MOMENT GENERATING FUNCTIONS

e2t—q

Q1) Suppose independent r.v.'s X and Y are such that My, (t) = Sy—s

If f(x) = Ae™; x > 0, what is the mgf of Y.

Solution :
X and Y are independent My, (t) = My(t)My(t) = My(t) = Ml;”z()t)
X

So, we need to find mgf of X which is

[oe]

—4 —(A—t)x]
0

—= |€

My(t) = E(e™) = ["e™ (Ae™ ) dx = 1 f, e~ *~D¥dx = 5

A=t>0 = 1>t

My (t) = a-0

1 e?t—1 (1—1t)

1 et —1
T2t—t2 A

My (t) = MX+Y(t)M () = 2t — t2 A
X A—10)

Q2) Find the moment generating function of X If you know that f(x) = 2e7%*,x > 0

Solution : HW
_ tx\y — [® ,t -2 _ © __(2-t) __—2 —(2-t)x1®
My (t) = E(e™) = fo et* (2e x)dx—ZfO e x dx—(z_t) [e x]o

= 2 (0-1)=-2 ,2-t>0=2>t
(2-0) 2—t

Q3) Ar.v. has f(x) =§ e for — oo < x < o0,
a. Show that its mgf is given by My (t) = 1_1t2 for —1<t<1.
b. Using the mgf, find E(X) and V(X).

Solution :

!
fO) =42
2

a) My(t) = E(e™) = foooetx (%e‘x) dx + f_oooetx Ge") dx

1(” 1(°
f e~ (=0% dx + Ef e(IFOX gy (*)
0 —00

2
%fow"_“_ﬂx = aqpl ™ = 2(11— 5 W
%f_(;e(m)x dx = 2(11+ £) e, = 2(11+ £) @
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Substitute (1) and (2) in (*) we get
1 1pl+t+1-t] 1 2 1
20-0 "20+0 2ld=pd+o ‘§(1+t—t—t2)_ 1—t2
b) My(t) = (1-t*)"
ML) = (1)1 —t2)72(=2t) = 2t(1 —t2)"2 = ML(0)=EX)=0

My (t) =

My (t) = 2t(-2)(1 —tH)3(-2t) +2(1—t?)? = MZ(0)=EX?*) =2

VX)) =EX?) -[EX)]?=2-0=2

Q4)If Xhas f(x) =2 x%, -1 < x < 1

a. Find mgf of X.

Solution :

a) My(t) = E(et¥) = f_lletx ze) dx = %f_llxze“‘ dx (1)

by use Integration by Parts fabu dv = [uv]? — fabv du

2 t. 1 t.
Uu=x“ > du=2xdx dv=e®¥dx - v=?e"

3

1 11 31 2 (1
—_| = 2,tx 11 __ o tx —_| = t _ ,—-t) _ _ tx
My (t) 2It[xe 15 f_lthe dxl 3 t(e e ) tf_lxe dx (2)

by use Integrationby Parts: u=x - du=dx; dv=e®dx » v= %et" dx

1

1 1
1 1 1 1
f xe¥dx = [—xetx] — f —e*tdx=—(et+e ) ——[e™]i,;
, t )t t t

1 B 1 B
=?(et+e t)—t—z(et—e ) (3)
Substitute (3) in (2) we get

Mx(t)——l (et —e-t>——[ (et +e t)——(e —e-t)”

= %E (et —e™) ——(e +e7t) + ‘t)]
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Q5) Suppose X is a r.v. for which the mgf is My () = 5 (3¢’ +e7*),—o0 < t < oo,
a. Find the mean and variance of X.

Solution : HW
8) EX)=My(t)lemy=;Bef—e™)| =13-1)=2==
t=0
1 1
EX?) =M"x(t)|izo == (Bet +e79) =-3B3+1)=1
4 t=0 4

’ 2_q_1_3
L V(@) =E@) - E@P =1-7=7

Q6) X and Y are independent and identically distributed with M(t) = e3t*t".
Find the mgf of Z = 2X — 3Y + 4 and use it to find the mean and variance of Z.
Solution :

Max+p(t) = e E(e4*) = eP* My (at)

My, y(t) = E(e™*) = My (t)My(t)

As X and Y are independent and identically distributed, then
Mz (t) = Myx_3ya(t) = Mpx () M_zy,4(t)

= My (2t)[e* My (—3t)] = p6t+4t? pat 5—9t+ot? My(t) = et+13 t?
My() = (1 + 268)e* 13" - ML(0) = E(Z) =1
My (t) = 26 e3¢ + (1 + 26t)%e+13¢° - My (0) = E(Z?) = 27
So,V(Z) =E(Z?) - [E(Z2)]?=27-1=26

Q7) Suppose X has My (t) = o3+t
Find the mgf of Z = i (X — 3)and use it to find the mean and variance of Z.

Solution : HW
MX(t) — est+t2

2

3 1 3. 3,,/1
_ _ ==t R W - 2 2
Ma(t) = M, (6= My, 5(6) = ¥y (41:) _ it et*(3t)
3 3 1 1
— o it pit*T6t” = 16t
2 1
E(Z) = M'7()lyeg = —tels" | =0
16 t=0
2 2 1.5 ) 2 1
2y = M o= |2 76t Et] - = -
E(Z?) = M" 7(t)|¢=0 16 16t e te o 16

2 V(Z) = E@ZY) - [E@)? =
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Q8) Letf(x) = 1;0 < x < 1. Use the moment generating function technique to find
the moment generating function of Y = aX + b where (a) and (b) are constant.

Solution :
1 tx11 t t
e e 1 e —1
Mx(t)=f eYdx=|—| =——-- = Mx(t) =
0 t], t t t
e —1 et(a+b) _ ebt
My (t) = e®®*My(at) = e®? = s at>0 ©a>0

at at

Y~Uniform(b,a + b)

—(ebt_et(ath)y  gbt_pt(a+h)

Butifa < 0= M,(t) = , —a>0; Y~Uniform(a+ b,b)

at —at

Note: continuous uniform distribution (a,b)

etb_eta

o-a) t+0

f(x)zﬁ a<x<b and My(t) =

Q9) Let f(x) = e™; x > 0, findthe mgfof Z = 3 — 2X.
Solution : HW

My (t) = foooetx e ¥ dx = foooe‘x(l‘t) dx = [

(-0 T 1-t

e=x(1-01% 1 1
|, =
M) = —
Tt
3t

1
M, (t) = e3t My (=2t) = A4+2t>0=> 2t>-1 = t>-5

142t
Q10) X, Y and Z are independent r.v.'s with X~Normal(1,3),Y~Normal(5,2) and the mgf

of their sum being My,y.,(t) = e3t+3t" Determine the distribution of Z.

Solution :
We know that if X~Normal(u, c?), then

Mx(t) — eu t+% o?t?

3
X~N(1,3) = My(t) = e +2¢°
Y~N(5,2) = My (t) = eSt+t*

Myiyiz(t) = ' 3t
X, Y and Z are independent r.v.'s , then My, ,(t) = My (t)My(t) M,(t)
M(6) = Myiysz (D) _ el3t +3t° _ el3t +3t° _ +%t2 _ +%(12) 2
My (t)My(t) o t+% 2,5 t+t? 6 t+; t2
~Z~N(7,1)
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Q11) Identify the distribution of the r.v. from the moment generating function

a) My(t)=—=,t < 1/2

b) MX(t) - e3t+2t

3
c) X, Y independent, My,,(t) = (zi_t) ,t % Y~Exp(2)
Solution:
a) X~exp(0) - pux(t) = <6

(9 t)

Therefore TRl

1
b) X~N(u,02) - pux(t) =ek+ot

Therefore u =3 and %02 =2 - 0¢%2=4

c) XandY are independent

2 \° 2
hy sy (£) = (Z——t) s Y=exp(0=2)= py(t) = ¢
Therefore piy.y (t) = pux(t) uy (t)

2 3\’ 2
~ (5=) =m0 (=)
7 \3
1 2 \*
=R (2
(=)
Therefore X~ gamma (a = 2,1 =2)
_ 2A\*
Note: f(x) = ﬁ @) e x>0 and My(t) = (=)

Q12) X, Y independent, My (t) = X~Exp(2), what is the distribution of Y

2t— t2'

Solution: H.W

Xand Y are independent

2t_1

Hyxsy (£) = (Zt——tz)

2
X~exp(0=2) - ux(t)= T
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tx+y () = pux(t) uy(t)

(e?t —1) 2
= t
(2t — t2) 2—t (1)
e?t —1
t(2 =t eZt_l 2 —t (€2t—1) ezr_eo
o) =— D = =
2 t2—-t) 2 2t t(2-0)
2—t

Therefore Y~continuous Uniform (a=0,b = 2)

Note: continuous uniform distribution

oth_

[0-a) t+0

f(x)=b%a a<x<b and My(t) =

Q13) If X~Gamma(2,3) independent of Y~Uniform(0,2), and Z~Gamma(5,3), find mgf
of X+Y+Z if X, Y and Z are independent?

Solution : HW
1 a ) etb_eta
Gamma(a ,2): M(t) = (ﬂ) ; Uniform(a,b):M(t) = T
3 2 et _1 3 >
M =— : M = ) M =\ _+
©=(57) ; ©=—— ; 0 =(3=)

My.y.z (t) = Mx(t) My(t)Mz(t) = (3 :i t>2 <eZtZt_ 1> (3 i t)s

7 g2t — 1

2t

Mx.yiz () = <3 :i t)

Q14) If X~Normal(2,3) independent of Y~Normal(5,1), and Z~Normal(20,21), with X,
Y and Z independent, find P(X + Y + Z < 25).

Solution :

1
X;~Normal(p;, 07) = My, (t) = phit +3 07t
My, y.z (t) = Mx(t) My(t)M(t)

1 1 1
_platHy0it  mpttyaitt ust+yodt?

1.2
My, y,z (t) = e’ Zimuty +7 200
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W=X+Y+Z)~Normal (213:1;11.,213:1 0'1-2)
P M =2+4+5+20=27; ¥} 0/ =3+1+21=25

W ~Normal (27 ,25)

(W—,u<25—27
V25

=1-0.6554 = 0.3446

P(W<25) =P ) =P(Z<-04)=P(Z>04)=1-P(Z<04)
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