Lecture 1: Separable Equations

Example 1.

Given equation:

-1
?yty =y —1 (equivalently y = y—)

22y?
Divide the equation by z%(y — 1) # 0:
2,1 2
Yy Y dx
== = dy =
y—1 z2 y—1 Y=
Integrating:
y?
/y — dy = /—2dw
Rewrite: )
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= 1+ ——.
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Hence: ) .
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/ L dy=/(y+1+—) dy = y—+y+ln|y—1|.
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And:

/izda:=/x_2d:v=——
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So the implicit general solution is
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together with the special solution y = 1.










Lecture 2: Homogeneous Equations

Homogeneous differential equation.

A differential equation of the form
M(z,y)dx + N(z,y)dy =0

is called homogeneous if M(z,y) and N(x,y) are homogeneous functions of the same de-
gree.

Equivalent form.
Homogeneous equations can be written as

/

y = f(z,y),
where f(x,y) is homogeneous of degree 0, i.e.

f(tx,ty) = f(w,y).

Equivalently, f(z,y) depends only on the ratio Y (or E, when appropriate).
z Y

Method (reduction to separable variables).

A homogeneous equation can be transformed into an equation with separable variables by the
substitution
Yy = ux, U = U($),

where u is a new unknown function. (One may also use the substitution z = uy.)










Lecture 3: Exact Equations

How to solve.

Find u(z,y) such that u, = M and u, = N. Then the general implicit solution is

u(z,y) = C,

where C' is an arbitrary constant.

Example 1.

Let

Then

d
2zy — 922 + 2y +2® + 1)== = 0.

ay
dx
U(z,y) =y> + (a® + 1)y — 32°.

\\
—m=2xy—9x2, —=2y+x2+1,

so the equation becomes

Implicit solution:













Lecture 4: Non-Exact Differential Equations

Main idea.

Even when the equation is not exact, it may be possible to multiply it by a function p(z,y),
called an integrating factor, so that

uM dx + N dy = 0

becomes exact.

Common cases.

1. If
I (B _oi
N\ Jy Oz

depends only on z, then an integrating factor p(z) exists and can be taken as
(o) =c (/ 1 <8M 8N) dm)
= X _— —_— e — b
a = N \ Oy ox

1 (@z_om
M \ Ox oy

depends only on y, then an integrating factor u(y) exists and can be taken as

o-on( [ () )]
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Summary.

. . oM  ON
o Exact equations satisfy — = —.
oy or

o A non-exact equation may become exact after multiplying by an integrating factor u(z)

or pu(y)-

o If no simple integrating factor exists, try alternative methods (e.g. homogeneous or
separable substitutions).
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Lecture 5: Linear First-Order Differential Equations

Linear first-order ODE.

An equation of the form
y' +p(x)y = f(z) (1)

is called a linear first-order differential equation.

Homogeneous case.
If f(z) =0, then (1) becomes
Yy +p)y =0,
and it is called a homogeneous linear first-order differential equation. It is separable

and has the general solution
Yy = Ce P =,

Method: Solving a linear first-order equation using an integrating factor

Consider the linear differential equation

Y +p(z)y = f(x).

Step 1. Identify p(z) and f(z).
Write the equation in standard form:

dy

ar +p(z)y = f(2).

Step 2. Compute the integrating factor.

u(z) = el PV,
Step 3. Multiply the equation by u(z).
dy
wla) o+ u@lp(@)y = u(@)f(z).

Step 4. Recognize the left-hand side as a derivative.

]
dx
Step 5. Integrate both sides.

(u(2)y) = p(@)f (2)-

p@)y = [ na)f(@)do+C.
Step 6. Solve for y.

y=— ([ )@ de+C).
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Lecture 6: Bernoulli Equations

Definition (Bernoulli equation).

An equation of the form
y' +p(z)y = f(z)y",
where o # 0 and o # 1, is called a Bernoulli equation. It can be reduced to a linear
equation by the substitution
z=y

Method: Solving a Bernoulli equation

Consider the Bernoulli equation

y+p@)y=f@)y", (a#0,1).
Step 1. Divide by y“.

-,/

y~y +p(a)y' T = f@).
Step 2. Use the substitution

Then
dz dy

—=(1- =,
dx (1=a)y dx
Step 3. Rewrite the equation in terms of z.

1 d:
1—adx

+p(x)z = f().
Multiply by 1 — a: p
£ +(1—-a)p(z)z=(1-a)f(z).

Step 4. Solve the resulting linear equation.
Use integrating factor:
M(fﬂ) _ ef(l—a)p(x) d:c'

2 (u(a)2) = (@)1~ @) f(z).
Step 5. Integrate.
p@)z = [ u(@)(1 - a)f(@)do+C.

Step 6. Substitute back z = y' .

yl=o = M(lx) (fu@)1 - )@+ C).
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