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Cylindrical Coordinates
Cylindrical Coordinates

The cylindrical coordinate system is just the polar coordinate
system plus the z coordinate. The volume of a typical small unit of
volume is rArAOAz, or in the limit, r dr d6 dz.
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Cylindrical Coordinates
Example

The volume under z = v/1 — r2 above the quarter circle inside
x? 4+ y? =1 in the first quadrant.

L v e
/// rdzdrdo =
o Jo Jo

Tl
2/ V1= 12 rdrdo
0
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Cylindrical Coordinates
Example

Consider the solid D delimited by both the cylinder x* + y? =1
and the sphere x2 + y? + z? = 4, and with density
p(x,y,z) = x2y? at (x,y,z). Compute its total mass.

2m 4— r2 5 ) 27 2
rPcos?fsin?0dzdrdd = / / 4 — r2 r%sin%(20) dr df
JAAY Ao Y
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Cylindrical Coordinates

Double Integrals in Cylindrical Coordinates

Compute the volume under the surface z = /4 — x2 — y2 and
above the quarter of the disc x2 + y2 < 4 in the first quadrant.

3 2 41
V—/ / \/4—r2rdrd6:?.
0 0
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Cylindrical Coordinates
Example

Compute the volume under z = v/4 — r2 above the disc defined by
0<r<2cosf, -5 <0<7.

2 cosf
/ / Va4 —r2rdrdf

8 8 8r 32
= 2 -~ — —sin®f ) df = — — =—.
/0 <3 3°" > 39

N\:n

Y, Ol’lgl » Cylindrical Coordinates



Cylindrical Coordinates
Example

Compute the area outside the circle r=2 and inside r = 4sin .
The region is described by ¢ <6 < 5” and 2 < r < 4sinf, so the
integral is:

5?" 4sin6 2
—/ / rdrde—/ 8sin% 0 — 2d0——+2f
5 /2 5
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Cylindrical Coordinates

Exercises

Exercise 1 :
3
1 rx  p/x3+y2 (X2 +y2)§
Evaluate 5
) Jo 0 0 X +y + z
In cylindrical coordinates, we have:

X2+y 2
/ / / (< +y) dz dy dx
X2 +y2+22

dz dy dx.

// /0r2+ 2dzd67dr

= — 2an1 I’—l.
B 4/0 [t (r)]d 48
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Cylindrical Coordinates

Exercise 2 :

V1i=x2 2 X2
Evaluate/ / Z\/X2+y + z2 dz dy dx.
\/ x24y?

In cylindrical coordinates, we have:

/ / / Z\/X2+y + z2 dz dy dx
'\/x2+y

/ / / \/mdzdrde

3
22

f/ 22r(1—r )dr = =T

3 Jo 10
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Cylindrical Coordinates

Exercise 3 :
Evaluate //x2 dxdydz over the interior of the cylinder

x?> +y? =1 between z =0 and z = 5.
In cylindrical coordinates, we have:

1 27 5 51
///x2 dxdydz = / / / r3 cos? Odzdfdr = —.
o Jo Jo 4
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Cylindrical Coordinates

Exercise 4 :
Evaluate ///xy dxdydz over the interior of the cylinder

x? 4 y? =1 between z =0 and z = 5.
In cylindrical coordinates, we have:

1 27 5
/ / / xy dxdydz = / / / r3 cos 0 sin 0dzdfdr = 0.
0 0 0
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Cylindrical Coordinates

Exercise 5 :
Evaluate z dxdydz over the region above the xy— plane,

inside x% + y2 — 2x = 0 and under x? + y? + z°> = 4.
In cylindrical coordinates, we have:

2 p2cosf pNA—r?
/ / / zdxdydz = / / / zdzrdrd0
0 0 —4—r?
27 p2cosf
= / / r(4 — r?)drd
0 0
2w

= / cos? 0dO = .
0
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Cylindrical Coordinates

Exercise 6 :
Evaluate /yz dxdydz over the region in the first octant,

inside x?> + y2 — 2x = 0 and under x? + y? + z° = 4.
In cylindrical coordinates, we have:

21 p2cosf pNA—r?
///yzdxdydz = / / / zdzrzsinedrdG
2 2c050
= / / )r? sin Odrdf
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Cylindrical Coordinates

Exercise 7 :
Evaluate ///(x2 + y?) dxdydz over the interior of

x2 + y2 + 22 = 4.
In cylindrical coordinates, we have:

2 2 pVA—r?
///(X2 + y?) dxdydz = / / / r3dzdrdf
0 0 J—v4—r?

2 256
= 47r/ r3\/4—r2dr:T;.
0
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Cylindrical Coordinates

Exercise 8 :

Evaluate ///\/x2 + y2 dxdydz over the interior of
x2+y?+22=4.

In cylindrical coordinates, we have:

2 (2 pVA—1r?
/ / / VX2 +y2dxdydz = / / / r’dzdrd6
0o Jo J—v4-r?
2
= 47r/ r’\/4 — r2dr
0

r=2sint 167r/2 sin dt = 472
0
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Cylindrical Coordinates

Exercise 9 :
Compute ///(X + y + z) dxdydz over the region inside

x? 4+ y? + 2% = 1 in the first octant.
In cylindrical coordinates, we have:

or 1 py/1-12
///(X+y+z) dxdydz / / / (rcos@ + rsinf + z)rdzdrd6
0 0 J—y/1-r2
or 1 py/1-12
= / / / zrdzdrd®
0 0 J—y/1-r2

1
4
= 47r/ rv1—r2dr=—.
0

T
3
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Cylindrical Coordinates

Exercise 10 :

Compute the mass of a right circular cone of height h and base
radius R if the density is proportional to the distance from the
base.

In cylindrical coordinates, we have:

R 27 h 1
M = / / / zdzrdrd = ~mh*R?.
o Jo Jo 2
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Cylindrical Coordinates

Exercise 11 :

Compute the mass of a right circular cone of height h and base
radius R if the density is proportional to the distance from its axis
of symmetry.

In cylindrical coordinates, we have:

R 27 h 2
M = / / / dzr?drd = “7hR3.
o Jo Jo 3
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Cylindrical Coordinates

Exercise 12 :
An object delimited by the unit sphere and has density equal to the
distance from the x—axis. Compute the mass.

1 2 pV/I-P 1
I\/l:/ / / dzr2|cos{9drd9:4/ V1 - r2dr ==
0 Jo —/1-r2 0 2
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Cylindrical Coordinates

Exercise 13 :

Compute the volume above the x — y plane, under the surface
r2 = 2z, and inside r = 2.

Exercise 14 :

Compute the volume inside both r =1 and r? + 2% = 4.

Exercise 15 :
Compute the volume below z = /1 — r2 and above the top half of
the cone z =r.
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Cylindrical Coordinates

Exercise 16 :
Compute the volume below z = r, above the x — y plane, and
inside r = cos 6.

Exercise 17 :
Compute the volume below z=r, above the x — yplane, and inside
r=1+ cosf.

Exercise 18 :
Compute the volume between x? + y? = 2z and x> + y? = z.
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Cylindrical Coordinates

Exercise 19 :
Compute the area inside r = 1 + sin and outside r = 2sin 6.

Exercise 20 :
Compute the area inside both r = 2sinf) and r = 2cos¥#.

Exercise 21 :

Compute the area inside the four-leaf rose r = cos(26) and outside

-1
r=s.
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Cylindrical Coordinates

Exercise 22 :
Compute the area inside the cardioid r = 2(1 + cos ) and outside
r=2.

Exercise 23 :
Compute the area of one loop of the three-leaf rose r = cos(30).

Exercise 24 :
3 VX2
Compute / / sin(x? + y?) dy dx by converting to
-3J0

cylindrical coordinates.
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Cylindrical Coordinates

Exercise 25 : o
a
Compute / / x2y dy dx by converting to cylindrical
_ 0 J—va?—x2
coordinates.

Exercise 26 :

Compute the volume under z = y? + x + 2 above the region
x>y’ <4

Exercise 27 :

Compute the volume between z = x?y3 and z = 1 above the
region x% + y? <1

Exercise 28 :
Compute the volume inside x° + y2 =1 and x> + z2 = 1.

Y, Ol’lgl » Cylindrical Coordinates



Cylindrical Coordinates

Exercise 29 :
Compute the volume under z = r above r = 3 + cos 6.

Exercise 30 :

Sketch and describe the cylindrical surface of the given equation.
x24+z72=1,

x> +y?=09,

z=cos (5 +x),

z=9-y2

z = e,
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Cylindrical Coordinates

Exercise 31 :

Let E be the region bounded below by the cone z = /x2 + y2
and above by the paraboloid z =2 — x> — y2. Set up a triple
integral in cylindrical coordinates to find the volume of the region.
The cone is of radius 1. Since z =2 — x> — y> =2 — r? and
z=1/x24+y2 =r, we have 2 — r?> = r, then r = 1. Therefore

z = 1. So the intersection of these two surfaces is a circle of radius
1 in the plane z = 1. Thus, the region

E={(r0,z): 0<0<2m, 6<r<1, r<z<2-r?} Hence
the integral for the volume is

2 pl p2—r?
V:/ / / rdzdrdﬁzs—ﬂ.
o Jo Jr 6
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Cylindrical Coordinates

We can also see that
E={(r0,2)[0<0<2m,0<z<1,0<r<z}U{(r,0,2)0<0<27m,1<z<20

Then

2T 1 z 27 2 V2—z
vz/ / / rdrdzd9+/ / / rdrdzdf = T+ = 2T
o Jo Jo o J1 Jo 32 6
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Cylindrical Coordinates

Exercise 32 :

Let E be the region bounded below by the xy—plane, above by the
sphere x2 + y? 4 z2 = 4, and on the sides by the cylinder

x? 4+ y? = 1. Set up a triple integral in cylindrical coordinates to
find the volume of the region.

The equation for the sphere is: x%> + y2 +z> =4 or r> + 22 = 4.
The equation for the cylinder is x> + y?> = 1 or r?> = 1. Then the
region E is defined as follows:
E={(r0,2)[0<z<V4—-r>0<r<1,0<60<2r}. Then
the volume of E is
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Cylindrical Coordinates
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Cylindrical Coordinates

Exercise 33 :

w/2 prsin@ prcosf
Evaluate / / / r? dz dr do.
0 0 0

Exercise 34 :

s sin 0 rsin@
Evaluate / / / rcos? 0 dz dr do.
o Jo 0
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Cylindrical Coordinates

Exercise 35 :
Compute /// f(x,y, z)dxdydz, for

D
D={x*+y*<R*0<z<al,
f(x,y,z):X3—{—y3—|—z3—3z(x2—|—y2),
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Cylindrical Coordinates

Exercise 30 :

Compute // f(x,y, z)dxdydz, for
D

D:{x2+y2§z2,O§z§1},f(x,y,z): z

(C+y7 + 17
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Cylindrical Coordinates

Evaluate the triple integrals /// f(x,y,z)dxdydz.
E

O f(x,y,2)=2z,E={(x,y,2): x¥*+y*<9,x<0,y<0,0<
z <1},
Using the cylindrical coordinates, we get:

3 %T 1 3
/// f(x,y,z)dxdydz = / / / zdzd@dr = —.
E o Jr Jo 4
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Cylindrical Coordinates

e f(Xa%Z) :X227E: {(X7y7z) : X2 +y2 S 167X Z 07y S
0,-1<z<1},
Using the cylindrical coordinates, we get:

4 0 1
/// f(x,y,z)dxdydz = / / / r cos 0z°dzdfdr = §
E 0o JozJ 3

@ f(x,y,2) =xy, E={(x,y,2) : ¥ +y*<1,x>0,x>
Y, _]- S z S ].},
Using the cylindrical coordinates, we get:

RS |
/// f(x,y,z)dxdydz = / /4 / r? cos 0 sin OdzdOdr = 1
E o Jo Jaa 3
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Cylindrical Coordinates

Q flx,y,2)=x>+y  E={(x,y,2): X>+y?><4,x>0,x<
y,0<z <3},
Using the cylindrical coordinates, we get:

2 z 3
/// f(x,y,z)dxdydz = / /2 / r’dzd@dr = .
E o Jz Jo

o f(XvY7Z) =€ X2+y27E: {(X7Y7Z) P 1< x? +y2 <4,y <
0,x <yV3,2<z<3},
Using the cylindrical coordinates, we get:

2 3 03 .
/// f(x,y,z)dxdydz = / / / e"dzdfdr = = (e* — 1).
E 1 %7’ 2 3

Y, Ol’lgl » Cylindrical Coordinates



Cylindrical Coordinates

0 f(xy,2) =Vx2+y2 E={(x,y,2): 1<x*+y? <9,y <
0,0 < z < 1}, Using the cylindrical coordinates, we get:

3 pr2m 1
/// f(x,y,z)dxdydz = / / / rdzdfdr = 7.
E 1 Jr 0
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