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Derivative

Derivative

Let f: I — R (where I is an interval ) and ¢ € I then if the limit

o £@) = £(e)

T—cC T —c

exists, it is called the derivative of f at c.

z—c 95 = @
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Derivative

£ f(2)

Secant
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Derivative

Derivative
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Derivative

Derivative

fl)y=a2",neN
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Derivative

Derivative
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Derivative

If f is defined on I = [a,b] then the derivatives at a and b are

f’(@) — lim f(rl;> B f(a)

r—ar T —a
f/(b) = Jim Jw
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Derivative

If f:(a,b) = R is differentiable then
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Derivative

Derivative

f(z) =sinz
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Derivative

Derivative

If the function f: I — R is differentiable at ¢ € I , then it is
continuous at c.
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Derivative

Derivative

If the functions f,g: I — R are differentiable at ¢ € I , then
@ f + g is differentiable at ¢ and

(9+ ) (c)=g"(c)+ f'(c)
@ [y is differentiable at ¢ and
(fg)"(c) = fle)g’(c) + f(c)g(c)
@ If g(c) # 0 then £ is differentiable at ¢ and

I\, f'le)gle) = fle)g’(c)
<g) e)= g(c)?
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Derivative

If the function f: I — R is differentiable at ¢ € I then
@ f?is differentiable at ¢ and

(f2)"(c) =2f(e)f ()

@ [ " is differentiable at ¢ and

(f™) () =nfr"te)f (c)
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Derivative

Derivative

Q"
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Derivative

Derivative

Let I, J beintervals, f: I — R and f(I)CJ,g:J = R.If fis
differentiable at ¢ € I and g is differentiable at f(c) then
gof : I — R is differentiable at ¢ and

(gof)'(c) = g'(f(c)) - f'(c)
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Derivative

If
y=flz), w=gy)
then
dw _dw dy
de dy dx
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Derivative

Derivative

x#0

xr =

x#0
z=0
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Derivative

xsin —
xT

/\/\M/\/\ :

AV
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Derivative

x°sin =
xr
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Derivative

Derivative

If f:I — R is injective and continuous on the interval I and if f is
differentiable at ¢ € I then f~! is differentiable at d = f(c) iff

f(e)#0

—1\ 7 . 1
or 1
VD= Fay
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Derivative

Derivative

The function f: R — R
fla) =27
is 1 — 1 and differentiable, find
(f7H)7(8)
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Derivative

Derivative

The function f: [-7/2,7/2] = R
f(x) = sin(z)
is 1 — 1 and differentiable, find (f~1)’(x)
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Mean Value Theorem

Local Extrema

Definition
The function f: D — R has a local maximum at ¢ € D if there is
a neighborhood U = (¢ — §, ¢ + §) such that

flx) < f(e) VeeUND

and it has a local minimum at ¢ € D if there is a neighborhood
U= (¢c—9d,c+0) such that

f(x) > f(e) VeeUND
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Mean Value Theorem

Extremum

If f has an extremum on (a,b) at ¢ and if f is differentiable at ¢
then

f(e)=0
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Mean Value Theorem

Critical Point

Definition

c is a critical point of f if
@ f is not differentiable at ¢
Q@ or f'(c)=0

If the function f : (a,b) — R has a local extremem at ¢ then ¢ is a
critical point of f
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Mean Value Theorem

Extremum

f 8 [—2,3] — R
f(z)=2%—3x
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Mean Value Theorem

— f(x)
15 |
10 |
=
g
5 1
O 1
2 1 0 1 2 3
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Mean Value Theorem

Rolle’s Theorem

If f:[a,b] — R is continuous on [a, b], differentiable on (a,b) and
f(a) = f(b) then there is ¢ € (a,b) such that

f'(e)=0
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Mean Value Theorem

Rolle’s Theorem
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Mean Value Theorem

Mean Value Theorem

If f:[a,b] — R is continuous on [a,b], differentiable on (a,b) then
there is ¢ € (a,b) such that

f(b) = fa) = f'(c)(b—a)
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Mean Value Theorem

Mean Value Theorem

f:[0,2] = R
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Mean Value Theorem

Mean Value Theorem

Prove that
sinz <z Ve >0
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Mean Value Theorem

Applications of Mean Value Theorem

If f:]a,b] — R is continuous on [a,b] and differentiable on (a,b)
then

@ If f'(z) =0 for all x € (a,b) then f is constant on [a, b]

@ If f'(x) # 0 for all x € (a,b) then f is injective on [a, b]
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Mean Value Theorem

Applications of Mean Value Theorem

If f:]a,b] — R is continuous on [a,b] and differentiable on (a,b)
then

@ If f/(xz) >0 for all x € (a,b) then f is increasing on [a, b]

Q If f'(x) >0 for all x € (a,b) then f is strictly increasing on
[a, b]

Q If f'(x) <0 forall x € (a,b) then f is decreasing on [a, b]

Q If f'(z) <O forall z € (a,b) then f is strictly decreasing on
[a, b]
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Mean Value Theorem

First derivative test

If f: D — R is continuous and c is a critical point of f and there
is an open interval U C D which contains ¢ such that

o
f'(xz) <0 VeeU,z<c
f'(z) >0 VeeU,z>c
then f(c) is a local minimum for f
2]

f'(z)>0 VeeU,z<c
f/(z) <0 VeeU,z>c

then f(c) is a local maximum for f
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Mean Value Theorem

First derivative test

Theorem - continued

@ f’(z) has the same sign on z € U — {c} then f(c) is not a
local extremum of f
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Mean Value Theorem

Darboux

If f:1I=[a,b] — R is differentiable and A is between f’(a) and
fr(), ie.,

f(a) <A< f(b) or f/b) <A< f'(a)

then there is ¢ € (a,b) such that

J'(e) =X
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Mean Value Theorem

Darboux
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L'Hopital‘s Rule

L"Hopital‘s Rule

Let f,g: I — R be continuous I and differentiable on I — {c}
where c € I. If

Q g'(x)#0 Vaeel—{c}
Q f(c)=g(c)=0
@ the limit lim?_ &)

zc g ’(x)

exists in R = RU {—o0, 00}

then
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L'Hopital‘s Rule

L"Hopital‘s Rule

Let f,g : [a,00) — R be differentiable on [a,c0) and suppose that
o
Q g'(x)#0 Va>a

@ the limit lim %)
200 g’ (z)

exists n R

then

lim M = lim (@)
z—00 ¢ aj) 200 g’(x)
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L'Hopital‘s Rule

L"Hopital‘s Rule

Let f,g: (a,b) — R be differentiable, then if
Qg'(x)#0 Vaze(ab)
Q@ lim f(z) = lim g(x) = 0
r—at r—at

O the limit lim 1%

ists in R
m—>a+g/<x) exISTS In

then

@ _ @

r—at g($) rx—at g/(.%')
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L'Hopital‘s Rule

L"Hopital‘s Rule

There are other indeterminate forms
00
— 1° 0-00
00
00 — 00 00 0
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L'Hopital‘s Rule

L"Hopital's Rule
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L'Hopital‘s Rule

L"Hopital's Rule
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L'Hopital‘s Rule

L"Hopital's Rule

3
i (14 Sy
lim ( +:1:)

rz—0"
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L'Hopital‘s Rule

L"Hopital's Rule

cos(z) +

Tr—00 X
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Taylor's Theorem

Taylor's Theorem

f(@) = ag+ ayx + ayx® + ... + a,z"
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Taylor's Theorem

Taylor's Theorem

Let f € C™[a,b] ie., f’,...,f™ are continuous on [a,b] and f(™)
is differentiable on (a,b). If z, € [a,b] then for every

x € [a,b] —{z,} there is ¢ between x, and z such that

£(&) = Flao) + T80 o ) 4 L0 (o g2
() (. (n 1) (¢
+E 0 o gyt o -
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Taylor's Theorem
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Taylor's Theorem

Taylor’s Thorem

@ Approximate f(x) =+/z+ 1 on (—1,1) by a polynomial of
degree 3 at z;, =0

@ What is the error in approximation on [0, 5]
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Taylor's Theorem

Taylor’s Thorem

@ Approximate f(xz) = e® by a polynomial at z, =0
@ If we want to approximate the number e of error not
exceeding 10~2 what is the minimum value of n?
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Taylor's Theorem

Young's Theorem

If f,f’,..., f™ are all continou [a,b] and £ is differentiable at
xy € [a,b] and if z € [a, ] then

[ () I (xo) T

£(&) = Flag) + L0 (g gy L0 (g
o (1) (4
= n(! e $°)n+f(n+<1)!><x z)" + E

B
Wherewﬁoasxﬁwo
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Taylor's Theorem

Young's Theorem

and

then
@ If m is odd then f(c) not a local extremum

o If mis even and f (™) (c) < 0 then f(c) is a local maximum

o If m is ever and f ™ (c) > 0 then f(c) is a local minimum
v
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Taylor's Theorem

Young's Theorem

Decide whether f(0) is an extremum value of f

f(z) =xsinz
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Taylor's Theorem

Exercises

@ Use the definition to find the derivative of f(x) = é , x#0
@ Find the set of points where the function f is not
differentiable
® f(z)=|[2"—1|
@ f(x) = zl|z|
@ If g(0) =¢’(0) =0, find f/(0) where

foy = { g o2
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Taylor's Theorem

Exercises

Q Let
2 zeq
0 zeQ°

Prove that f is differentiable at x = 0, and evaluate f’(0).

@ If the function f satisfies | f(z)| < |z|", where r > 1, prove
that f is differentiable at z = 0.

@ Let f: R — R. The function f is even if f(—x) = f(z) for all
x € R, and odd if f(—x) = —f(x) forallz € R. If fis
differentiable, prove that [’ is odd when f is even, and even
when f is odd.
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Taylor's Theorem

Exercises

@ Use the definition to show that f(z) = V22 +1is
differentiable on R, then prove that there is ¢ € (0,1) such

that c
Viel— S
c2+1

Q If f: R — R, and there is a real constant K > 0 such that

[f(x) = f(y) < K|z —y|* Yo,y eR

show that f is constant.
© Prove that |cosz — cosy| < |z —y| for all z,y € R.

@ Prove that .
\/1+x<1+§ Vx>0
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Taylor's Theorem

Exercises

© Evaluate the following limits

. cosr—1
O lim —
x—0 x

. 2\"
@ lim (14—7)
T

z—0t
@ Let g € C*(R) such that g(0) = ¢’(0) = 0 and ¢g”(0) = 6. If
f:R — R is continuous and defined by

@y =22 a0

Find f(0), and discuss the differentiability of f at = = 0.

_ 1 e . f(ff) .
Q If f(z) = 2?sin(+), g(x) = sinz, show that glclgé o) exists,
while lim (@) does not exist.
v=0 g'()
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Taylor's Theorem

Exercises

@ Prove that for x > 0,

2
1+2 -2 <Vorli<its
2 8 2
@ Decide whether f(0) is and extremum value of
3
x
f(x) =sinzx —z+ 3
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