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Continuous Functions

Continuous Functions

Definition
If f: D— R and ¢ € D, then f fis continuous at c if

Ve>0 46§>0: z€D,
lz—c[<d =|f(z)—fld)]<e
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Continuous Functions

Continuous Functions

A function f: D — R is continuous at ¢ € D iff
for every sequence (z,,) in D such that x,, — ¢ then (f(z,,))
converges to f(c).
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Continuous Functions

Continuous Functions

© Polynomials are continuous.
@ The fucntion f: R — R
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Continuous Functions
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Continuous Functions
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Combination of Continuous Functions

Combination of Continuous Functions

If f,g: D — R are continuous at ¢ € D then f+ g and fg are
continuous at ¢
and f/g is continuous at ¢ if g(c) # 0.
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Combination of Continuous Functions

Continuous Functions

0 jlr)=" "2
= T —2
T+ 4
® fl@)=rrs
© sinz,cosz
sin x
Q tanz =
CoS T
COS X
Q@ cotx = —
sin x
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Combination of Continuous Functions

Composite Function

Let f: D—R,g: E— Rand f(D) C E. If fis continuous at
c € D and g is continuous at f(c) then the composite function
go f: D — R is continuous at c.
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Combination of Continuous Functions

Continuous Functions

@ If f: D — R is continuous, then |f| is continuous on D.
Q If f: D — [0,00) is continuous, then +/f is continuous on D.
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Continuity on an Interval

Continuity on an Interval

Definition
A function f: D — R is bounded if there is M > 0 such that

If(z)|<M VzeD
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Continuity on an Interval

Bounded Functions

If f:]a,b] — R is continuous then it is bounded.
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Continuity on an Interval

Maximum and Minimum

The function f: D — R is said to have a minimum on D if there
is z; € D such that

f(zy) < flz) VeeD

and a maximum on D if there is x, € D such that

f(x) < flxg) Ve eD
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Continuity on an Interval

Continuity on an Interval
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Continuity on an Interval

Continuity on an Interval

If I is a closed and bounded set and f: I — R is continuous then
f has a maximum and a minimum on 1.
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Continuity on an Interval

Intermediate Value Theorem

Let f : [a,b] — R be continuous. If A is a real number between
f(a) and f(b) then there is ¢ € (a,b) such that f(c) = A.
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Continuity on an Interval

Continuity on an Interval

If f:[a,b] — R is continuous and f(a), f(b) have opposite signs
then there is a point ¢ € (a,b) such that f(c) = 0.
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Continuity on an Interval

Show that 2% — 2 = 0 has a solution in [1,2].
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Continuity on an Interval

Continuity on an Interval

If I is an interval, and f : I — R is continuous then f(I) is an
interval.
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Continuity on an Interval

Continuity on an Interval

If f:[a,b] — R is continuous then f([a,b]) is a closed and
bounded interval.
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Continuity on an Interval

Fixed Point

If f:]0,1] — [0, 1] is continuous then show that f has a fixed
point ¢ € [0,1] , i.e., f(c) =c.
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Continuity on an Interval

Continuity on an Interval

If I is an interval and f: I — R is continuous and injective then
it is strictly monotonic.

V.

If f is a monotonic function on the interval I and f(I) is an
interval then f is continuous.

.

Ibraheem Alolyan Real Analysis



Continuity on an Interval

Continuity on an Interval

If [ is an interval and f : I — R is continuous and injective then
f~1is continuous and strictly monotonic.
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Continuity on an Interval

Continuity on an Interval

Prove that f(z) = {/z is continuous on [0, c0).
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