=3+28+5=36

QIS. Ar.v.has f(x) =2 e ; for — o0 < x < oo, find E(X) and V(X).

Solution :
y = 0.5e*
— Q0 -35 -3 05 1 15 2 25 3 3.5 o0
.. . X, x>0
we know the definition of absolute value is |x| = {
—X, x <0
%e"x , x>0
= flx)=
%ex , x <0

1[r° *© 1 1
E(X)=§U xexdx+f xe™* dxl=§[K1+Kz]=§[—1+1]=0
— 00 0

K;: substitution x = -z = dx=—-dz; —o0o<x<0
new limits of integration when x =0 = z =0
when x = —0 = z =0

I'(2)
12

K, = fo(:)(—z e ?(—dz) = —foooz e ?dz = =-1
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K,: foooxe‘x dx=T() =1

Or by use Integration by Parts ffu dv = [uv]h — ffv du

Letu=x - du=dx, dv=e* dx » v= —e*

K, =[xe ™5 + foooe_x dx =1

V(X) = E(X*) — [EX)]?

17 (© oo 1
E(Xz) = E j x?e*dx + j x2e™* dx| = E[K3 + K] =
—0 0

N[ =

[2+2] =2

K3: by substitution x =—z = dx=—-dz ; —0<x< 0= 0<z<o0

K; = fooo(z2 e ?dz =

@ _

13

2

Ky= [ x%e™ dx =T(3) =2

AV(X)=2-0=2

Q16. Let X be a discrete random variable with pmf given by the following table

X 1 2 3 4 5
p(x) | 0.15]0.20 | 0.40 | 0.15 ] 0.10
Find Mx(¢)

Solution :

My(0) = E() = ) e¥f(x)

X

My (t) =0:15et + 0.20e%t + 0.40e3¢ + 0:15e** + 0:10e°¢

Q17. Let X be a continuous random variable with f(x) = ﬁ, a < x < b, Find My(t)

Solution :

b
My (t) = E(e*) = j e*tf(x)dx

b ext
= dx
_[a b—a

1 b
=— [ "e*tdx
b-a-a

Bayan Almukhlif
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t

a_b—a t

1 ext b 1 ebt_eat ebt_eat
- b—a[ ] ]

b-a t(b—a)

Q18. Let X be a discrete random variable with MGF My (t) = (€ D >0

Find the expected value and the variance of X using moment generating functions.

My (£) = Qeted(e’-1)
EX)=M'x(0) =0
M"(t) = Bet.ef(e'=1) 4 get g0(e~1) get
= get. f(ef-1) 4 g2p2t ,0(e'-1)
E(X?) =M"4(0) =0 + 62
VIX)=EX?>-[EX)]?=60+6%—-6°=96
Note that V(X) = E(X — E(X))*=E(X?) — [E(X)]?

Q19. Let X and Y be two independent random variables with MGF.
My (t) = et 2t and My (t) = 3t~ 2t

(a) Find the MGF of X+2Y

(b) Find the MGF of X+5

Solution :

(@)

My oy (t) = E(eX+200F)
= E(eXt+2rt)
= E(eXt) E(e?'t)
= E(eXt) E(eY(Zt)

=My ()M, (2t) =et’ ~2te32D*-2(20

2_ 2_ 2_
:et 2t+12t°—-4t 2613t 6t

(b) My, <(t) = E(e(X+5)t):eStE(eXt): e5t MX(t)Zest et’—2t — ot 43t

Bayan Almukhlif
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Q20. suppose X is the IQ of a random person. We assume X > 0, E(X) =100, and o = 10:
Find an upper bound of P (X >200) using Chebyshev’s inequality.

2
P((X>200) = P(X—100= 200 —100) Chebyshev’s inequalityP(|X — u| >r) < %

102 1

1002 100

= P(X — 100 > 100) < P(]X — 100| > 100) <

Q21.letu =33,and o2 = 16
Find the upper bound of P(|X — 33| > 14)

Q22. A hot dog stand has mean daily sales of $420 with a standard deviation of $50.
The income has a normal distribution. What is the standardized value for daily sales
of $5207?

_ 520-420 _
===

2

Standardized value= Z-X;“

Q23. Let X be a continuous random variable with f(x) = ﬁ, a<x<bh,
Find the median of X

To find the median M we solve f_MOO f(x)dx = 0.5

M2 dx =05

a b-a

M-a

b—a

M —a = 0.5b—0.5a
a+b

M=%2
2

=0.5

Q24. Let X be a continuous random variable with f(x) =1/2,1 < x < 3,
Find the 75.5p " percentile of X

fp f(x)dx = 0.755
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P1
j —dx = 0.755
1 2

[x]P = 0.755

N | =

2=l _0.755
2

p—1=151
p =251

Q25.Let X be the discrete random variable with pmf given by

1 X
px) = G) . x=123,..
0, otherwise
Find the mode of X:

The value of x that maximizes p(x) is x = 1. Thus, the mode of X'is 1

Q26. Let X be the continuous random variable with pdf given by
fix)=0.75(1 - x?) for -1 <x <1 and 0 otherwise. Find the mode of X:

by using the first derivative:f'(x) = 0
—-0.75(2)x =0
x =0

The pdf is maximum for x = 0: Thus, the mode of X is 0

Q27.Let X be any random variable . let Y=3X and then uy = 3u, find Cov(X,Y)

Cov(X,Y) = E((X — e )Y — wy)) = E((X — e Y3X = 3uy)) =
=3E(X — u, )? = 3Var(X)

Q28. Let Xand Y r.v.'s with V(X) = 6.267 ,V(Y) = 2.167 and Cov(X,Y) = 0.067
Find V(X + 3Y) = V(X) + 32V(Y) + 2(3)Cov(X,Y)
= 6.267 + 9(2.167) + 6(0.067) = 26.172
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Q29: (mixed distribtions)

Example 4.14
Let X be a continuous randem wariable with the following PDF:

i Iy D<x=<l|
falx) =
0 otherwise

Let also

X»1

X =N =i
F=glX)= -

] =

Find the CDF of ¥,

| Solution

First we note that Ry = [0, 1]. For x € [0. 1], 0 < gix} < +. Thus, Ry = [{l. =], and therefore

F(y) = [, for » < 0,

Felvi =1, for y =

fott| —

Mow note that

P(¥=1)=pP(¥>1)

= [y 2= 3.
Also, forih < ¥ < l
Frixi= MY = ¥l
=MX = v
- Jq 2udx
= 2,
Thus, the CDF of ¥ is given by
l V2 5
Fy¥) =1y Doyt
(¥ otherwise
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Q30:

Mixed Distributions:

Example 4.15
Let ¥ be the mixed random variable defined in Example 4.14.

a.Find P(; < ¥ < 3).
b. Find P(Y > %).
c. Find EY.

Since we have the CDF of ¥, we can find the probability that Y is in any given interval. We should
pay special attention if the interval includes any jump points.

a. Find P(4 < Y < $): We can write

| 3 3 1 ol
P(osY¥Ss)=Friz)-Fris) T P(¥=2)
AP ] 5 - 5
=(2) - (%) +0=23.
b. Find P(Y > }): We have

P(Y>1)

Il

—

|

~

<
—_
|
S—

z T
. )
—

gt

Il
-
~—

c. Find EY; Here, we can differentiate the continuous part of the CDF to obtain

dC(y)
dy

2y 0<sy<3
ely) = =

0 otherwise

So, we can find EY as
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Q31:

Symmetry:

Compute the symmmetry of distnbution of X about ¢ = 0, 2:

flx)=x*-2

Siﬂue._f{2+x}={2+x}3—2=4+4-x+1':—2#f(2—x}={2—x}2—2=4—
4x + x* — 2, then, the distribution of X is not symmeteric about 2.

Since, f(x) =x* —2 = f(—x) = (—x)* — 2 = x* — 2. then, the distribution of X 1s
symuneteric about (.

Q32:

Jensen's Inequality:
flx) =2x, D=x=1

Apply Jensen’s inequality for E(X¥*) and E(VE):

! S 2 4
E(X)= L xf(x)dx = L 2dx =2 = (E(x)’ =g = 044

1

1 1
E(X*) =f x2fx)dx =f 2x%dx ===0.5
D o 2
Since x° is a convex function, then E(X?) = {E{X}]z.
2 PR 2
E(N) =3 = JE(D) = j;= 0.816

1 1
E(vVX) = f.:. Vf (x)dx = L 2 x** dx =§ =08

Since /X is a concave function, ﬂleuE{w.-T:II < E(X).

Bayan Almukhlif il ol | 18



Note:

For any distribution has y and 2. Then X = =~ ¥, X; has
n

E(X) =

L E(X) =~EQ0) =p

1
n

v 1 1
V) = SVEL XD = 5 L V) = ZV00 = V() = 202

Note:

e (b+a)*=(a*?+2ab+b?
e (b2—a*)=(b+a)(b-a)
e (b3-a3®) = (b-a)(b?*+ab+ a?

o f(x)evenfunction & f(—x) =f(x) < [ f(x)dx=2['f(x)dx

o f(x)oddfunction & f(-x)=—f(x) < [° f(x)dx=0

Extra exercises

QL.It is known that 20% of the people in a certain human population are female. The experiment

is to select a committee consisting of two individuals at random. Let X be a random variable
giving the number of females in the committee.

1.

NSk wDd

List the elements of the sample space S.

Assign a value x of X to each sample point.

Find the probability distribution function of X.

Find the probability that there will be at least one female in the committee.
Find the probability that there will be at most one female in the committee.
Find u = E(X)

Find o* = Var(X)

Solution :

H.W

Q2. A box contains 100 cards; 40 of which are labelled with the number 5 and the other cards are
labelled with the number 10. Two cards were selected randomly with replacement and the
number appeared on each card was observed. Let X be a random variable giving the total sum of
the two numbers.

a) List the elements of the sample space S.
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b) To each element of S assign a value x of X.
c) Find the probability mass function (probability distribution function) of X.
d) Find P(X=0).
e) Find P(X>10).
f) Find u = E(X).
g) Find 62 = Var(X).
Solution :

H.W

Q3. If the continuous random variable X has mean p=16 and variance 6*=5, then
P(X=16)is

(A) 0.0625 (B) 0.5 (©)0.0 (D) None of these.

Solution :

P(X = 16) = 0 ( Because X is Continuous r.v )

Q4. Consider the probability density function:
_(k+x, 0<x<1
fe) = { 0, elswhere
1) The value of k is:
(A)1 (B)0.5 ©) 1.5 (D) 0.667
2) The probability P(0.3 < X < 0.6)
(A)0.4647 (B) 0.3004 (C)0.1643 (D) 0.4500
3) The expected value of X, E( X ) is,
(A)0.6 (B) 1.5 O 1 (D) 0.667
3
[Hint: [/x dx =3x/—22+c]
Solution :

1) Weknow [~ f(x)dx=1

341

3
2

f(x)zgﬁ, 0<x<1

3 10.6
> 3
2) P(0.3<X<06)=[; >Vxdr=> ["3—2] = (0.6)%% — (0.3)2 = 0.3004
' 2 lo3
3) EQ) = [0 xf()dx =[] Zxvxdx= [ Zxz dx=23 l%l =0.5999 ~ 0.6
0

2
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Q5. If the cumulative distribution function of the random variable X having the form:

P(XSx)=F(x)={?C}(x+1), ;C;g

Then

1) P(0 < X < 2)equals to
(a) 0.555 (b)0.333  (c) 0.667 (d) none of these.

2) If P(X < k) = 0.5, then k equals to

(@) 5 (b) 0.5 ©1 (@15
3) The pdfis
(@x/(x+1) (b)x () 1/(x + 1) d) x/(x+ 1)?
Solution :

D PO <X<2)=F2)—F0)=-----=12
5

2) P(X< k)= 05 - F(k)=0.5 eﬁzo.
- k(1-05)=05 - 05k=05 -k=1

d
3) f0) =< F()
G+DW-x (1) 1

d X
flx) = dx [ﬁ] - (x+1)2 o1z X =0

C x? , 1<x<?2

. i .v.Xh ity functi =
Q6.Suppose continuous r.v as density function f(x) { 0, elswhere

a. Find the value of the constant C.
b. Find P(X = 5).

c. Find the cumulative distribution function of X.
d. Find P(X > 2) using the cdf.

Solution :
0 31
a) Weknowf_oof(x)dle - flzchdx=1 —)C[x?] =1
1
8 1 7 3 3
—)C(g—g):]_ - EC =1 - C:; .'.f(x)z;xz, I1<x<?2

WP (=) =i e=i], =06 9) =

0 v , x<1
c) F(x) = %flxtzdtzg[?]f—%(ﬁ—l)—g—% , 1<x<2
1 , 2<x

d P(x=3)=1-p(x=3)=1-F()=1-(GF-3) =%
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Q7. The probability distribution for company A is given by:
X 1| 2 3

f(x)] 0.3/0.4] 03

and for company B is given by:

y | of 1] 2] 3] 4

fiy)| 0.2 0.1] 03] 03] 0.1

Show that the variance of the probability distribution for company B is greater than that of
company A.

Company A:
EX)= Y, x.f(x) = 1(0.3) + 2(0.4) + 3(03) = 2

E(X?) =Y, x%. f(x) = 12(0.3) + 22(0.4) + 3%(0.3) = 4.6

Var(X) = EX?) — (E(X))" = 46 — 22 = 0.6

Company B:
E(Y) = 0(0.2) + 1(0.1) + 2(0.3) + 3(0.3) + 4(0.1) = 2

E(Y?) = 0%(0.2) + 12(0.1) + 22(0.3) + 32(0.3) + 42(0.1) = 5.6

Var(Y) = E(v?) — (E(Y))" = 56 — 22 = 1.6

~ var(Y) > var(X)

Q8. If X and Y are independent r.v.'s with E(X)=3, E(Y)=5, V(X)=2, and V(Y)=5, find:
a. E(XY)

b. E(X?Y)

Solution :

X and Y are independent
a) E(XY)=EX)E(Y)=3(5) =15
b) E(X%Y) = E(X*)E(Y) = 11(5) =55
Where V(X) =EX?) - [EX)]? & 2=EX?)-3* o EX?»)=2+9=11
Q9. Let X and Y are independent r.v's with p.d.f f(x) = e™; x > 0,

f) = ¢e%;y > 0, find:
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a. E(X) and V(X).

b. E(Y) and V(Y).

c. E(XY).

d. E(X?Y3).

e. Cumulative function of X
f. Survival function of X

g. The hazard Rate.
Solution :

a) EX)= fooox e dx =12 4 [by use foooxa e~bx gy = 1D I'(a) =(a—1)!]

12 pati 4

Or by use Integration by Parts f:u dv = [uv]? — ffv du
Letu=x » du=dx |, dv=e* dx » v=—e"*
E(X) = fooox e ™ dx = [-xe ¥|Q + foooe_" dx =[—-e™]F =1

E(XZ) — f000x2 e Xdx = r'(3) =2

13
or use integration by parts
> letu=x*-> du=2xdx, dv=e*dx-> v=—e"*
E(X?) = [-x2e7¥[§ + 2 [ xe ™ dx = 0+ 2E(X) =2(1) =2
VX)=EX?»)-[EX)]*=2-1=1

b) Same solution in part (a), E(Y) =1 ,V(Y)=2
¢) AsXandY areindependent = E(XY) = E(X)E(Y) =1

d) As X and Y are independent = E(X?Y3) = E(X?)E(Y3) = 2(6) = 12
3y — (Py3 .- _I® _
where E(Y3) = ["Y3e Ydy =—r=
or use integration by parts

= Letu=y3 > du=3y*dy, dv=e? dy-> v=—e™?

E(Y?) =[-ye ]y +3 [ y’e¥dy = 0+3E(Y?) =3(2) =6
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