Functions of Random Variables

# Two-to Two Transformations. (Joint distribution of Functions of
Random Variables

Q1) If X~Uniform(0,1) independent of Y ~Exponential(1), find the distribution of
Z=X+Y:
a. Using the pdf formula derived in class. (Jacobian)

b. By first finding the cdf and then differentiating. (convolution)
Solution :
X~Uniform(0,1) = f(x)=1 ,0<x<1
Y~Exponential(1) = f(y)=e™ , y>0

X and Y independent = f(x,y) = f(x)f(y) =e™ ,0<x<1 ,y>0

a)

_ o U=X
Z=X+Y=>Y=7-X = Y=7-U
0<X<1} - 0<X+4V<o0 = 0<Z<w

0<Y <o 0o<U<1

0<X<1} - 0<U<1

0<Y <o 0<Z-U<ow = U<KZ<o
d d

— X — X

_|du dz | _|1 0] _; ,_ _

J(u,z) = d 4 =15 1|—1 0=1= |Jwz)]|=1

duy dzy

fru(z1) = fry (x(w,v), y(w,v)) | J(u,2) | = e~

{ Z
!fe‘(z‘”)du , 0<z<1
f(z)=ff(z,u)du= °
U e W dy , 1<z<o
0
_{1—e‘z , 0<z<1
S lef(e—1), ,d1<z<w

b) Other solution: By use the convolution - page 320

fer@= | fle-nf) ay= [ fla=0f0) dx
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z—x>0>2> x<zand0<x<1s0,if0<z<1
Z
fxav(2) =j (™)) dx =e?[e*]f=e(e"—1)=1—e"
0
If 1<z < othen

frr@ = [ fe =000 dx = [ (1) dx = e [eX]y = e (et = 1)

Q2) Let X and Y have jointpdf f(x,y)=1; —y<x<y, 0<y<1.
a. Find the conditional pdf of X|Y = y.
b.Find P(X < 0|]Y = y).
. 1 _1
c. Find P(X > Y = 3).
d.Find P(0 < X <5 [V =2).

Solution : HW

_ _ fxy)
a) fXIY =y)= o

y
f(y)=ff(x,y)dx=f 1 dx = [x]%,

-y
=y+y=2y
_ _ Sy 1
f(le—}/)—f(y)—zy ] y<x<

y (yisfixed value)

b) P(X < 0y = y)= [* >~ dx=5-[x1% = -(0) =3
Ny == (Y L gy = (V312 333t
C)P(X>4|Y_3)_ 1/42ydx—f1/42(§)dx—2[x]% _2(3 4)_8
1
d)P(O<X<i|Y=%):fol/42(11)d —[x]‘(*):i
2

Q3) LetXandYhavejointpdff(x,y)=§ x+4y);0<x<1,0<y<1

a. Find the conditional pdf of Y|X = x.

b. FindP(Y <§|X =§)
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Solution :

a) f(lezx):M

F(x)
12 2 4y?]t 2
f@= [ fenay= | et dy=§[xy+%]0=§<x+z>
z(x+4Y) x + 4y
SfIX =x) =2 =

%(x_l_z) x+ 2

2 42 5
1
1 1 3 1
P(Y<§|X—i)—fof(y|x—7)dy
1
B 1/31+8yd 1 +8yz§ 1(1 4)_7
), "5 YTs5)P 72| Ts5\379) T a5

Q4) If X~Uniform(0,1) independent of Y ~Exponential(1), find
a. The joint density functionof Z =X+ Y and U = X/Y.
b. The density function of Z.
c. The density function of U.
Solution :
a) X~Uniform(0,1) = f(x)=1 ,0<x<1
Y~Exponential(1) = f(y)=e™ , y>0
X and Y independent = f(x,y) = f(x)f(y) = e ,0<x<1 ,y>0

Z=X+Y > Y=7-X

U=§:> X=UY=UZ-X)=UZ-UX = X+UX=UZ> - X=-"%

V7 xegz Uz Z+Uz-UZ  Z Ly - V4
N N 1+U 1+U 14U T 14U
0<X<1 0<X+Y<(1l4+o) = 0<Z<ow
= X )
0<Y < oo O<?<oo ut 0< U< o
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1+U

vz
0<——<1 = 0<UZ<1+U:0<Z<T

:(1-T-u)(_(1fu)2)_(

Fzw) = for(w2) | J(u, 2)| = e~ (TF0)

b) The density function of Z

—Z

[u+1] =

| J(u, z)| =

z
(14+u)?
z

(14 u)?

) ((1 -I—Zu)2> T A+w?

Z>0,

0<Xx<1 1+U .
= 0<UZ<14+U=0<U<——
0<Y <o , Z-1
0<——<w = 0<Z<®
+U
10}
: . o 1+4+u
i lim =0, lim =1
I Z-o 7 — u-oco U
4
i
5: 1
= ] z>1=2 0<u<—
t =—0r u=— z-1
| z—1
: 0<z<1l=>0<u<ow
1
11" 0<u<00=>0<z<uTJr1
—
10 -5 0 10
U
|
d u VA
—x — X
1+u  (1+u)?
](x,y): dZ ddu — 1 Z
az” du” 1+u (1+uw)?
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1 z _
ot - e_(1+_u) alu=f1 “eWwdw=el"Z—eZ=¢%(e—-1) ,z>1
ORI -
0 z _(Lu) (0 4 -
o Tz € 7 du =[_e” dw=1-e™* , 0<z<1
- VA zZ
Usmgthatw=—m = dwzmdu
Atu = O:w=—ﬁ= —Z
_L . -z . -z . _z(z—l)__ - 1
Atu—z_1=>w—1+(ﬁ)—z;1_+11 = = Z-1)=1-2z
Atu=00=>w=—1foo= 0

c) The density function of U

u+1 u+1

u Z ([ Z 4

1 u _(-Z_
f(u)zfo m e (1+u) dz:mL ze (1+u) dz

By use Integration by Parts fabu dv = [uv]? — fabv du

z

Letu=2z dv= e_(m) = du=dz v=—-(u+1) e_(ﬁ)

1 u+1 1 u+1
__Z T u u _(L)
f) = ——— [~z + D e wT| ¥ - —f —u+ 1) e () dz
(1 + u)z [ ]0 (1 + u)z 0
1 (u+1>( e TS J‘uTﬂ ( 1 ) () 4
= — ulu — — 1+u
(14 u)? u ut e 0 u+1 € z
u+1
1 _1 zZ T 1 1 1 1 1 1
——e_ﬁ—[e_uﬂ] “ =——e_ﬂ—[e_f—e°]=——e"ﬂ—e"§+1
u 0 u u

Q5) Let (X,Y) have joint pdf £ (x,y) = ﬁ x>1,y>1
a. Find the joint density of U = XY and V = X /Y.

b. What are the marginal density of U and VV?

Solution :
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a) U=XY = Y=

v
X

Y v Y v Y v
X VU |4

xy>1= u>1

x|<

=X= X°=VU = -~ X=+VU

x>1}
=

X
y>1 ;>0:» v>0

1
x>1 vJou>1=> vu>1:~u>;

y>1}: u u
;>1:» ;>1:,~ u>v

1
lim—=0
v—00 P

1
a<v<u > 1l<u<ow

1
{;<u<oo > 0<rv<1
r<u<oo = 1l<v<o

__________________ - |

-1 |
e
5 _1?
|
u=1/v/ :
I
|
f
4l !
T | -
|
I
|
I
|
I
d d Vv Vu
JTOE N il D e e B Gl A B <\/ﬂ>
’ d d L —Vul 2vu\ ,,5 ) 2vwu\2vv
du dv

3
2+/vu 212
-1 1 1

:417 417: 2v
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1
@)= 7
1 1

for W, v) = fry ()| J(w,v)| = m 2w 2utv

1
;u>1,u>;,0< v<u

b) marginal density of U and V

()—juld—lfuld—l[l]”—1<l 11)
TW= ] 7wy =32 0 5 Y=g VL= o UMYy

u u

1
(Inu—Inl1+1lnu) = — 2lnu—-0)
2u?

~2u?
1
f(u)=ﬁlnu (dl<u< o

f‘*’ 1 d_1f°°1d_ 1[1]“’_1 vt
s 2w T h T T W T2 T
v
1

v

4 1 f"" 1 J 1 [1]°° 1 Lo
[ — — = —_—— — = - (0e]
“ , Uu? “ 2v lul, 2v2 v

Q6) Let X; and X, be independent Exp(A) r.v. Find the joint density of
Y, = X; + X,and Y, = eX1,
Solution :
X, ~Exp() = f(x)=Ae™™1  x;,>0
X,~Exp(Q) = f(xy,)=21e ™2 x,>0

X, and X, independent = f(x1,x,) = f(x)f(xy) = 22 e 2x1+%2) 5. > 0,x, >0

Y1:X1+X2:> X2:Y1_X1
YZ = eXl E X1 =lnY2
X2=Y1—X1=Y1—1HY2 = -'-X2:Y1_lnY2

0<x1<oo} 0<x;+x,<0o=> 0<y; <
0<x, <o l1<efi<oo = 1<y,<ow

0<x1<oo} 0<Ilny, <o

0<x, <o 0<y,—lny, <o = Iny,<y; <o
d d
—_— — X
dy, ! dy, ! |0 1/y, -1
Xq,X5) = = =—
](1 2) i ix 1 _1/y2 ¥,
dy, ? dy, ?
1
| (1, y2)|l = —

V2
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2 — 1
f,y2) = fxlxz(Y1')’2)|]()’1'3’2)| = 1% e~ A(Inyy+y; —iny,) Z

AZ
f(}’1'}’2)=£e_'1y1 ;0<lny2<y1 ’ y2>1

Iny,

V2

Q7) Let X; ~Exp(A,) independent of X,~Exp(A,) r.v.. Find:

a. The cumulative distribution function of Z = %
2

b.P(X; < X,).

Solution :

X ~Exp(1) = f(x) =21, e ¥ x>0
Xo~Exp(A) = f(xy) =, e %2  x,>0
a) X; and X, independent

= f(x1,x3) = fx)f(x2) = 242, e P11t 2x2) x> 0,x, >0

U=X, > ~X;=U

O<x1<00} O<u<oo
0<x, <o 0<z<o
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O<x1<00} O<u<o

0<x,<of 0<-<w = u>0,2z>0
x, Ly
N P e 0 |__u _u
](u,Z) ix ix - 1/Z _u/ZZ - 22 = |](uJZ)|_
du °2% dz 7?2

Fzw) = fox, 2| Jw,2)| = MAp e (vt 22z) 2

72

u 1
f(z,u) = 1112? e_u(’lﬁ’12 z) s u>0, z>0

[oe)

f(2) = foof(z,u) du = Allzzl—z f ue (1422 3) du

0
F(a+1)

¢ fy x% e  dy =" T(a) = (a - 1)!
1 r'(2) 1 r(2)
=MiAy — =My
z 1 z5 Az + A
(’11+’12 E) ( 7 )
B MA, o
f(Z)— (Alz_l_ 12 )2 yZ
F(z)—P(z<z)—f Mg fZ(At+,1 )2 gt
(/11t+ /12 )2 172 o 1 2
_[, (;th+/12)-1zz[ -, ]Zz -, e Az
2 -1 Mt+ 1, (Lz+ 2,) (Mz+ 4y)
0 ,Z2<0
F(Z): /11Z
Gzt 1) 270

b) P(X; < Xo) = [, [o 7 f(x1x;) dxydx, =

f f Ay e~ %2%2 ) e %1 dyx, dx,
0
= -];) ,126—(/12952) [_ e_(/llxl)]zz

:f ,123—(/12352) (1_6_/11352) de
0

(o] A (o]
= -](‘) Aze_(lzxz) dxz - /,{1 -i/lz’]; (/11 + /12)8_()'1+2'2)x2 dxz
Ay Ay

= [—e_(AZXZ)]OO — AZ — .
M+, A+4,°

o A+

[_e—(zzxz)]:’ =1-— {e7*=0,e"=1}

Bayan Almukhlif il ol | 9



Q8) Let X and Y be distributed as independent Uniform(0,1) r.v.
a. Find the joint density functionof Z, = X +YandZ, = Y.
b. Find the marginal pdf of Z; from the joint density.
Solution : HW
Uniform(0,1) = f(x)=1 ,0<x<1
a) XandY independent = f(x,y) = f(x)f(y) =1

Z,=X+Y 2X=2,-Y >.X= 2, Z,
Z2=Y

O<x<1} O0<x+y<2= 0<z <2

O0<y<l1 0<y<1l= 0<z<1
0<x<1 0<z,—2,<1=> z,<z;, <142z
0< <1}:> or 21-z1<2z,<7
Y 0< 2z, <o

d d
—x — X
_|dz, dz, 11 -1y _ B
](X:Y)— d d - |0 1 |_ 1 ) |](Z1PZZ)| - 1
dz; y dz, y

f(21,25) = fxy (21,21 (21, 2,)| = 1
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b) marginal pdf of Z:

2
f 1d22221 J0<Zl<1
0
f(z) = 1
1d22=2_22 ,1<Z1<2
21—1

Additional part: marginal pdf of Z»

1+ZZ
f(Zz)=f ldzi=14+2,—2,=1
Z2

Q9) Let X and Y be distributed as independent Exp(1) r.v., find:
a. The joint density functionof Z = X + Yand U = =X

X+Y
b. Find the marginal pdf of U.
Solution :

a) X~Exponential(1l) = f(x)=e™ ,x>0
Y~Exponential(1) = f(y)=e™ , y>0
X and Y independent = f(x,y) = f(x)f(y) = e~ &*¥

Z=X+Y > X=Z-Y

X zZ-
U=—>=> U=—
X+Y

X=Z-Y> X=2Z-7Z(1-U)=> ~X=2ZU

x>0} x+y>0= z>0
= x
y>0 m>0 and x+y>x = 0<u<l1

x>0} zu>0>=> z>0 or u>90
=
y>0

,0< 2z, <1

,x>0,y>0

ZY=> UZ=Z-Y=> Y=7-UZ> -~Y=Z(1-U)

zl—-u)>0=> z>00r 1—-u)>0=> z>0o0ru<li

Bayan Almukhlif

Al gl | 11



d
— x —
dz du

x u z
JG,y) =4 p :|1—u _Z|=—zu—z(1—u):—z
az? a”
1]z, W =z

f(z,u) = fyy(z,u) | J(z,u)| = ze (utzl-W) = 7 0=z . 750 0< u<1

b) Marginal pdf of U

*© I'2
f(u)=fze‘zdz=§2)=1,0<u<1
0

Additional part : marginal pdf of Z is f(z) = folz e“du =ze™*

Q10) Let X and Y have independent Gamma(a, 1) distributions.

a. Find the joint pdf of U =X andV = X + V.
X+Y

b. Show that the marginal density of U is a Beta distribution.
Solution : HW

X~Gamma(a, 1) = f(x) = % x@1eg=2x , x>0
Y~Gamma(a, 1) = f(y) = % y&1le=4y ,y>0

a) X andY independent =

a 2

Fooy) = FEf() = (F(a)) X4 ya1 g2 G x50y >0

V=X+Y = X=V-Y

U="1s Uv="Es yv=v-vY=> Y=V-UV>=> ~Y=V1-U)
X+Y 14

V=X+Y = .X=VU

x>0} x+y>0= v>0

= x
_’y>0 m>0 > O<u<l1

x>0}:> vu>0=> v>0 oru>0
y>0 vl—u)>0= v>00r (1—-u)>0= v>0o0ru<l

Bayan Almukhlif i) olw | 12



0 2 u
u
ix ix
_ |au dv _ |V u |_ B _
](U,v)—i @ _|—v 1_u—v(1 w+vu =v
du dvy

[ J(u,v)| =v

2%\ a-1
fw =Gy W)l = (F(a)) ) (v(1-w)" e?r® y
A(X

I'(a)

2
) p2a-l el (p—y)etl e~ .y >0,0<u<l

f(v,u)=(

b) f(w) = [f(v,u)dv

— /10! ’ a—1 a—1 ” 2a—-1 -Av
fuw) = (F(a)) u 1-w) J; v e dv
o0 fooo x@ e—bx dx = Fl()((lltll) ) F(a) _ (a . 1)'
B 2% \2 o o I'2a) _ I'2a) o .
B (I‘(a)) us™ (1 B u) ' 12a (F(CZ))Z T (1 - u) !
_ ['(a+a) o .
= M) “ T1-w*?t o<u<l1

Note (unimportant):

I'(a+b)

X~Beta(a,b) = f(x) = I(a)I(b)

x1(1-x)P"1 0<x<1

. U~ Beta(a, @)
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Summary of Differentiation Rules:

Power rule:
if f(z) = z" then f'(z) = nz" *

Sum rule:

it f(x) = 9(x) + h(z) then f'(z) = g’(z) + h'(x)

Product rule:

it f(z) = g(2)h(z) then f'(z) = g'(2)h(z) + g(z)h’ (z)

Quotient rulEe:) (2)h(z) (=)’ (2)
] gz en £(z) — g (z)h(z) — gl i
£(2) = gy then £'@) o

ul

if f(x) =Vuthen f'(x) = "

le WX = 23 then f'(x) = > x2™ == x5 = —
example f(x)Vx = x enf'(x) =z x =-x 2=
P 2 2 2
Exponential and Logarithm Functions:
% e’) =" %[cﬁ) = a”In(a) %[ln r) = %
Summary of Integration Rules
:i‘:n-H (ﬂ..‘i',' + b)n+1
"dr = Jion# —1 b)) dy = ——— + (' -1
[.’E T -n.+1+c n # /(aa‘+) T s 1) +C: n#
1 1 1 1
r i der= [ —dz=In|z|+C dr = —In|ax + b + C
. J x ar + b a
T T ax+b 1 azr+b
e“der=¢e"+C e d:?:zae +C

Natural Log Rules

In1=0
In0 = —o0
Inco =0

Ine=1 ,lne* =x
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Product property

Quotient property

Power property

Exponential & Logarithmic

Inverse property

Inab=lna+Inb

a

In-—=ha-hb
b

Inm? = plam

elnx=x

lne*=x forx>0

Bayan Almukhlif
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