Exercises STAT419 Kholoud Basalim

Chapter 6 :Bayes Test

To study g, we must have information about 6:

9(0)
[Priori distribution of 9} laicioken
[loss of error type 1] [loss of error type 2]
decide Hi(say d;) decide Hy(say do)
and and
the value of 6 is 6 the value of 6 is 6,

A = £(dy,6p) B = £(dp,61)

Theorem
The test yg for Hy : 8 = 8y vs Hy : # = 61 under the priori and the
losses g(#), A = £(d1, ) and B = £(dp.01) is LRT and rejects if:

Vo (X)) | £(do.6h)g(61) _ Bg(61)
((X;6) £(d1,fo)g(bo) Ag(bo)
[The risk of the test v at 9]
(R(3,60) = aL(di, f) = aA] (R(3,61) = BL(do, 01) = B8]

© The Bayes risk of the test + under the priori g(6) is the
expectation:

B(v) = Eo(R(7.9)) = R(v.60)g(bo) + R(v.61)g(61)
= aAg(bo) + 5Bg(bh).

© The Bayes test g minimizes the risk. More exactly,

For all test v, B(vg) < B(7).
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Example 1 :
Let X be normal random variable with distribution N(6,1). Let X1, Xs, ..., X165 be 16 copies of X. Test
the hypothesis Hy : 0 =0 vs H, : 0 = 1 by 7. Consider the following priori and the losses functions :

g(@o) = 07,9(01) = 03,./4 = E(dl, 00) = 8,8 = E(do,el) =3
1. Find the rejection condition of g .

2. Compute ap and fp .

Find the risks R(vg,00) ,R(vB,01) and B(vg).

- W

Find the risks R(yamp,00) ,R(vmp,601) and B(yap).
5. Compare :

(a) app and ap.

(b) Bump and Bp .

(c) B(yp) and B(yamp).

Solution 1:
1- The test vp reject Hy if :

_ Bg(61)
K(X; 91) Ag(eo

~

The ratio A is equal to:

3% D=0

)
QH)_%e%l >o(wi—1)2
1

—~

wifl)Q
(9“)26% S(zi—1)?

[(2:)*—(zi=1)?]

|
O O
|
MMM

and

Bg(6,) 3x0.3
Ag(o)  8x0.7

k= = 0.1607

then

A< k
e7 Zl@)’~(@i-1)’] 0.1607

[(x;)? — (z; —1)?] < 1In(0.1607)

N

-1
2
—1
- D l(@i)? = (@ =22 +1)] < —1.8282

—SN 2z —-1) < -1.828

2
i— s 1.82

D (wi—z) > 1.828

X > 06143
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2- Compute ap and fp :

ap = P(Type I Error)
RejectHo|Hotrue)

X > 0.6143|0 = 0)
0.6143 — 0
1/V/16 )
= P(Z > 2.46)
= 1— P(Z < 2.46)
= 1-099305
0.00695

Bs = P(Type II Error)

= P(AcceptHy|Hytrue)

= P(X <0.6143/0 = 1)

0.6143—1

(2< S0

= P(Z < -154)
= 0.06178

= P

3- Find the risks R(yg,6y) ,R(vB,61) and B(yp):

R(vs,00) = ap x A= 0.00695 x 8 = 0.0556.
R(vg,0:) = Bp x B=0.06178 x 3 = 0.18534.

B(yg) = R(yB,00)9(0) + R(vB,01)9(01)
= ap x Axg(b) + Bp x B x g(61)
= 0.0556 x 0.7+ 0.18534 x 0.3
= 0.094522.

4- Find the risks R(vap,00) ,R(Ymp,61) and B(yamp) :

Recall that from Example 7 in chapter 5: Alpha(MP)=0.05 , Beta(MP)=0.00914
R(’}/Mp,oo) =oapyp X .A =0.05 x 8 =04.

R(’yMp,el) = ﬂMp x B =0.00914 x 3 = 0.0274.

B(ymp) = R(ymp,00)9(0) + R(ymp,01)9(61)
= ayp X AXg(0)+ Bup x B xg(bh)
= 0.4 x0.740.0274 x 0.3
= (.2288.

5- Compare v and yap :
Optimality of vp;p can be shown because:

ag = 0.00605 < aup=0.05
Bavp =0.00914 < B =0.06178

Optimality of vp :

B(vp) = 0.094522<B (v p) = 0.288
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Example 2 :

Let X be gamma random variable with distribution Gamma(5,0). Let X7, Xs, ..., X be 6 copies of X.
Test the hypothesis Hy : 0 =1vs H, : 0 = % by vp. Consider the following priori and the losses functions :

g(@o) = 06,9(01) = 04,./4 = Q(dl, 00) = 9,8 = 2(d0,91) =2

1. Find the rejection condition of g .

Compute ap and g .

Find the risks R(yg,60) ,R(vB,01) and B(vg).
Find the risks R(yapp,00) ,R(ymp,01) and B(yup).

A S

Compare :

(a) app and ap.

(b) Bup and Bp .

(c) B(vp and B(yup).

Solution 2:
1- The test vp reject Hy if :

(X 6p) Bg(0:)
A= < k=
0(X;01) Ag (o)
The ratio A is equal to:
(X5 00)
)\ =
0(X;6,)
()T e =)
- -
()" ([T ()o 1) (e 2 27)
B (15)n672x
(3732
— 25Xne—2w+%2x
— 25X667%ZJL’
and
Bg(61) 2x04
k = = =0.1481
then
A< Kk
280e-3 X~ (.1481
e 2X% < 1.3793 x 10710
%1 r < In(1.3793 x 10719)
_71 r < —22.7043

Zx > 45.4086
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2- Compute ap and fp :
ap = P(Type I Error)
= P(RejectHy|Hptrue)
= P(Zm > 45. 4086|9 =1); let 5= Z,l' where S ~ Gamma(5 x 6,0)
(
(

= P(S > 45.4086/0 = 1)
— P(S x2(0) > 45.4086 x 2(0)|0 = 1)

note: If S ~ Gamma(n = 30,0),then U =205 ~ x3,.
then

30
S ~ Gamma(n =60,0 =1)=U = 20S~ x3,
U 2(1)S ~ X530

= P(U > 90.817)

= w, from chi — squar table
= 0.0075
Bg = P(Type I1I Error)

= P(AcceptHy|H;true)
1
= P()_ < 45.4086/0 = 3)

1
= P(S < 45.4086]¢ = )

= P(U < 45.4086)
— P(U > 45.4086)
~0.95+0.90

2

= 0.075
3- Find the risks R(vg,00) ,R(vgs,01) and B(yp):

R(vp,00) = ap x A= 0.0075 x 9 = 0.0675.
R(yp,61) = B x B=10.075 x 2 = 0.15.

B(yp) = R(vB,00)9(00) + R(vB,01)9(01)
ap x Ax g(0o) + Bp x B x g(6h)
= 0.0675x0.6+0.15x04

0.1015.

4- Find the risks R(vapp,00) ,R(Ymp,61) and B(yump) :
Recall that from Example 8 in chapter 5: Alpha(MP)=0.05 , Beta(MP)=0.0175

R(vpmp,00) = app x A=0.05x 9=0.45.
0.0175 %885
R(yamp,01) = Bup x B =003 x 2 = 0.06.

B(ymp) = R(ymp,00)9(0o) + R(ymp,01)g(01)
app X AXg(0g)+ Bup x Bxg(6)
= 045x0.6 —&—B%SX 0.4

= 0294. 0.284
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5- Compare yp and ypp :
Optimality of vp;p can be shown because:

ag =0.0075 < apyp =0.05
Bup =0. < Bp=0.075

Optimality of vp :

B(yp) = 0.1005<B(yapp) = 0-294.= 0.284
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