
 

STEP 1: 

𝑃(𝑞1 < 𝑄(𝑋, 𝜃) < 𝑞2) = ∫ ℎ(𝑞)𝑑𝑞
𝑞2

𝑞1

= 1 − 𝛼  

∫ ℎ(𝑞)𝑑𝑞
𝑞2

𝑞1

= ∫ 𝑛 𝑞𝑛−1 𝑑𝑞
𝑞2

𝑞1

= 𝑛 [
𝑞𝑛

𝑛
]

𝑞2

𝑞1
= 𝑞2

𝑛 − 𝑞1
𝑛 = 1 − 𝛼      (∗) 

𝑃 (𝑞1 <
𝑆

𝜃
< 𝑞2) = 𝑃 (

𝑆

𝑞2
 < 𝜃 <

𝑆

𝑞1
) = 1 − 𝛼  

STEP 2: 

𝐿 = 𝑆 (
1

𝑞1
−

1

𝑞2
)      𝑚𝑢𝑠𝑡 𝑏𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚.    (∗∗) 

To minimize L you should choose 𝑞1 to be as large as possible (close to 1) and 𝑞2 to be just 

slightly larger than 𝑞1 because 𝑞1 < 𝑞2. So differentiate (*) and (**) with respect 𝑞2 

𝑑

𝑑𝑞2
[∫ ℎ(𝑞)𝑑𝑞

𝑞2

𝑞1

] = 0 

𝑑

𝑑𝑞2

(𝑞2
𝑛 − 𝑞1

𝑛) = 0 

𝑛𝑞2
𝑛−1 − 𝑛𝑞1

𝑛−1  
𝑑𝑞1

𝑑𝑞2
= 0 

≫≫    
𝑑𝑞1

𝑑𝑞2
=

𝑞2
𝑛−1

𝑞1
𝑛−1   

𝑑

𝑑𝑞2
𝐿 = 𝑆 (−

1

𝑞1
2

𝑑𝑞1

𝑑𝑞2
+

1

𝑞2
2 ) = 𝑆 (−

1

𝑞1
2

𝑞2
𝑛−1

𝑞1
𝑛−1  +

1

𝑞2
2 ) = 𝑆 (

1

𝑞2
2 −

𝑞2
𝑛−1

𝑞1
𝑛+1)   



𝑑

𝑑𝑞2
𝐿 =

𝑞1
𝑛+1 − 𝑞2

𝑛−1 𝑞2
2   

𝑞2
2𝑞1

𝑛+1 =  
𝑞1

𝑛+1 − 𝑞2
𝑛+1   

𝑞2
2𝑞1

𝑛+1 < 0  

𝑑

𝑑𝑞2
𝐿 < 0 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑞1 < 𝑞2 

i.e. L is decreasing function of 𝑞2 and we get the minimum value when 𝑞2  =  1 (maximum)  

 𝑃 (𝑞1 <
𝑆

𝜃
< 𝑞2) = ∫ 𝑛 𝑞𝑛−1 𝑑𝑞

𝑞2

𝑞1

= 𝑞2
𝑛 − 𝑞1

𝑛  = 1 − 𝛼  

Substitute 𝑞2  = 1 we get 

1 − 𝑞1
𝑛  = 1 − 𝛼 ≫≫ 𝑞1

𝑛 = 1 − (1 − 𝛼) ≫≫   𝑞1
𝑛 = 𝛼 ≫≫     𝑞1 = 𝛼

1
𝑛    

Then  
𝑆

𝑞1
=

𝑆

𝛼
1
𝑛

  𝑎𝑛𝑑  
𝑆

𝑞2
= 𝑆  

The confidence interval is (𝑆 ,
𝑆

𝛼
1
𝑛

) 

 

 

STEP 1: 

𝑃(𝑞1 < 𝑄(𝑋, 𝜃) < 𝑞2) = ∫ ℎ(𝑞)𝑑𝑞
𝑞2

𝑞1

= 1 − 𝛼  

∫ ℎ(𝑞)𝑑𝑞
𝑞2

𝑞1

= − ∫ (−)𝑒−𝑞 𝑑𝑞
𝑞2

𝑞1

= −[𝑒−𝑞]
𝑞2

𝑞1
= −𝑒−𝑞2 + 𝑒−𝑞1 

= 𝒆−𝒒𝟏 − 𝒆−𝒒𝟐 = 1 − 𝛼     (∗) 

𝑃(𝑞1 < 𝑛(𝑆 − 𝜃) < 𝑞2) = 𝑃 (
𝑞1

𝑛
< 𝑆 − 𝜃 <

𝑞2

𝑛
) = 𝑃 (

𝑞1

𝑛
− 𝑆 < −𝜃 <

𝑞2

𝑛
− 𝑆) = 1 − 𝛼  

𝑃 (𝑆 −
𝑞2

𝑛
< 𝜃 < 𝑆 −

𝑞1

𝑛
) = 1 − 𝛼 



STEP 2: 

𝐿 = 𝑆 −
𝑞1

𝑛
− (𝑆 −

𝑞2

𝑛
) =

1

𝑛
(𝑞2 − 𝑞1)       𝑚𝑢𝑠𝑡 𝑏𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚.    (∗∗) 

To minimize L you should choose 𝑞1 to be as large as possible. So differentiate (*) and (**) with 

respect 𝑞1. 

𝑑

𝑑𝑞1
 [𝑒−𝑞1 − 𝑒−𝑞2] = 0 ≫≫  −𝑒−𝑞1 − (−𝑒−𝑞2) 

𝑑𝑞2

𝑑𝑞1
= 0  

𝑑𝑞2

𝑑𝑞1
=

𝑒−𝑞1

𝑒−𝑞2
=  𝒆−𝒒𝟏+𝒒𝟐   

𝑑

𝑑𝑞1
𝐿 =

1

𝑛
(

𝑑𝑞2

𝑑𝑞1
− 1 ) =

1

𝑛
(𝒆 𝒒𝟐−𝒒𝟏 − 1 ) > 0    

Note: 

 𝑛 is just a constant 𝑛 > 0  and   𝑞2 − 𝑞1 > 0 because 𝑞2 > 𝑞1, therefore 𝒆 𝒒𝟐−𝒒𝟏 > 𝟏. 

If 
𝑑𝐿

𝑑𝑞1
> 0, then L increases as 𝑞1 increases.  

If 
𝑑𝐿

𝑑𝑞1
< 0, then L increases as 𝑞1 decreases. 

 

So, L is increasing function of 𝑞1 and we get the minimum value when 𝑞1  = 0 (minimum value)  

∫ ℎ(𝑞)𝑑𝑞
𝑞2

𝑞1

= 𝒆−𝒒𝟏 − 𝒆−𝒒𝟐 = 1 − 𝛼 

Substitute 𝑞1  = 0 we get  

𝟏 − 𝒆−𝒒𝟐 = 1 − 𝛼 ≫≫    𝒆−𝒒𝟐 = 𝛼 ≫≫ −q2 =  ln 𝛼 ≫≫  𝐪𝟐 =  −𝐥𝐧 𝜶 

𝑆 −
𝑞1

𝑛
= 𝑆     ;     𝑆 −

𝑞2

𝑛
= 𝑆 +

ln 𝛼

𝑛
  

The confidence interval is ( 𝑆 +
ln 𝛼

𝑛
, 𝑆) . 

 

 


