Multiple Integrals

Mongi BLEL
King Saud University

March 25, 2024

Y, Ong| » Multiple Integrals



Double Integrals

In calculus of one variable, we use the theory of Riemann
integration to compute the area under the graph of a function
f:[a, b] — R. This integral is approximated by areas of a
collection of rectangles.
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Definition

Consider a region Q of R?. Assume that Q can be divided into a
finite number of horizontal and vertical lines. Then the totality of

closed rectangles that lie completely within Q is called an inner
partition of €.

v

Let f: Q — R be a function of two variables defined on a region
Q and let P = (Rx)1<k<n be an inner partition of Q. For any mark
(X, k) € Pk, consider the Riemann sum

R(F,Q, P) = (i yi) Ak,
=1

where Ay is the area of the rectangle Py.
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Double Integrals

Let f: 2 — R be a function of two variables defined on a region
Q. The double integral of f over Q, denoted by // f(x, y)dxdy,
Q

n
is ||lli”m OZ f(xk, yk)Axk, provided the limit exists.
—
k=1

If the double integral of f over Q exists, then f is said to be
integrable over €. It can be proved that if f is continuous on €,
then f is integrable over 2.

Y, Ol’lgl » Multiple Integrals



Double Integrals
Interpretation of the Double Integral

A useful geometric interpretation for double integral for a non
negative continuous function f throughout a region Q. Let
S={(x,y,z) €R3: z=f(x,y)} the surface defined by f and let
V be the solid that lies under S and over 2. The volume of V is

/ f(x,y)dxdy.
Q
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Double Integrals

To find the volume between the rectangle R = [a, b] x [c, d] in the
xy plane and the surface

S={(x,y,2): (x,y) €R, z=f(x,y)}

where f is a continuous function, we proceed as follows: We divide
the rectangle R into an n x n subsquares R; ;. For each subsquare
Rij, we make a box of height f(x;, y;), where (x;, y;) € R .

We approximate this volume by A

adding up the volumes of the n?

boxes. The exact volume is ob-

tained by taking the limit when <
n — +00.

If A, is the area of rectangle R; ;,

the approximate volume under the y

surface is En: 2”: f(xi, yj)An. ﬁ

R
i=1 j=1

X
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Double Integrals

If R=[a,b] x [c,d] and S = {(x,y,z) : z = f(x,y), (x,¥) € R},
then the volume between R and S is

V= lim Z F(xi,yj) Ap = //R f(x,y)dxdy.

ij=1
p4
A \
fh (/ y
| a——
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Double Integrals
Evaluation of Double Integrals

Definition

A subset Q of R? is called elementary if there exist a, b, c,d € R
with a < b and ¢ < d, and functions 1, ¢ continuous on [a, b]
and 11, ¢, continuous on [c, d] such that p1(x) < @2(x) for all
x € [a, b], ¥1(y) < ¢2(y) for all y € [c,d] and

Q = {(xy)eRa<x<bpi(x) <y <
= {(x,y) €R*c <y < d,i1(y) < x < ¥a(y)}

.
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Double Integrals
Example

@ The rectangle [a, b] x [c,d], with a < band ¢ < d is an
elementary subset of R?.

@ The unit disc D = {(x,y) € R2|x? + y% < 1} can be written
as

D:{(X,y)€R2|—1§x§1,—\/1—x2§y§\/1—x2}
and
D—

{(X,y)€R2|—1§y§1,—\/1—y2§X§Vl—yz}.

© The ring {(x,y) ER21< /X212 < 2} is a simple

domain of R2.
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Double Integrals
Bubini's Theorem

[Fubini]
Let Q be an elementary subset of R? and f a continuous function
on A. With the same notations as preview, we have

b p2(x) d Pa(y)
/ f(x,y)dxdy = / (/ f(x,y)dy) dx = / (/ f(x,y)dx)
Q a p1(x) c b1(y)

v
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Double Integrals
Remark

The previous theorem can be readied in two different manners.
The construction of the integral of a continuous function on a
domain A of R2, the Fubini's theorem says that we can do the
integral with respect to x and y is constant and then we integrate
with respect to y and vice versa.

We usually denote // f(x, y)dxdy for this integral.
Q
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Double Integrals
Example

Consider the function f(x,y) = xy? on the rectangle
R =[0,1] x [1,2]. We have

1 2
/ xyldxdy = / < / xyzdy> dx
R 0 1

1 1
8x X> Tx 7
/o < 3 3 o 3 6
Also we have

2 1
/ xy’dxdy = / </ xyzdx> dy
R 1 0
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Double Integrals
Example

Consider the domain

T:{(x,y)E[O,l]Q: ygx}.

1 X
// x?y3dxdy = / (/ x2y3dy> dx
T 0 0

1.6
X
o 477 28

Now using horizontal strips, we get:

1 1
// x’y3dxdy = / (/ X2y3dx> dy
T 0 y

1 13 3
- = 1—y3)dy = —.
3/oy( y’)dy 28
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Double Integrals
Example

Y, Ol’lgl » Multiple Integrals



Double Integrals
Example

2 rx
Evaluation the integral / / x2ydydx
1 1—x

2 r/x 2 1
/ / x2ydydx = / ~x%(x — (1 — x)?)dx
1 J1-x 1 2

1
2
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Double Integrals

Consider the domain
D= {xy)ER2 1-x<y<+x1<x<2}. We have

/ / X ydydx—// x2ydxdy.
1 X

L\g(x)—l—x

2 VX 4/2 1
TheareaofDisA://dxdy:// dydx:—f—f.
D 1 J1-x 3 6

Now using horizontal strips, we get:

//dxdy
D
0 2




Double Integrals
Example

1 pvx
Evaluation the integral// xydydx

//xydxdy // xydydx—/ (—x5)dx:438,

where D = {(x,y) e R? : x3 <y < /x, 0 < x < 1}.

Now using horizontal strips, we get:
1

1 pvx 1 ,y3 1 1 2 . 5
/ / xydydx = / / xydxdy = 2/ y(ys —yN)dy = 45
0 Jx3 0 Jy? 0
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Double Integrals

definition

A subset Q of R? is called simple if it is a finite union of
elementary subsets Q, ..., £, with disjoint interiors.

Vi<ij<n, i#j, QnQ=0.

If fis a continuous function on £, we define

//Q f(x,y)dxdy = kzn:l//ﬂk f(x,y)dxdy.
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Double Integrals
Example

Consider the region bounded by the graphs of y = y/x and y = x3

x2

X

If £ is a continuous function on the region R,

[ ey = [ ( [ tsrar) o
/ /R F(x, y)dxdy = /0 1 /: F(x, y)dx | dy.
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Double Integrals
Example

e In x e In x
[ s = [
1 0 1 JO
/e L In? xd
= = In® xdx
1 2
e

1 1
= 2x|n2x—x|nx—i—x]1—2(e—2).
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Double Integrals

8 2
/ / Yy,
o Jyy V16 + x7

Changing to vertical strip, 0 < y < x3,0<x<2,

8 2 y 2 x3 y
——dxdy = / / ———dy | dx
/0 /\30\/16—|—X7 Y 0 o V164 x7 Y

1/2 x3 8
= - | —— _dx=_.
2 0 ].6“—X7 7

Y, Ol’lgl » Multiple Integrals



12
//ey dxdy.
2x

WAEY

—

Changing to horizontal strip, 0 <y <1, 0< x < %

1 2
/ / ey2dxdy / / e’ dxdy
0 J2x

1
_ y _ 4
= 2/0 ye dy 4(e —1).
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Double Integrals
Example

f(x,y) =x+yand R=[0,1] x [1,2]. Then

/ /R F(x, y)dxdy /1 i < /O 1 f(x,y) dx> dy

21
= /(2+y)dy:2.
1

fles = [[([r019)

= /01(x+ §)dX: 2.

Also,
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Double Integrals
Example

Let f(x,y) = xy and S the region bounded by the curves x = y?

andx=y S={(x,y)eR?:y?<x<y, 0<y<1}.

1 y
// xy dxdy = / dy/ xy dx
S 0 y?
1 y
(s
0 y?
1

1 13 5
= - — dy = —.
2/0(}/ y’)dy 24
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Double Integrals

In this case we can also represent S in the form
S={(x,y) €R?: x<y <+/x, 0<x<1}. Hence,

y2\/7<
//xydxdy = /xdx/ ydy = / 5 X dx
S

y=x
1
2 3
= — — dx = —
2/0(X x7) dx R
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Double Integrals
Example

Let f(x,y) = x+y and
S={(x,y)eR?: —1<x<1, 0<y<1+]|x|}.

//Xydxdy // x+y dxdy—l—// X + y)dxdy, where

Sl-{(Xy)€R2 OSXS]_ 0§y§1+x}and
S ={(x,y) €R?: -1<x<0,0<y<1-—x}.
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Double Integrals

by — [ ax [ ety dy
/»/.;1 A /0
1

0
B 1[(2x+1)3 x3]1_2
2 6 310,
and
0 1—x
/ (x +y)dxdy = / dx/ (x+y)dy
S -1 0
1 (0 1 AN
= - @A=x)dx=Z=(x—= ==
2/1( x7) dx 2<X 3)1 3

1 7
Therefore, // (x+y)dxdy =2+ = = .
s 3 3
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Double Integrals
Example

Consider the region bounded by the curves y = x?> + 1 and
y=9-x2. S={(x,y) eR?: ¥*+1<y<9-x? —2<x<2}.
y
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Double Integrals

-2
2

= /(8—2x2)dx_64.
2 3
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Double Integrals
Exercises

Exercise 1 :
Compute the following integrals

(1) // xsec? ydxdy, R = [0,2] x [0, 7/4]
R

2
Xy B B
o //RX2+1dxdy,R—[0,1]><[ 3,3

1
(3 //R].—}—X—Fdedy, R= [1,3] X [1,2]
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Double Integrals

Exercise 2 :

For the following integrals sketch the region of integration and so
write equivalent integrals with the order of integration reversed.
Evaluate the integrals both ways.

NI
o / / y dx dy;
0 y2

4 pVx
2} / / yv/x dydx;
0 JO

1 py?
o / / x dx dy.
0 J-y
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Solution
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Double Integrals

// yfdydx—/ / yfdxdy—g/oz(S—ﬁ)ydy:?

Y, Ol’lgl » Multiple Integrals



Double Integrals

viongi b

Multiple Integrals




Double Integrals

Exercise 3 :
Reverse the order of integration and hence evaluate:

//x_lsinxdxdy.
0 Jy

Solution

//xlsinxdxdy:/ / xlsinxdydx:/ sin xdx = 2.
o Jy o Jo 0
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Double Integrals

Exercise 4 :

For the following integrals sketch the region of integration and so
write equivalent integrals with the order of integration reversed.
Evaluate the integrals both ways.

NI
o / / y dx dy,
0 y2

4 pVx
2} / / yv/xdy dx,
0 JO

1 py?
o / / xdxdy .
0 J-y
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V2 g2 V2
(1] / / ydxdy = / y(2 — y?)dy = 1. Moreover,
0 y 0

2

V2 2 2 X 21
/ / ydxdy:/ / ydydx:/ —xdx = 1.
0 Jy2 o Jo 0 2

4 ovx 1% s 32
(2] yvxdydx == | x2dx = —. Moreover,
o Jo 2 Jo 5

4 px 2 4

/ / y\/7<dde=/ y/ Vxdx dy =
0o Jo 0 %
1 py? 1 1

(3] / / xdxdy = / (y* — y?)dy = ——. Moreover,

0o Joy 0 15
1 py? 0 1 1 1

/ / xdxdy:/ x/ dydx+/ X/ dydx =
0 J—y -1 —X 0 VX
1 1 1
6 * 10 15°
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Exercise 5 :
Reverse the order of integration and hence evaluate:

/ / Smxdxdy

/”/”sinxdxdy _ /”/Xsinxdydx
o Jy X o Jo X
= /sinxdx—2.
0
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