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SUBGRAPHS-CONNECTED GRAPH

7 Subgraph

7.1 Definitions
1. Subgraph: A subgraph of a graph G = (V(G), E(G)) is a graph H = (V(H), E(H)) verify-

ing:
e V(H)CV(G)
e E(H) C E(G)

2. If H is a subgraph of G, we say that G contains H (or that H is contained in G, and we
write: G D H (or H C G)).

3. Let G = (V, E) be a graph.

e A spanning subgraph of a graph G is a subgraph H of G such that: V(H) =V.
e For X C V, the subgraph (X, EN[X]?) of G is called the subgraph of G induced by X;
it’s denoted: G[X].
4. Let G = (V, E) be a graph.
e If e € E, the subgraph (V, E \ {e}) of a graph G is denoted: G —e. ( Thus G — e is
obtained, from G, by deleting the edge e).

o If v € V, the subgraph G[V \ {v}] induced by V' \ {v} is denoted by: G — v. ( Thus,
G — v is obtained by deleting from G the vertex v together with all the edges incident
with v).

5. e A copy of a graph H in a graph G, is a subgraph of G which is isomorphic to H. Such
a subgraph is then a H- subgraph of G.

e For example a Kj3-subgraph of GG is a triangle of G.

6. An embedding of a graph H in a graph G is an isomorphism between H and a subgraph of
G (3IX CV,G[X]| ~ H).

7. e A supergraph of a graph G is a graph G’ which contains G as a subgraph, that is:
(G' 2 Q).

e Note that each graph G is both a subgraph and supergraph of itself.

e All other subgraphs H and supergraphs G’ are proper; we write: H C G or G' D G,
respectively.

7.2 Remarks
1. Let G = (V,E) be a graph,e € E, and v € V.

e (G — e is called an edge-deleted subgraph of G.
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e (G — v is called a vertex-deleted subgraph of G.

e Note That any subgraph H of G can be obtained by repeated applications of the basic
operations of edge-deletion and vertex-deletion. (for instance, by first deleting the edges
of G not in H and then deleting the vertices of G not in H).

2. Given a graph G(V, E), if e = {u,v} € [V]?\ E, the supergraph (V, EU{e}) of G is denoted
by: G + e.

3. The following theorem due to Erdds (1964/1965), confirms that every graph has an induced
subgraph whose minimum degree is relatively large.

Theorem 7.1 (Erdds)
Let G be a graph with d(G) > 2k; where k > 1 is an integer. Then, G has an induced subgraph
H with: §(H) >k + 1.

Proof.
Let G be a graph with d(G) > 2k; where k > 1 is an integer, and consider an induced subgraph
H = G[X], where X CV such that:

1. H is with the largest possible average degree, that is d(H) is maximum among d(K) where
K is induced subgraph of G, d(K) < d(H), in particular G is an induced subgraph of G.

2. |X|=|V(H)| is minimum among |V (L)| where L is induced subgraph of G
with: d(L) = d(H), we notice that: if |V(K)| < |V(H)|, then d(K) < d(H).

e Note For each graph K = (V(K), E(K)), we denoted: v(K) = |V(K)| and e(K) = |E(K)].
e We will show that: §(H) > k + 1.

Fact 1: v(H) > 1.
Indeed: If not v(H) = 1, then 0 = 6(H) = d(H). But, d(H)
subgraph of G (So by 1. we have d(H) > d(G)), then 0 > d(G)
Fact 2: Vo € V(H),dy(x) > k+ 1.
Indeed: Suppose by contradiction that 3z € V/(H) : dy(x) < k.
Consider the subgraph: H' = H —z = H[X \ {z}]

d(G), because G is an induced

>
> 2k > 2; contradiction.

e Clearly, H = G[X \ {z}], and then H’ is an induced subgraph of G.

o d(H') = ﬁ > du(v). Then,
veV(H')

C 2e(H')  2e(H')

Cw(H)  w(H)-1

d(H")
o o 2e(H)  2(e(H) —F)
e But, dy(z) <k, then: e(H') > e(H) — k, so, d(H') = o(H) = 1 > o(H) =1 °

N 2e(H)—d(G) _ 2e(H)—d(H)
But, 2k < d(G), then d(H') > o(H) =1 > o(H) =1 =d(H).

Thus, d(H') > d(H); contradiction (v(H') < v(H)).
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8  Walks-Paths-Cycles

Definition 8.1
Consider a graph G = (V, E).

1. e A path P of G from u to v (where u,v € V') is a sequence of vertices ug = u, ..., up = v
such that: Vi < k,{u;,u;+1} € E(G), and all the u; are distinct vertices.
o The length is [(P) the number of edges it uses. (Here, [(P) = k).
o P is a uv-path of length k.

2. Incidence and Adjacency matrices
o Let G = (V,E) be a graph where: V = {vy,...,v,}. The adjacency matriz of G is the
(n,n) matric Ag = (@ij)1<ij<n, where: a;; =1, if {v;,v;} € E, and a;; = 0, if not.

o Let G = (V,E) be a graph where: V = {vy,...,v,} and E = {ey,...,en}. The incidence
matriz of G is the (n,m) matric Ma = (mij)1<i<ni<j<m , where: m;; = 1, if v; € e;,
and m;; = 0, if not.

3. A cycle C of G 1s a sequence of vertices ug, ..., up forming a ugug-path such that:
{ug, ur} € E(G) (where k > 2). We also denote (uq, ..., ux, uo) this cycle.

4. Consider a graph G = (V, E).

e Paths in G do not contain repeated vertices or edges.

o Let u,v € V be a vertices, walk from u to v in G is any sequences of vertices u =
U,y -, U = v such that: Vi < k,{u;,ui41} € E(G).

A walk in G is any sequences of vertices uy, ..., ug such that: ¥i < k,{u;,u;41} € E(Q).
Thus in a walk, edges and vertices may be repeated.

The length of this walk is the number of its edges (here: k).

The trail 1s a walk w where all its edges are distinct.

Proposition 8.2
Let uw # v be a two vertices of a graph G = (V, E).

If there is a walk (ug = u,...,up = v) from u to v, then we can extract a path from w to v:
Uiy = Uy ooy Uy = V.
Proof.

e Consider a walk P = (a; = u, ..., oy = v) which is extract from the initial walk
(ug = u, ..., ux, = v) and which is with minimum length ( among all extract walks
(61 =u,...,; =v)). Note that the initial walk is extract from itself.

e Fact P is a path.
Indeed: Assume by contradiction that there are 1 <7 < j < p such that ; o; = «;. Thus,
P = (q = u,...,0i1,0 = @j, 041, ..., = v) is an extract walk with: [(P") < [(P).
Contradiction.
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Proposition 8.3
Let A¢ = (aij) be the adjacency matriz of a graph G = (V, E) where V(G) = {v1, ..., v, }.
For any integer k > 1, let A%, = (a y;]) Then for each integer k > 1, we have: Vi,j € {1,...,n};
EJ] is the number of walks of length k from v; to v;.

Proof.
By induction on k.

e For k = 1, [there is a walk of length 1 from v; to v,] if and only if [{v;,v;} € E(G)], which
1]

case [a;

ij = aij =1].

e Assume it’s true whenever 1 <k <t, and consider AS". Leti,j € {1,....,n}.

tH] Zazl = ZNl’ (AG! = AL, Ag), where: N; = the number of walks

(g = vl, ey O = 1, ozt+1 = v;) with length ¢ 4+ 1 and which terminates by the edge {v;,v;}
(it’s deduced from the hypothesis of the induction on ag]).

e Thus, agﬂ} is the number of walks of length (¢ 4+ 1) from v; to v;.

Proposition 8.4
Given a graph G = (V| E), if all vertices of G have degree at least two, then G contains a cycle.

Proof.

Let P = vyvy...v, be a longest path in G. Note that: p > 2 (because, for x € V and y # z €
N(x) = {z,y} we have: yzz is a path in G). As d(v,) > 2, there is v € N(v,) \ {v,-1}.
If v is not in P (that is: if v ¢ {v;;0 <14 < p}), the path vyvy...v,v contradicts the choice of as the
longest path.
So, there is i: 0 <7 < p — 2 such that: v = v;. Thus v;v,41...v,; is a cycle in G.

Example 8.5
Consider the graph G = ({z, y,u, v}, {{u, v}, {v, 2}, {z, 4}, {y, v}})

v

G

The sequence degree of the graph G is (1,2,2,3), where dg(u) =1 < 2, but the graph G has a
cycle C : xyvx.

Remarks 8.6
Let w: vy = z,v1,...,v, =y an xy-walk.

1. We say that w connects x to y.

2. The vertices x and y are called the ends of the walk, x is its initial vertex and y its terminal
vertex.
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3. The vertices vy, ..., vp—1 are its internal vertices.
4. The walk w is closed if x = y.

5. A cycle of a graph G 1is closed trail of length > 3, whose initial and internal vertices are
distinct.

9 Connected graphs

Definition 9.1
Let G = (V, E) be a graph, and let u,v be two vertices in V.

1. Two vertices u and v of G are connected if u = v, or if u # v and a uv-path ezists in G.
2. The graph G is connected if Vx,y € V, x and y are connected.

3. The graph G is not connected, we called G is disconnected.
Note that if |v(G)| < 1, then G is connected.

Proposition 9.2
Given a graph G = (V, E), for z,y € V we denote xCy, if x and y are connected. C is an
equivalence relation on the set V.

Proof.

Clearly, C is reflexive and symmetric.
For the transitivity, consider u,v,w € V, is clear if u = v or v = w,
if not assume that: (u # v, uCv, and v # w, vCw).
Let P : up = u,...,u, = v be a uv-path in G, and P : v9 = v, ..., v, = w be a vw-path in G.
Then W : up = u,...,u, = v = vg, ..., v, = w, obtained by concatenating P; and P, is an uw-walk
in GG. By Proposition 8.2 , we extract a uw-path in G. Thus, uCw.

Remarks 9.3
Let G = (V, E) be a graph, and given C the equivalence relation on the set V.

1. If X is an equivalence class of C on 'V is called connected component, and G[X] is an induced
subgraph of the graph G.

2. The graph G is connected if C has at most one class.

3. Given a disconnected graph G = (V, E), then for all connected components X #Y of G, we
have: ¥(z,y) € X xY; {x,y} ¢ E. So, the connected components: X1, ..., Xy of G satisfy:

o The induced subgraphs: G[X4], ..., G| X}], are connected.
e the graph G decomposed as:

GXi] GXo] G[X3]  GIXY]
XQ XD XO XD

4. A graph G = (V, E) is connected if and only if Vo # y € V, there is an xy-path in G.
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5. In chapter 1, we consider the following definition:
Definition 9.4
e A graph G = (V, E) is disconnected graph if V' can be partitioned into {X,Y '} such that:
(X #0,Y#0,V(x,y) € X xY :{z,y} ¢ E).
o [f a graph G 1is not disconnected, we say that G is connected graph.

e Clearly, a graph G = (V| E) is connected (in this sense) if and only if a graph G = (V, E)
is connected (in the sense of the present chapter).

6. Given a connected component X of graph G = (V, E), we have: G[X] is connected and for
each subsetY of V' such that: X CY, the induced subgraph G[Y] is disconnected.

7. If P = xy,...,x, is a path of G, then {xo, ..., x,} is included in a connected component X of

G.
8. e If X is a connected component of graph G = (V, E), we can say that the subgraph: G[X]
s connected component of G.

e Thus, a connected subgraph H of graph G, is a connected component if and only if H
s not contained in any connected subgraph of G having more vertices or edges than H.

Example 9.5

1. A graph
G =({1,2,3,4,5,6,7,8},{{1,2},{2,3},{3,1},{3,4},{4,5},{5,6},{6,7},{7,4},{4,8}})

Gy is a connected graph

2. A graph Gy = ({1,2,3,4,5,6,7,8,9,10, 11,12},
{{1,2},{2,3},{3,1},{3,4},{5,6},{6,7},{7,8},{8,5},{9,10},{10,11},{11,9}})

G is a disconnected graph; it has exactly 4 connected components:
X1 =11,2,3,4}, X5 =1{5,6,7,8}, X3 ={9,10,11} and X, = {12}.

2 4 3} 8 9
[©)
12
1
3 6 7 10 11

G

Notation 9.6 (Edge Cuts)
Let G = (V, E) be a graph and X,Y be two subsets of V' (not necessarily disjoint).
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1. E[X,Y]; denotes the set of edges of G with one end in X and the other end in'Y .
2. e(X,Y) denotes: |E[X,Y]|.
3. If Y = X, the set E[X, X] is denoted E[X] and e(X, X) denoted e(X).

4. IfY =V \ X, the set E|X,Y] = E[X,V \ X]| is called the edge cut of G associated with X
(or the coboundary of X ), and it is denoted by: 0(X).
(Note that: 9(X) = E[X,V\ X]=0(V\ X)).

Remarks 9.7
1. If G = (V,E) is a graph, then O(V') = 0.

2. A graph G = (V, E) is bipartite if and only if 0(X) = E for some proper and non empty
subset X of V.

3. (A graph G = (V, E) is connected) if and only if (VX € P(V)\ {0, V},0(X) #0).

Example 9.8

1. A graph Gy = {x,y,u,v}, {{uvv}’ {Uax}> {$ay}> {yav}})

v Y
Gy

O({u,v}) = {{v, 2}, {y, u}}
O({u, x}) = {{u, v}, {u, y}, {v, 2}, {z, y}}
O{u,v,y}) = {{v, 2}, {z,y}}.

2. A graph Gy = {x,y,u,v}, {{uvv}’ {Uax}> {$ay}> {y,v}})

v Y
x
G
O{u, v}) = {{v. 2}, {y, v}}
O({u, z}) = {{u, v}, {v, 2}, {z,y}}
O({u,v,y}) = o, 2}, {z, y}}.
Proposition 9.9
For any graph G = (V, E) and any subset X of V', we have: |0(X)| = Z dg(v) — 2e(X
veX
Proof.
Consider s = Z dg(v). In this sum, each pair {z,y} of distinct elements of V| is:

veX
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e not counted, if {z,y} N X = 0.

e counted once, if [{z,y} N X| =1 (that is: if {z,y} € 9(X)).

e counted twice, if {z,y} C X (that is: if {z,y} € F(X)).
Thus, s = 2|E(X)| + 1.|0(X)].

Theorem 9.10
A graph G = (V, E) is even if and only if |0(X)| is even for every subset X of V.
Recall that G is even if: dg(x) is even for allx € V.

Proof.

e 7 <7 Suppose that: VX C V., |0(X)| is even. So, Vv € V', [0({v})| = dg(v) is even. Thus,
G is even.

e 7 =7 Conversely, if G is even, then, give a subset X of V', we have: Vv € V| dg(v) is even
and then: Z dc(v) is even, and by Proposition 9.9, [0(X)| = Z da(v) —2e(X) is even.

veX veX

Proposition 9.11
Let G = (V, E) be a graph of ordern > 1. G is connected if and only if there is an enumeration:
Ul ..., Uy Of its vertices such that: Yk € {1,...,n}, the induced subgraph G[{uy, ..., u}| is connected.

Proof.

7

e 7 « 7 Immediate.

e 7 =7 Let x € V we will construct uy, ..., uj, by induction on k € {1,...,n}.
Let u; = . For k < n, assume that uq, ..., u;, are defined such that; Vi < k; G[{uq, ..., u;}] is
connected. As X = {uy,...,ux} € P(V)\ {0,V}, and G is connected, then: 9(X) # 0. So,
there is y € V' \ X and there is ¢ € {1,...,k} such that: {u;,y} € E. Thus, we can define
Ug+1 by: ug+1 = y. Note that: G[{uy, ..., ug, ug,1}] is connected, (because {uy, ..., ug, ug1} =
X U{y}, G[X] is connected and y is adjacent to an element of G (at least)).

Remarks 9.12

1. Gwen a graph G = (V, E) and a subset X of V' such that: G[X] is connected, then: Yy €
V\ X, we have: (G[X U{y}] is connected) if and only if (y is adjacent to at least, an element

of X).

2. In the proof of Proposition 9.11, we proved that if G = (V, E) is a connected graph, then:
for each vertex x of G, there is an enumeration: w; = x,...,u, of ilts vertices such that:
Vk € {1,...,n}, the induced subgraph G[{uy, ..., ur}| is connected.

Proposition 9.13
Let G = (V, E) be a connected graph of order p > 2 such that: Yz € V,d(x) < 2. Then G is a
path P, or a cycle C,,.
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Proof.
Let P = vy, ..., v, a longest path in G (Note that: ¢ > 1, and P exists because G is connected).

1. IV # {vo,...,v.}. As G is connected then: d({vy,...,v,}) # 0. So, thereis a € V\{vy, ..., v}
and there is 0 < ¢ < ¢ such that: {«o,v;} € E.

o If i =0 (resp. ¢ = q) then: P’ = o, vy,...,v, is a path; contradiction: (I(P") > I(P)).
(resp. P' =y, ..., vy, a is a path; contradiction: (I(P') > I(P)). )

o If 0 < i < ¢; then: d(v;) > 3 contradiction.

2. So, V.= {wo, ..., g}

(o] @
Vo U1 V2 Vi—1 U Vi+1 Vg—1 Vq

As: Vi; 0 < i < ¢ {vi—1,vi11} € Ng(v;) and d(x) < 2 for all © € V, then {v;_1,v;41} =
NG(Ui)-
Thus: there are two cases:

o {vg,v,} € E: then G is a cycle C,.

o {vg,v,} ¢ E: then G is a path P,.

10 Cut-vertex and Bridges

Notation 10.1
In this section, for each graph G = (V,E), we denoted by c(G), the number of connected

components of G.
So, (G is connected) if and only if (c(G) < 1).

Definition 10.2
Consider a graph G = (V, E), with: |V| > 2.

1. For non isolated vertex v, clearly: ¢(G—v) > ¢(G), we say that v is a cut-vertez if ¢(G —v) >

c(@).
2. For each edge e of G, clearly: ¢(G —e) > ¢(G), we say that e is a bridge if ¢(G —e) > ¢(Q).
Remarks 10.3

1. Let G = (V, E) be a connected graph, u be a vertex of G, and e be an edge of G. Then: (u is
a cut-vertex (resp. e is a bridge) of G) if and only if (G —wu (resp. G — e) is not connected)

2. Let G = (V, E) be a graph, v be a non isolated vertex of G, e be an edge of G, X be the
connected component of G containing v, and Y be the connected component of G containing
e. Then:
(a) (v is a cut-vertex of G) if and only if (v is a cut-vertex of G[X]).
(b) (e is a bridge of G) if and only if (e is a bridge of G[Y]).
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3. If v is a cut-vertex of a graph G, then ¢(G —v) — ¢(G) > 1, and we may have:
(G —v) —c(G) > 1 (for example, consider a star).

Proposition 10.4
Let G = (V, E) be a graph and e € E. If e is a bridge of G, then: ¢(G —e) = ¢(G) + 1.

Remark 10.5
Let G = (V, E) be a graph and e = {a,b} be a bridge of G, Y be the connected component of G
containing e. G[Y]—e has exactly 2 connected components: X, and Xy, where a € X, and b € Xp.

Proof.

Pose e = {a,b}, let X, (resp. X;) the connected component of G — e containing a (resp. b).
Let t € Y \ {a,b}, where Y is the connected component of G containing e. Consider a ta-path:
P :uy =t uy,...,ur = a, of GIY].

o If (k> 2and uy_1 =0, then: (up =t,uy, ..., u_1 = b) is a tb-path of G —e, and then: ¢t € X,.
o IfVil <i<k-—1, u; #0b, then P is ta-path of G — e, and then: t € X,.

It ensues that: Vt € Y\ {a,b}, t € X, or t € Xp.

So, G[Y] — e has at most 2 connected components: X, and X;. As, e is a bridge, then X, # X
and ¢(G[Y] —e) = 2. Thus, ¢(G —e) = ¢(G) + 1.

Proposition 10.6
Let G = (V, E) be a graph and e be an edge. Then:
(e is a bridge of G) if and only if (e does not lie an any cycle of G)

Proof.

We may assume that G is connected.
” = 7 By contraposition, assume that e = {u,v} does lie on a cycle C : (u,v = ug, ..., u, = u).
Then: G — e contains a uv-path; so, in G — e; X, = X;. So, e is not a bridge of G.
7 <7 Conversely, suppose that e = {u, v} is an edge which lies on no cycle of G. Assume that, by
contradiction, that e is not a bridge of G. Then G — e is connected.
So, there is a uv-path P : (up = u,uy,...,u, =v) in G —e. Thus,: P+e: (ug =u,uy,...,up, = v,u)
is a cycle in G; contradiction.

Example 10.7
G = ({Ula V2, ey U11}7 {{U17 U2}> {Uh U3}7 {Ulv U?}a {'U27 U4}7 {U27 05}7 {U3a U4}a
{/037 vﬁ}a {U4a U5}7 {U57 Uﬁ}a {U87 U9}7 {U97 UlO}a {v107 U11}7 {Ulla ’Ug})

V2 U1 v7 Ug Vg
Q (@
. V3
Us Ve V10 V11

e The cut-vertices of G are: vy, vy (c(G —v1) =3 and (G — vg) = 3).

o ¢(G)=2

e The bridges of G are: {vy,v7}, {vs,v9} (¢(G —{v1,v7}) =3 and ¢(G — {vs,v9}) = 3).
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11 SUBGRAPHS-CONNECTED GRAPHS

Exercise 11.1 Which pairs of graphs are isomorphic?
Gy =({1,2,3,4,5,6,7,8},{1,2},

{1,5},{1,8},{2,3},{2,6},{3,4},{3,7},{4,5},{4,8},{5,6},{6,7},{7,8}).
Go = ({1,2,3,4,5,6,7,8},

{1,2},{1,5},{1,8},{2,3},{2,7},{3,4},{3,6},{4,5}, {4,8},{5,6}, {6, 7}, {7, 8}).
Gs = ({1,2,3,4,5,6,7},

{1,2},{1,4},{1,5},{1,7},{2,3},{2,5},{2,6}, {3,4},{3,6}, {3, 7}, {4,5}, {4, 7}, {5,6}, {6,7}).
Gy = ({1,2,3,4,5,6,7},

{1,2},{1,3},{1,6},{1,7},{2,3},{2,4},{2,7},{3,4},{3,5},{4,5},{4,6},{5,6}, {5, 7}, {6, 7}).

Exercise 11.2

1. (a) Prove that: if G is a disconnected graph, then the complement graph of G is connected.
(b) Deduce that for all graph G or its complement G of G, is a connected graph.

2. Show that if D = (d,,dp_1, ..., ds, dy) is graphic, then Z d; is even, and

i=1
n

k
> di <k(k—1)+ Y minfk,d;}; Vk, 1<k <n.
=1

i=k+1
3. Let G = (V, E) be a graph of order n > 2. In each of the following cases, show that G is

connected

(a) Zd(v) >n? —2n.

veV
(b) Vv €V, d(v) > 2L,

2

Exercise 11.3
Consider a graph G = ({v1,ve,v3, 04}, {{v1,v2}, {v1,v3}, {v2, v3}, {vs, v4}}).

1. Find all walks from vy to vy of length 3.

2. Find all paths from vy to vy of length 3.

Exercise 11.4
Prove that:

1. If G is a nontrivial graph of order n such that d(u) + d(v) > (n — 1) for every two non
adjacent vertices u and v, then G is connected.

2. If G is a graph of order n such that §(G) > ”T_l, then G s connected .
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