Exercise of Transportation problem

Example 1: A Company has 2 production facilities S1 and S2 with production
capacity of 100 and 110 units per week of a product, respectively. These units are to
be shipped to 3 warehouses D1, D2 and D3 with requirement of 80,70 and 60 units
per week, respectively. The transportation costs (in $) per unit between factories to

warehouses are given in the table below.

A)
estination | D1 D> D3 Supply
Sources
S1 1 2 3 100
Sz 4 1 5 110
Demand 80 70 60

Find initial basic feasible solution (IBFS) to the following transportation problem
using NWCM, then optimize the solution using MODI method (Modified

Distribution Method -UV method) .

Answer:
Min Z = X171+ 2x12 + 3x13 + 4x21 + X3, + 5x23
X111+ X412 + X3 = 100
Xo1 + Xop + X33 < 110
X11 + x21 =80
X12 + X2 =270
X13 + X33 = 60

msi= 27:1 d; = 210, so we don’t need dummy demand or dummy supply.

starting point is the north-west corner of the table.

H — n m
MinZ = Zi:lszI Cijxij
s.t

m
Yiz1%ij <5

n
Zi:l xij > d]

min(S; = 100, D, = 80) = 80, This satisfies the total demand of D; and leaves 100 - 80 = 20 units with S;.
min(S; = 20,D, = 70) = 20, This exhausts the capacity of S; and remain 70 - 20 = 50 units for D,.
min(S, = 110, D, = 50) = 50, This satisfies the total demand of D, and leaves 110 - 50 = 60 units with S,.

min(S, = 60,D; = 60) = 60, This satisfies S, and Ds.

100 20 0

110 60 0

estination | D; D, D; Supply
Sources
S1 1 2
80 20

Sz 4 1

50 60
Demand 80 70 60

0 50 0
0

Initial feasible solution (IBFS) is:

Xll = 80, Xlz == 20, XZZ == 50, X23 == 60 ,X13 = 0,X21 == 0

The total transportation cost:
TTC=Z=80%14+20%x2+50%14+60x5=470%
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The number of allocated cells =4 isequaltom +n-1=3+ 2 -1 =4, so the solution
could be improved.
Optimality test using MODI method...

6kj = 17]' + u; — Ck]"

1. Find u; and v; for all occupied cells (i, j), where v; + w; = Cj;

 Letui=0

s =y tridvi=c w21 =1-0>v, =1

e cp=ul+v2=svi=cl2-ul=v2=2-0=>v2=2
* (p=ul2tvisul2=c22-v2sul2=1-2=>u2=-1
* (3= Uy F VU3 DVU3=Cy3— Uy DV3=54+12Dv3=6

2. Find 8;; = v; + uy — €y, for all unoccupied cells (k, I). IF all 8,3 < 0, the solution is
optimal solution.

3. Now choose the maximum positive value from all &,; (opportunity cost) = 613=3
and draw a closed path $1D3 — §2D3 — $2D2 — S1D2 with plus/minus sign
allocation.

4. Minimum allocated value among all negative position (-) on closed path 8 = 20 Subtract
20 from all (-) and Add it to all (+).

Vi=1 Vy=2 V3=6
Destination | D1 D> D3 Supply
Sources
U;=0 S: 1 - 2 3
100
80 20 4 | +613=3
Uz=-1 S, 4 + 1] L - 5
821 -4 50 €T 60 110
Demand 80 70 60
5. Repeat the step 1 to 4, until an optimal solution is obtained.
V1= 1 V2= -1 V3= 3
Destination | D; D, Ds; Supply
Sources
U;=0 S1 1 2 3
80 61z= -3 20 100
U2= 2 Sz 4 1 5
521= -1 70 40 110
Demand 80 70 60

The new solution (*):
X171 =80, X;3 =20, Xy, =70, X3 =40,X,, =X,;, =0
The minimum total transportation cost: Z* =80% 1+ 203+ 701+ 405 = 410%
The number of allocated cells=4 isequaltom+n-1=3+2-1=4,
All 8,5 < 0, so solution (*) is an optimal solution.
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B) same previous example (A) but change S2 to 130 rather than 110.

Answer:
estination | D1 D> D3 Supply
Sources
S1 1 2 3 100
Sz 4 1 5 130
Demand 230
80 70 60 210

Here Total Demand = 210 is less than Total Supply = 230. So, we add a dummy demand
constraint with 0 unit cost and with allocation 20. (x4 + x4 = 20)

estination | D; D> D3 Ds(Dummy) | Supply
Sources
S1 1 2 3 0 100
Sz 4 1 5 0 130
Demand 80 70 60 20 230=230
Vi=1 Vy=2 V3=6 Vs=1
estination | D; D, D3 Ds(Dummy) | Supply
Sources
Ui=0 | S1 1 - 2 + 3 0 100 20 0
80 20 *_’ | 513=3 614= 1
U=-1 | S, 4l +|_1|v - 5 0
<—.
u=-4| 50 60 20 (130 |80 20 0
Demand 80 70 60 20
0 50 0 0
0

Initial feasible solution (IBFS) is:
X1, =80, X1, = 20, Xy, =50, X3 =60, Xy =20,X13 =X14 =X,y =0
The minimum total transportation cost:
TTC=Z=80%14+20%x2+4+50x1+60x54+20%0 =470
Here, the number of allocated cells=5isequaltom+n-1=2+4-1=5

Not all 8,; < 0, so IBFS is not an optimal solution.
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V1= 1 V2= -1 V3= 3 V4= -2
estination | D; D, Ds; Da(Dummy) | Supply
Source
U1= 0 S1 1 2 3 0
80 81= -3 20 =2 100
U,=2 Sz 4 1 5 0
6= -1 70 40 20 110
Demand 80 70 60 20

The new solution (*):
X;1 =80, X;3 =20, X, =70, X,3 =40, X, =20, X; =X, =0
Z*=80%1+20%x3+70+1+40%5=410%
The number of allocated cells=5isequaltom+n-1=4+2-1=5.
All 8;; < 0, so solution (*) is an optimal solution.

C) same previous example in part (B) but change D1, D2 and D3 to
90,80 and 100 units per week, respectively.

Answer:
estination | D D> D3 Supply
Sources
S1 1 2 3 100
Sz 4 1 5 130
Demand 230
90 80 100 270

Here Total Demand = 270 is greater than Total Supply = 230. So, we add a dummy
supply constraint with 0 unit cost and with allocation 40. (x31 + x3 + x33 < 40)

V1= 1 V2= 2 V3= 6
estination | D; D; D3 Supply
Sources
Ui=0 | S 1 - 2 + 3 10 0
90 10 ¢——> | 513= 3 100
Us=-1 |8 4 + Lo 60 0
i ? . BINLEN I
21= - 4 70 60
Us=-6 | S3(Dummy) 0 0 0 0
812=-5 812=-4 40 40
Demand 270
20 80 100 270
0 70 40
0 0
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Initial feasible solution (IBFS) is:
X11 == 90, X12 = 10, X22 == 70, X23 == 60, X33 == 4‘0,X13 = X21 == X31 == X32 - 0

The total transportation cost:

TTC=Z=90+x1+10%x24+70*14+60%5+ 400 = 480%

Here, the number of allocated cells=5isequaltom+n-1=3+3-1=5

Not all 8,; < 0, so IBFS is not an optimal solution.

Vi=-2 V,=-4 Vi=0
Destination | D, D, D; Supply
Sources
U=3 S1 1 2
90 512= -3 10 100
Uz= 5 Sz 4 1
621= -1 80 50 130
Us=0 S3 (Dummy) 0 0 40
61z= -2 512= -4 40
Demand 90 80 100

All 8; < 0, so the optimal solution is :
Xll - 90, X13 - 10, XZZ == 80, X23 == 50,X33 == 4‘0,X12 - X21 == X31 == X32 - 0
The minimum total transportation cost: Z* =90% 1+ 103 +80% 1+ 50 x5 = 450%

The number of allocated cells=5isequaltom+n-1=3+3-1=5.

# Degenerate case
Example 2: A company has factories at S1, S2 and S3 which supply to warehouses at
D1, D2, D3 and D4. Weekly factory capacities are 18, 3 and 30 units, respectively.
Weekly warehouse requirement are 21, 15, 9 and 6 units, respectively. Unit shipping

costs (in Dollar) are as follows:

estination | D; D; D3 D4 Supply
Sources
S1 21 44 28 18
S2 4 0 24 4 3
S3 20 32 60 36 30
Demand 21 15 9 6
Solution:
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stination | D D; D3 Ds Supply
Sources
S1 8 21 44 28
18 18
Sz 4 0 24 4
3 3
S3 20 32 60 36
15 9 6 30
Demand 21 15 9 6 51
51
3 0 0 0
0

Initial feasible solution (IBFS) is:

The total transportation cost:

TTC =7Z =8%18+4%3+32x15+60*6 = 1392$
The number of allocated cells =5# m+n-1=3+ 4 -1 =6, then degeneracy does exist.
Note: this solution is degenerate.

Xll - 18, X21 - 3, X32 - 15, X33 - 9,X34 - 6

15 60

To resolve degeneracy, we proceed by allocating a small quantity (&) to one or more (if
needed) unoccupied cells that have lowest transportation costs, so as to allocate

m+n —1 cells.

The quantity € is assigned to cell (2,2) , which has the minimum transportation cost = 0.

Iteration-1 | V1=36 Vz=32 V3= 60 V4= 36
ination | D; D; D3 D4 Sup
Sources ply
Ui=-28 | S; 8 21 44 28 18
18 612 =-17 613 =-12 514 = =20
U,=-32 | S; -i» +0 _24 _4 3
T 3 | & 623 =4 624 =0
Us=0 S3 + |%0___+- 32 60 36 20
831 = 16 15 9 6
51
Demand 21 15 9 6
5
To Find w; and v; for all occupied cells (i, j), where v; + w; = Cj;
° Let us=0
° C32ZU3+U2$172:C32_U3:>U2:32_0:32
° C33ZU3+U3:>U3:C33_H3:>U3:60_0:>v3:60
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© C34=u3+v4ﬁv4=C34_u3$U4=36_0=36

° Cop =Uy +Vy DUy =Cyp —Vy DU, =0—32=-32
® C21=u2+v1$U1=C21—u2$U1=4‘—(—32)=36
° C11=u1+771=>u1=C11—U1$u1=8—36:—28

It is clear that not all 8; < 0, so IBFS is not an optimal solution.

Iteration-2 | Vi=20 V=32 V3= 60 V,=36
tination | D1 D> D3 D4 Supply
Sources
U=-12 | §; - 8 21 +44 28
4 18| 812=-1 613=4| O14=-4 18
Us=-32 |S, 4 0 24 4
621 =|—16 £+3 623 = 4 62,=0 3
Us=0 S3 + 20 32 [V - 60 36
ﬁ 12 9 6 30
Demand 51
21 15 9 6 51

The new solution (*) is:
Xll - 18, X22 =&+ 3, X31 - 3,X32 - 15, X33 = 9,X34 == 6

Xip = X13 = X13 = X104 = X1 = X3 = X5, =0
The total transportation cost:

TTC=7Z=8%18+0x(e+3)+20%x3+32%x124+60%9 + 366 = 1344%
The number of allocated (occupied) cells=6=m+n-1=3+4-1=6, so the solution
could be improved.
find u; and v; = -
It is clear that not all 8,; < 0, so solution (*) is not an optimal solution.

Iteration-3 | Vi=20 V=32 V3= 56 Vi=36
ination | D; D; D3 D4 Supply
Sources

Ui=-12 | S; 8 21 44 28 18
9| 612=-1 9| 814=-4
U=-32 | S, 4 0 24 4

621 = —16 €+ 3 0,3=20 024=0 3

Us=0 S3 20 32 60 36

12 12 | 833 =—4 6| 30

Demand 51

21 15 9 6 51
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The new solution (**) is:
X11=9X,=9 X, =€+ 3, X3; = 12, X5, = 12, X3, = 6
Xip=X13=X21 =Xp3 =X34 =X33=0
The minimum total transportation cost:
TTC=7Z=8+9+44%9+0*(e+3)+20%12+32%12+36*6 =1308%
The number of allocated cells=6=m+n-1=3+4 -1 =6, so the solution could be
improved.
find u; and v; = -
All 8y; < 0, so solution (**) is an optimal solution.

Note: alternate solution is available with unoccupied cell (2,4) , but with the same
optimal value.

Example 3: Find the optimal solution and minimum total cost to the following
transportation problem:

estination | D1 D> D3 Supply
Sources
S1 5 4 2 70
S 6 3 2 50
S3 1 5 1 10
Demand 130
50 50 30 130
Solution:
V1= 5 V2= 4 V3= 3
estination | D; D; D3 Supply
Sources

Ym0 51 - 50, *4 2 70 20 0

A 50 | 20 5=1
e 52 ° i - 3 +2 50 20 0

6=-2 30 _7 20

Us=- S3 +1 5 l- 1

«6=2 6= - 10 10

Demand
50 50 30
0 30
1
0 0
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Initial feasible solution (IBFS) is:
X;; =50, X,; =20, X,, =30, X,5 =20,X33 =10
The total transportation cost:
TTC=Z=5%*50+4*20+3%x30+2%20+1%+10 =470
Here, the number of allocated cells=5=m+n-1=3+4 -1 =15, so the solution could

be improved.
Not all 8y; < 0, so IBFS is not an optimal solution.

V1= 5 V2= 4 V3= 3
tination | D, D> D3 Supply
Sources

Ui=0 SI 5 - 4 L +2
40 ? 30 ‘613 =1 70
U=-1 S, 6| | +3 - 2 50

8,1 = -2 20 30

Us=-4 S3 1 5 1
10 | 03, = —5 | 633 = -2 10

Demand 50 50 30

The new solution (*):
X141 =40, Xy, =30, X, =20, X3 =30,X3; =10, X153 =Xpy = X3, = X33 =0
The total transportation cost:
TTC=Z=5%x40+4+30+3%20+2%30+1%10 =450
Here, the number of allocated (occupied) cells=5=m+n-1=3+4-1=5,5s0the
solution could be improved.
Not all 8,; < 0, so solution (*) is not an optimal solution.

V1= 5 Vz=? V3= 2
tination | Dy D; D3 Supply
Sources

U=0 S1 5 4 2
40 30 70

Up=? Sz 6 3 2
50 50

Us=-4 S3 1 5 1
10 10

Demand 50 50 30

The new solution (**):
Xll = 40, X13 = 30, X22 == 50, X31 == 10,X12 == X21 = X23 = X32 == X33 == 0
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The total transportation cost:

TTC=Z=5%40+2+30+3+x50+1%10 =420
The number of allocated (occupied) cells=4 #m +n-1=3+4-1=25, then degeneracy
does exist (the solution cannot be improved)

Note: Is the solution ** optimal?
To Find u; and v; for all occupied cells (i, j), where v; + w; = C;;

*  Letus=0, we get

s Uy +vi=5=>v;,=5

s U Fv3=2 = v3=2

* u+v,=3 = u, =? ,v, =? Theu, and v, cannot be assigned because the
occupied cells condition is not met.

c w3t vi=1=>u3+5=1 su;=—4

To resolve degeneracy, we proceed by allocating a small quantity (&) to one or more (if
needed) unoccupied cells that have lowest transportation costs, so as to allocate
m +n — 1 cells.

V1= 5 V2=? V3= 2
estination | D1 D> D3 Supply
Sources

U=0 S1 5 4 2
40 30 70

Up,=? S, 6 3 2
50 50

Us=- S3 1 5 1
10 & 10

Demand 50 50 30

If the quantity & is assigned to cell (3,3), which has the least transportation cost = 1.
Obviously, assigning € to cell (3,3) does not help in finding the values of u, and v,.
To Find u; and v; for all occupied cells (i, j), where v; + u; = C;;
o letu;=0
s wuy+vy=5=>v;,=5
s U tv3=2 = v3=2
* u,+v,=3 = u, =? ,v, =? Theu, and v, cannot be assigned because the
occupied cells condition is not met.
e wztvi=1=2u3+5=1 su;=—4
e Uztvy3=1= —4+2+1

Therefore, assigning € to cell (2,3), which has the second least transportation cost=2.
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V1= 5 Vz= 3 V3= 2
estination | D1 D; D3 Supply
Sources
U;=0 S1 5 4 2
40 | 612 =-1 30 70
U,=0 Sz 6 3 2
6,1 = -1 50 & >0
Us=-4 S3 1 5 1
10 | 63,=-6 | 6;3=-3 | 1°
Demand 50 50 30

To Find u; and v; for all occupied cells (i, j), where v; + u; = C;;

*  Substituting, u1=0, we get

s Uy +vi=5=>v;=5

° U tV3=2 = vy3=2

* U tVv3=2>=> u+2=2=u,=0

° U +v,=3 = 0+v,=3 = ,v,=3

* Uzt vi=1=>u3;+5=1 su;=—4

The new solution (***):

X11 - 4‘0, X13 - 30, XZZ - 50,X23 = &, X31 - 10,X12 - XZl - X32 - X33 - 0

The minimum total transportation cost:
TTC=Z=5%x40+2+30+3*50+2&c+1%10=420+ 2¢
€ is small quantity close to zero, € = 0
TTC =Z =420
It is obvious that all 8,; < 0, then solution (***) is optimal solution.
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H.W Example 4: The ICARE Company has three factors located throughout a state with
production capacity 40, 15 and 40 gallons. Each day the firm must furnish its four retail
shops D1, D2, D3 with at least 25, 55, and 20 gallons respectively. The transportation
costs (in $.) are given below.

D1 D> D3 Supply
Destination
Sources
S1 10 7 8 40
S 15 12 9 15
S3 7 8 12 40
Demand 95

25 55 20 100

Q: Find the optimum transportation schedule and minimum total cost of transportation.

Answer:

The minimum total transportation cost =7x40+9%x15+7%x25+8%15+0x5=710

V1= 3 V2= 0 V3=4
tination | D; D> D3 Supply
Sources
U;=7 S: 10 7 8 40 5 0
25 15 6:13=3
Ux=12 Sz 15 - 12 + 9 15 0
621=0 15| 4—_* 523= 7
Us=8 S 7 + 8 - 5 0
3 3 ] v8l - 12|
631=4 25 15
Us=-4 S; (Dummy) 0 0 0 5 0
64=-1 64=-4 5
Demand 100
25 55 20 100
40
0 25 i
0
6 = 15 Subtract 15 from all (-) and Add it to all (+).
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V1= 10 V2= 7 V3=4
tination | D; D; D3 Supply
Sources
U;=0 S: - 10 + 7 8
4>
425 | 15 813= -4 40
U=5 S 15 - 12 + 9
621=0 l 0 15 15
Us=1 S3 7 8 12
6:1=4 40 831=-7 40
Us=-4 Sa(Dummy) +4¢ 0 0 v- 0 5
641=6 642=3 5
100
D 2 2
emand 5 55 0 100
Here, the number of allocated cells=6isequaltom+n-1=3+4-1=6
6 = 0 Subtract from all (-) and Add it to all (+).
V1= 0 V2= -3 V3=0
ination | D; D> D3 Supply
Sources
U:=10 S: - 10 + 7 8
4 25 15 513=2 40
U=9 S 15 12 9
621=-6 22=-6 15 15
U3=11 S3 'h 2 - 8 12
631=4 40 M 631=-1 40
Us=0 S4 (Dummy) 0 0 0 5
0 642=-3 5
100
Demand 25 55 20 100
6 = 25 Subtract 15 from all (-) and Add it to all (+).
V1= 0 V2= 1 V3=0
tination | D, D; D3 Supply
Sources
U1= 6 S1 10 7 8
611=-4 40 613=-2 40
Ux=9 Sz 15 12 9 15
621=-6 622=-2 15
Us=7 S3 7 8 12
25 15 631=-5 40
Us;=0 S; (Dummy) 0 0 0 5
0 6a2=1 5
100
Demand 25 55 20 100
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