Continuous Random Variables

Q1. If the continuous random variable X has mean p=16 and variance 6?=5, then
P(X =16)is
(A) 0.0625 (B)0.5 (C)o0.0 (D) None of these.

Solution :
P(X = 16) = 0 ( Because X is Continuous r.v)

Q2. Consider the probability density function:
_(k+x, 0<x<1
fe) = { 0, elswhere
1) The value of k is:
(A1 (B)0.5 (C) 15 (D) 0.667
2) The probability P(0.3 < X < 0.6)
(A)0.4647 (B) 0.3004 (C)0.1643 (D) 0.4500
3) The expected value of X, E( X) is,
(A)0.6 (B) 1.5 ©1 (D) 0.667
3
[Hint: [ Vx dx =;722+c]
Solution :

1) We know ffooo f(x)dx =1
3 1
2 do

f(x)zg\/a?, 0<x<1

3 10.6
X

> 3
2) P(03<X<06)=[; >Vxdx=1 I—zl = (0.6)%% — (0.3)z = 0.3004
0.3

3
2
541

© 13 13 3 3 |x2
3) E(x) = J_ xf(x)dx = [, Exx/f dx = |, S xz dx =7 [Tl =0.5999 =~ 0.6
0

2

Q3. If the cumulative distribution function of the random variable X having the form:

P(XSx)=F(x)={?C)(x+1), JJCC;(())

Then

1) P(0 < X < 2)equalsto
(@) 0.555 (b) 0.333  (c) 0.667 (d) none of these.

2) IfP(X < k) = 0.5, then k equals to

(@) 5 (b) 0.5 (€)1 (d) 1.5
3) The pdfis
@x/(x+1) (b)x (c)1/(x + 1) (d) x/(x+1)?
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Solution :
1) PO < X <2)=F@2)-F(0)=——-=2=0667

2+1 0+1 3

2) P(X< k)=05 -F(k) =05 > =05 ->k=05k+05

k+1
-k(1-05)=05 - 05k=05 »k=1
3) f(x) == Fx)
f(X) _ d_ [L] _ (x+1D)(D)-x (1) 1 x> 0

dx Lx+1 (x+1)2 T (x+1)2 -

Q4. For each function below, determine if it can be probability density function. If so,

determine c.
a. 1(x)=c2x—x3) ;for0<x <§

b. f,(x) =c(2x — x?) ;for0<x<§

c. f3(x)=cRx?—4x) ;for0<x<3

d f,(x)=c(2x?—4x) ;for0<x<2
Solution :

A probability density function must satisfy two requirements:
1) f(x) must be nonnegative for each value of the random variable.

2) the integral over all values of the random variable must equal one.
_ 3y — 2y — x=0
a) 2x—x3)=0 - x(2-—x% 0—>{orx:i\/§

- result

1
1
1
-result |+ result
1
1
1

0 *

' =2.5

x=0

=
=l

Thus, (2x — x3) change its sign from (+ result) to (- result) after x = /2.
Therefore, f;(x) isnotpdfat 0 < x < g :

=0

b) 2x—x?) »x(2-x)=0 e{orizz

1
]
1
-result | +result - result
1
1
1

*

5/2
=25

x=0 x=2

Thus, f,(x) isnotpdfat 0 < x < g :
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0 2x2—4x) - 2x(x—2)=0 —>{0r;€:0

=2
+ result I - result I + result
x=0 x=2 -
3
Thus, f3(x) isnotpdfat 0 <x < 3.
2 x=0
d 2x?—-4x) - 2x(x—-2)=0 - {or

x =2

Thus, f,(x) ispdfat 0 <x < 2.

To determine C by use [*_ f(x)dx =1
2 2 2
Cf (2x? —4x)dx =1 - CU szdx—félxdxl:l
0 0 0

2x3  4x?)’ 2 8 3
cl=—-=| =1 C—23—222]=1 ——C=1- C=-%
[3 | =1- 5 @-209]=1- -Sc=1- -

C1-x%), -—-1<x<1
0, elswhere

Q5.Ther.v. X has pdf f(x) = {

a. What is the value of C.
b. Find the following probabilities using the pdf of X:
i. P(X <0)
i P(X23)
ii.  P(—3<X<3)
iv. PX>1)
1.
d. What is the cdf of X.
e. Find the probabilities in (b) using the cdf.
Solution :

a) Weknow [~ f(x)dx=1 - f_ll c(1—x?)dx=1

<1, [ )| PR P
- _— = - —— — | = — || = - ——| =
clx 3 c 3 3 c 3

c=1 - c=%=0.75

-

w |

f(x):%(l—xz) , —1<x<1
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b) Using pdf
i. P(x <0) =zf_01(1—x2)dx =Z [x—’;—s]: =z [0— (—1+1)] :%
1

L 2=t -2, <309 -G- 2]

. P(_%Sx<%)=%ﬁ§41—xﬂdx=§h_%1ms

SGERCTSE

iv. PX>1=0

c) Delete
0 , x<-—1
_) 3 eygr =38 23, 1,41 _
d) F(x) = 4[_1(1 t)dt—4[t 3]_1—4x X+, —1=sx<1
1 , 1<x

e) Using cdf

i P(x<0)=F(0)=2(0)—;(0)+5=

Lop(rad)=1-p(x<d) =1-r()=1-[Q) -1 +]

w p(iexed=r()-r(-)=3-FE) 1)+

ivv. PX>1)=1-PX<1)=1-F(1)=1-1=0

Cx?, 1<x<?2

Q6.Suppose continuous r.v. X has density function f(x) = {0’ elswhere

a. Find the value of the constant C.
b. Find P(X = 2).

c¢. Find the cumulative distribution function of X.
d. Find P(X > 2) using the cdf.

Solution :

2
a) Weknow [* f(x)dx=1 - [ ex?dx=1 %C[);_S] =1
1

l
)
/N

|
|
| =
N——
Il
—_
l
w1
)
Il
—_
l
)
Il
|

Sf)=2x%, 1<x<2
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0 , x <1

_) o 3ege =3l Sl =Xt
0 F) =4 2fferar=3] =lG3-1=2-1 , 1<x<2
1 , 2<x

Q7.& Q8.: Deleted

Q9.A system can function for a random amount of time X. If the density of X is given (in
units of months) by

fx)=Cxe™? ;x>0

a. What is the probability that the system functions for at least 5 months.
b. What is the probability that the system functions from 3 to 6 months.
c. What is the probability that the system functions less than 1 month.

Solution :
a) To find C, we know that C fooox e’z dx=1

[ use fooxa e P¥ dx = F(;laj-_ll) , T@=(a-D!]
0

CL@=1:> C—=1> 4C=1>= C:%

) Z
P(X =5) = Cfsoox e"z dx

By use calculator

P(X>5)=1-P(X<5) =1-Cf xe s dx=1-28508C = 02873

Or by use Integration by Parts f;u dv = [uv]b — f;v du
P(X>5) = %fsoox e 2 dx
Letu=x » du=dx

dv = e_(g) dx » v=-=-2 e_g

1 x7%° 0 x 1 5 R |
=—“—2xe_7] +zf e‘?dx] =—[(0+10e‘7)+2(—2)f e

1 _5 _xX1® 1 _5 _51 1 5
=_|10e 2—4|e 2 =_|10e 2+4e 2| =_ ‘E]: .
4l [ ] l 4l l 4[146 0.2873

S R

o

5

b) By use calculator P(3 < X < 6) = if:x e"z dx = 0.3587
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Or by use Integration by Parts ffu dv = [uv]} — ffv du

Letu=x » du=dx ; dvze_(E)dx - v=-2¢ 2

1 _x16 6 _x 1 _6 _3 6 1 _x
=—[[—2xe 2] +2f e 2dx]=—[(—12€ 2+ 6e 2)+2(—2)f --e de]
4 A 4 . 2

1 _3 _x1° 1 _3 _3
—[(—128_3+6€ 2)—4[6 2] ]= —[—126_3-1-66 2 —4e 3+ 4e 2]
4 3 4

—1[10 _% 16 ‘3]—1 1.435
=7 |10e e —4(. )

c) By use calculator P(X < 1) = ifolx e” 2 dx =0.0902
Or by use Integration by Parts ffu dv = [uv]b — ffv du

Letu=x » du=dx

X X

dv = e_(E) dx » v=-2e¢e 2
1 _xt 1 _Ed 1 ) _1 2 (—2 1 _
=—||— 2 2 = —||— 2 — -

4[[ 2x e ]0+2foe x] 4[( e )+ ( )fo 2e dx]

_1 —Ze_% —4[6_;]1 —1[ 2 _% 4 _%+4]—0.3608—00902
=7 o| =7 e e =—7 =0

N &

Q10. The cumulative distribution function of a continuous r.v. Y is given by

0, y<3
F(y) = 9
1- }7 , y >3
Find
a. P(Y <5).
b. P(Y > 8).
c. The pdf of Y
Solution ;
a) P(Y<5)=F(5) = 1—2’;5=§=0.64
b) P(Y>8) =1—-P(Y <8)=1—F(8) = 1—(1—:—4)=:—4=0.1406
integration
_
o f) F(y)
derivative
d 18
f) =% Fly)= F(y) =33
18 .
S f@ =137 g
0, 0.w

Bayan Almukhlif iliall ole | 6



b 0<x<1

Q11) If the density function of the continuous r.v. Xis f(x) =42—x , 1<x<C
0, 0.w

Find
a. The value of C.
b. The cumulative distribution function of X.

c. P(0.8<X <0.6C).Graphfpd-andF)-

Solution :

a) [~ f(x) dx =1 - folx dx + ff(Z—x) dx =1

x21+ 2 all 10X (20 E (2 1) 15 Y0 E 3,
— _— = —_ — _—] - —_ ) = - — —_— =
2|, x 2 2 2 2

2 . 2 2
C2 2 CZ
> 20-—-1=1 > 20-—-2=0 > ——+20-2=0
by use Or
1 1
a=—5,b=2,c=-2 —5lC?—4C+4]=0
C_—b +Vb? —4ac C?—4C+4=0
B 2a (C-2)2%=0
—2EVes 2, C—2=0->C=2
2(—3) -1
X , 0<x<1
ff)={2-x, 1<x<2
0, 0.w

b) F(x)=PX <x)
0 , x<0
X
foxxdxz[%xz] =%x2 0<x<1
0

lfolxdx+f1x(2—x)dx=[x;] +[2x—xz—2]

X

F(x) = 1 2
=2x——-1 ,1<x<?2

0 1 2

1 , 25X

¢) P(08<X<06C)=P(08<X<12) ,wher0.6C =0.6(2)=1.2
0 0.8 1 1.2 2 By use cdf

P(X <12)—P(X<0.8)
=F(1.2) — F(0.8)

1 1.2
= [ xdx + (2 —x)dx ?
fo.s fl = I2(1_2) - % - 1] - E (0-82)]

By use pdf

L2l L2112
- [7 s © [Zx - ?]1 = 0.36 —0.68— 0.32 = 0.36
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Summary

e P(X = a)= P(X > a) [This NOT true for discrete r.v]

integration f) == F(x)
. F dx
f) T ) = F(x) = f_xoo f(x)dx

e Compute probabilities using cdf:

Pla< X <b) =P(X <b)— P(X <a) =F(b) — Fa)

b 1 b
o [ e*dx=|-e*| ,ceR
a c a

e e ®=0; e°=1;, e®* =
ay 1;duudv

u du . 4av
e Y=tpz0 > ¥ _Taa

v dx v2

o) _ I'(a+1)

a b x — . .

. foxe dx == 5 ab ER ;

@) =(a-1)! ; F(E)=\/E; F(a+1)=aF(a)—>F(§)=FG+1)=

2

N |-
H

NOTE:
How to find Roots of equation by Calculator ?

MODE >>> 5:EQN >>> choose equation >>>

You can watch: https://www.youtube.com/watch?v=| b-gYSlxgc
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