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First Order Differential Equations

(Exercises)

@ Initial Value Problem
(Existence and Uniquenence)

© Separable Equations
© Equations with Homogeneous Coefficients
@ Appropriate Substitution

© Exact Equations
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Initial Value Problem

(Existence and Uniquenence)
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Existence of a unique solution

Consider a first order differential equation

dy
with initial condition
y(To) = Yo

Let R be a rectangular region defined by a < x < b,c <y < d that
contains the point (x,y,) in its interior.

If f and %@J; are continuous on R then there exists an interval I centered at
xy and a unique function y(x) satisfies the IVP.
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Initial Value Problem

*a Determine the local region in the zy— plane for which the following
differential equation has a unique solution through the origin (0,0).

V9 — 2@:ln(4—$2)

dx

?Exam Problem
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Initial Value Problem

*a Determine the local region in the zy— plane for which the following
differential equation has a unique solution through the origin (0,0).

\/9—y2@ = In(4 — z?)

dx

?Exam Problem

Solution:
R={(z,y): 2<x<2,-3<y<3}
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Initial Value Problem

* Find and sketch the local region in the zy— plane for which the
following initial value differential equation has a unique solution

($2—1’—2)%:\/1—ln(2—y)

y(0)=0
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Initial Value Problem

* Find and sketch the local region in the zy— plane for which the
following initial value differential equation has a unique solution

($2—1’—2)%:\/1—ln(2—y)

y(0) =0
Solution:
R={(z,y): —1<r<2,2—e<y<2}
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Initial Value Problem

* Find and sketch the local region in the zy— plane for which the
following initial value differential equation has a unique solution

Vr—y?dr— (222 -5z +2)dy =0

y(1) =0
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Initial Value Problem

* Find and sketch the local region in the zy— plane for which the
following initial value differential equation has a unique solution

Vr—y?dr— (222 -5z +2)dy =0

y(1) =0
Solution: )
R={(z,y): 5 <w <2y’ <z}
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Exam Problems

Determine and sketch the largest local region for which the following initial
value problems admits a unique solution

o
In(x )d—y y—2
{y(i) 4
2]
(22 —=1)dy+ B34+ y+ Vy—4z)dz =
{(@:2
o
{(:c—S)féi’—i—ylnx:%:
y(1) =2
o

{(x—2)(x—|—3)filg:4lny
y(=5) =2
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Separable Equations
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Separable equations

Definition
Consider a first-order differential equation of the form

M(z,y)dz + N(z,y)dy =0

If we can write it in the form

then it is said to be separable.

To solve separable equations, we integrate each part
/g(x)d:c = /h(y)dy+ c
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Separable equations

* Solve the initial value problem

(xy? + 4z)dz + (8y — 222y)dy = 0, |z| < 2

y(0)=0
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Separable equations

* Solve the initial value problem

(xy? + 4z)dz + (8y — 222y)dy = 0, |z| < 2
y(0) =0
Solution:
y? =2V4 — 22 —4
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Equations with Homogeneous Coefficients
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Equations with Homogeneous Coefficients

Definition

A differential equation
M(z,y)dx + N(z,y)dy =0

is an equation with homogeneous coefficients if both M (z,y) and N(z,y)
are homogeneous functions of the same degree.
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Equations with Homogeneous Coefficients

Definition

A differential equation

M(z,y)dx + N(z,y)dy =0

is an equation with homogeneous coefficients if both M (z,y) and N(z,y)
are homogeneous functions of the same degree.

Use the substitution
Y =uzx or T =y

to reduce it to a separable differential equation.
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Equations with Homogeneous Coefficients

Example

Solve the initial value problem
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Equations with Homogeneous Coefficients

Example

Solve the initial value problem

Solution:
Y3
(7> +In|z3| =8
T
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Appropriate Substitution
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Appropriate Substitution

If we have a differential equation of the form

dy

= flaz +by)
we use the substitution
u = ar + by
then 4 J
U Y
o ph—2
dx @+ dx
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Equations with linear coefficients

Consider the differential equation
(a12 + by + ¢1)dx + (ay® + byy + ¢5)dy = 0

where aq, by, ¢y, as, by, c, are real constants.

The two lines a;z + by + ¢; = 0, and ayx + byy + ¢5 = 0 are parallel, or
intersected.
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Appropriate Substitutions

* Solve the DE

dy l1—z—y
dr x4y
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Appropriate Substitutions

* Solve the DE

dy l1—z—y
dr x4y

Solution:
(x+y?=2x+c
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Exact Equations
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Exact Equations

Definition

A differential equation of the form
M(z,y)dz + N(z,y)dy =0

is called exact, if there is a function f(z,y) such that

df(z,y) = M(z,y)dz + N(z,y)dy =0
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Exact Equations

If M, N, %—M, and %—N are continuous on a region R in xy—plane, then the
y g
differential equation

M(z,y)dx + N(z,y)dy =0
is exact if and only if

oM _ oN
oy  Ox
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Exact Equations

Solve the problem

(e +y)de+ 2+z+ye¥)dy=0
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Exact Equations

Solve the problem

(e +y)de+ 2+z+ye¥)dy=0

Solution:
20+ xy +ye¥ —e¥ 4+ e =c
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Integrating factor

In order to find the integrating factor, we have tow cases

QO i = p(x), then

u(z) = e i de
@ 1= p(y), then o
w(y) = ef —3rdy
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Integrating factor

* Verify that the differential equation

3
cosx dx + <2+ 7> sinzdy =0
(Y

O<x<m y>0

is not exact. Find a suitable integrating factor to convert it to an exact
equation, and solve it.
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Integrating factor

* Verify that the differential equation
3\ .
cosx dx + (2 + 7> sinzdy =0
Y

O<x<m y>0

is not exact. Find a suitable integrating factor to convert it to an exact
equation, and solve it.

Solution:
2y+3lny+Insinz = ¢
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Separable, Homogenous , Exact, Special Substitution

* Solve
(y — 2y/xy)dz + xdy = 0, x>0,y >0
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Separable, Homogenous , Exact, Special Substitution

* Solve
(y — 2y/xy)dz + xdy = 0, x>0,y >0

Vry=1x+c
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Separable, Homogenous , Exact, Special Substitution

* By using an appropriate substitution find the general solution of

dy y
%—Eln(a:y), x>0,y>0

Ibraheem Alolyan Differential Equations Math - KSU 26 /48



Separable, Homogenous , Exact, Special Substitution

* By using an appropriate substitution find the general solution of

dy y
E—Eln(a:y), x>0,y>0

Solution:
u =1y
In|In(zy) + 1| =lnz +c
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Separable, Homogenous , Exact, Special Substitution

Solve
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Separable, Homogenous , Exact, Special Substitution

Solve

Solution:
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Separable, Homogenous , Exact, Special Substitution

Solve
(2zy + 2xyIny)dz + (2 +Iny)(5 —2?)dy = 0
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Separable, Homogenous , Exact, Special Substitution

Solve
(2zy + 2xyIny)dz + (2 +Iny)(5 —2?)dy = 0

y(14+Iny) = c|5 — 22|
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Separable, Homogenous , Exact, Special Substitution

* Solve ; -
—y—l—i———i———i——, x>0,y>0
dx Ty Y
y(1) =1
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Separable, Homogenous , Exact, Special Substitution

* Solve ; -
—y—l—i———i———i——, x>0,y>0
dx Ty Y
y(1) =1

y—In(l+y)=z+Inz—In2

Ibraheem Alolyan Differential Equations Math - KSU

29 /48



Separable, Homogenous , Exact, Special Substitution

Solve
(y — zy)dy — (z + y?)dz = 0, z>1
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Separable, Homogenous , Exact, Special Substitution

Solve
dy 9
tany—:nd——ékn tany = 0, x>0,y € (0,m)
%
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Separable, Homogenous , Exact, Special Substitution

Solve the problem

(6z + y?)dz + y(2z — 3y)dy = 0
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Separable, Homogenous , Exact, Special Substitution

Solve
y=3—+\z+y—1

y(0) =1
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Separable, Homogenous , Exact, Special Substitution

Solve
dy  wy+3r—y—3

de zy—2x+4y—8
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Separable, Homogenous , Exact, Special Substitution

Solve

d
%zazy—l-\/i\/gj-l-a:\/@—l—y\/i, x>0,y >0
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Separable, Homogenous , Exact, Special Substitution

Solve
(z + ye=)dx — zerdy = 0,

y(1)=0
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Separable, Homogenous , Exact, Special Substitution

Solve
(z + ye=)dx — zerdy = 0,
y(1) =0
Solution
VrIy=x+c
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Separable, Homogenous , Exact, Special Substitution

Solve
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Separable, Homogenous , Exact, Special Substitution

Find the value of k so that the given differential equation is exact :

(y3 + kxy* — 2x)dz + (3zy? + 202%y3)dy = 0
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Separable, Homogenous , Exact, Special Substitution

Solve
y = 2zy? +3y? —8x — 12

y(0) =—1
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Separable, Homogenous , Exact, Special Substitution

Solve the given differential equation by finding an appropriate integrating
factor :

(v +zy®)dz + (5y? —zy + y3siny)dy =0,  zy +#0
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Separable Equations

In Problems 1 - 5 ,solve the given differential equation by separation of
variables.

Q@ *2x(y*+y)de+ (22 —1)ydy=0; y+#0
Q *(zy+a)de+ (22> +2°+y*+1)dy=0
dy sinx 4+ xcosx

¥ 4d P T HAOS Y

° dr y(2lny+1) 'y >0
dy_ 3x+2y

¢ d;r_e

@ sec?zdy + cscydr =0
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Separable Equations

O Solve the initial value problem

{y dy = 4z (y* + 1)1/2
y(0)=1

@ Solve the initial value problem

(zy? +4x) dz + (8y — 22%y) dy =0, |z |[< 2
y(0)=0

@ * Solve the initial value problem

B=l4+1+1+L , y#0,z#0
y(1) =1
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Equations with Homogeneous Coefficients

In Problems 1 - 5 ,solve the given differential equation

Q (z—ydr+xdy=0

, +
Qy = yre

x

Q (v?+yz)de —2dy=0

d z+3
o H_IT%W

dez 3z +vy
2xy
o y/=7x2_y2
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Equations with Homogeneous Coefficients

O * Find the general solution of the differential equation

@ * Solve the initial value problem

{ (z —y)dz+ 3z +y)dy =0
y(3) = -2

@ * Find the general solution of the differential equation

(y — 2y/xy)dx + xdy = 0,2 > 0,y > 0.
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Solving Some Differential Equations by Using Appropriate

Substitutions

In Problems 1 - 4 ,solve the given differential equation by using
appropriate substitutions.

(4] %:(—2334—3/)2—7.

Gﬁz(x—i—y—i—l)z.
d 1—xz—

T
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Solving Some Differential Equations by Using Appropriate

Substitutions

© * Obtain the general solution of the differential equation

d
(2m+y)£—1—(2x+y>2 =0, 22+4+y#0
@ * By using an appropriate substitution, or any other method, find the
general solution of the differential equation
dy _y

dm—gln(xy),x>0,y>0
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Exact Equations

In Problems 1 -2 ,determine whether the given differential equation is
exact. If it is exact, solve it.

Q 2zydr+ (1+2?)dy=0
, 2+ ye™
9y= 2y — xe®Y
© (cosy+ycosz)dr + (sinz — xsiny)dy = 0

@ * Solve the initial value problem

{ (6zy +2y*> —5) dx + (322 + 4ay — 6) dy = 0
y(1) =1

© * Find the general solution of the differential equation
(m +y*+ sin”! y) dx + <2xy +

— % Nay=o0
V1—19? =
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Integrating Factor

@ solve the differential equation
(2y? 4 3z) dx 4+ 2zydy =0, x>0
@ solve the differential equation
y =2zy—=x

@ * Find m and n such that, u(z,y) = 2™y™ will be an integrating
factor for the differential equation

(5xy® —2y) do + (3z*y —x)dy =0

Then solve the differential equation.
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